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Abstract

We presenta novel methodfor computingcache-oblious layouts
of large mesheghatimprove the performanceof interactive visual-
izationandgeometrigprocessinglgorithms.Giventhatthe meshis
accesseth areasonablyoherentmannerwe assumeno particular
dataaccesgatternsor cacheparameter®f the memoryhierarcly
involved in the computation.Furthermore pur formulationextends
directly to computinglayoutsof multi-resolutionandboundingvol-
umehierarchief large meshes.

We developasimpleandpracticalcache-obliiousmetricfor esti-
matingcachemisses.Computinga coherenimeshlayoutis reduced
to a combinatorialoptimizationproblem. We designedandimple-
mentedan out-of-coremultilevel minimizationalgorithmandtested
its performanceon unstructuredneshescomposedf tensto hun-
dredsof millions of triangles. Our layoutscansigni cantly reduce
thenumberof cachenissesWehaveobserned2 20timesspeedups
in view-dependentendering collision detection andisocontourex-
tractionwithoutary modi cation of thealgorithmsor runtimeappli-
cations.

1 Introduction

Over the last few years,advancesin model acquisition,computer
aideddesign,andsimulationtechnologieshave resultedin massie
databasesf complex geometricmodels. Meshescomposedf tens
or hundredsf millions of trianglesarefrequentlyusedto represent
CAD ernvironmentsjerrains,jsosurbces andscannednodels.

Ef cient algorithmsfor processindarge mesheauitilize the com-
putationalpower of CPUsandGPUsfor interactive visualizationand
geometricapplications.A major computingtrendover the last few
decadeshasbeenthe widening gap betweenprocessorspeedand
main memoryspeed.As a result,systemarchitecturesncreasingly
usecachesand memoryhierarchiego avoid memorylateny. The
accesgimesof differentlevelsof amemoryhierarcly typically vary
by ordersof magnitude.In somecasesthe runningtime of a pro-
gramis asmuchafunctionof its cacheaccesgpatternandef ciency
asit is of operationcount[Frigo etal. 1999;Senetal. 2002].

Our goal is to designcacheef cient algorithmsto procesdarge
meshesThetwo standardechniquedo reducecachemissesare:

1. Computation Reordering: Reorderthe computationto im-
prove programlocality. Thisis performedusingcompileropti-
mizationsor applicationspeci ¢ hand-tuning.

2. DataLayout Optimization: Computeacache-cohereitayout
of thedatain memoryaccordingto theaccesgpattern.

In thispaperwefocusondatalayoutoptimizationof largemeshes
toimprove cachecoherenceA trianglemeshis representetly linear
sequencesf verticesandtriangles.Thereforethe problembecomes
oneof computinga cacheefcient layout of the verticesandtrian-
gles.
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Figure 1: Scanof Michelangelo's St. Matthew: We precomputea cache-obliious
layoutof this 9:6GB scannednodelwith 372M triangles. Our novel metric resultsin
a cache-obliious layoutand at runtimereduceghe vertex cachemissesby morethan
a factorof four for interactve view-dependentendering. As a result, we improve the
framerateby almost vetimes.We achieve athroughpubf 106M tri/sec(at82 fps) on
anNVIDIA GeForce6800GPU.

Many layoutalgorithmsandrepresentationsave beenproposed
for optimizing the cacheaccesspatternsfor speci ¢ applications.
Therepresentationscluderenderingsequencefe.g.trianglestrips)
thatareusedto improve the renderingperformancef large meshes
on GPUs. Recentextensionsinclude processingsequences(e.g.
streamingmeshes)which work well for applicationghatcanaccess
thedatain a x edorder Somealgorithmsfor imageprocessingnd
visualizationof large datasetsisespacelling curvesasa heuristic
to improve cachecoherencef alayout. Thesealgorithmswork well
onmodelswith aregularstructurehowever, they donottakeinto ac-
countthetopologicalstructureof ameshandarenotgeneraknough
to handleunstructuredlatasets.

Main Results: We presenta novel methodto computecache-
obliviouslayoutsof largetrianglemeshesOurapproaclis generaln

termsof handlingall kindsof polygonalmodelsandcache-obirious
asit doesnotrequireary knowledgeof thecacheparametersr block
sizesof thememoryhierarcly involvedin the computation.

WerepresenthemeshasanundirectedgraphG = (V; E), where
jVj = nisthenumberof vertices.Themeshlayoutproblemreduces
to computinganoptimalone-to-onemappingof verticesto positions
in thelayout," :V ! f1,;::;ng, thatreduceghe numberof cache
misses Our speci ¢ contritutionsinclude:

1. Deriving a practicalcache-oblrious metric that estimateghe
numberof cachemisses.

2. Transformingthe layoutcomputatiorto an optimizationprob-
lem basedon our metric.

3. Solvingthe combinatoriabptimizationproblemusinga multi-
level minimizationalgorithm.

We also extend our graph-basedormulation to compute cache-
oblivious layouts of boundingvolume and multiresolutionhierar
chiesof largemeshes.

We use cache-obliious layouts for three applications: view-
dependentenderingof massve models collision detectionbetween
complex models,and isocontourextraction. In orderto shov the
generalityof our approachwe computelayoutsof severalkinds of
geometricmodelsincluding CAD ervironments,scannedmodels,
isosurbices andterrains. We usetheselayoutsdirectly without ary
modi cation to the runtime application. Our layoutssigni cantly



reducethe numberof cachemissesandimprove the overall perfor
mance.Comparedo a variety of popularmeshlayouts,we achieze
on average:

1. Over anorderof magnitudeimprovementin performanceor
isocontourextraction.

2. A ve time improvementin renderingthroughputfor view-
dependentenderingof multi-resolutionmeshes.

3. A two time speedupin collision detectionqueriesbasedon
boundingvolumehierarchies.

Organization: Therestof the paperis organizedasfollows. We
give a brief summaryof relatedwork on cache-etient algorithms
andmeshlayoutsin Section2. Section3 givesan overvien of our
approachandpresentdechniquedor computingthe graphlayout of
hierarchicalrepresentationsiWe presenbour cache-oblious metric
in Section4 and describethe multilevel optimizationalgorithmfor
computingthe layoutsin Section5. Section6 highlightsthe useof
ourlayoutsin threedifferentapplicationsWe analyzeouralgorithms
anddiscusssomeof their limitationsin Section?.

2 Related Work

In this sectionwe brie y review relatedwork on cache-etient al-
gorithms,out-of-coretechniquesmeshsequencesndlayouts.

2.1 Cache-Efcient Algorithms

Cache-etient algorithmshave receivedconsiderablattentionover
lasttwo decadeén theoreticacomputerscienceandcompilerlitera-
ture. Thesealgorithmsincludetheoreticaimodelsof cachebehaior
[Vitter 2001; Senet al. 2002],andcompileroptimizationshasedon
tiling, strip-mining, and loop interchanging;all of thesecan mini-
mize cachemissedColemanandMcKinley 1995].

At ahigh level, cache-etient algorithmscanbe classi edasei-
ther cache-ware or cache-oblious. Cache-ware algorithmsuti-
lize knowledgeof cacheparameterssuchascacheblock size[Vitter
2001]. Ontheotherhand,cache-obliiousalgorithmsdo notassume
ary knowledge of cacheparametergFrigo et al. 1999]. Thereis
a considerableamountof literatureon developingcache-etient al-
gorithmsfor speci ¢ problemsandapplicationsincludingnumerical
programs,sorting, geometriccomputationsmatrix multiplication,
FFT, andgraphalgorithms.Most of thesealgorithmsreoiganizethe
datastructuredor the underlyingapplication,i.e., computationre-
ordering.More detailsaregivenin recentsuneys [Argeetal. 2004;
Vitter 2001]. Thereexistsrelatively little work on computingcache-
coherentayoutsfor awide variety of applications.

2.2 Out-of-Core Mesh Processing

Out-of-corealgorithmsare designedto handlemassve geometric
dataset®n computersvith nite memory A recentsurwey of these
algorithmsandtheir applicationss givenin [Silvaetal. 2002]. The
suney includestechniquedor ef cient disk layoutsthatreducethe
numberof disk accesseandthetime takento loadthe datarequired
at runtime. Thesealgorithmshave beenusedfor modelsimpli ca-
tion [Cignoni etal. 2003],interactve displayof large datasetgom-
posedof point primitives[Rusinkievicz and Levoy 2000] or poly-
gons|[Corréaet al. 2003; Yoon et al. 2004b], model compression
[Isenturg and Gumhold2003], and collision detection[Franquesa-
Niubo andBrunet2003;Wilson etal. 1999]. Out-of-coretechniques
arecomplimentaryto cache-coheremheshlayouts.

2.3 Mesh Sequences and Layouts

The orderin which a meshis laid out canaffect the performancef
algorithmsoperatingon the mesh. Several possibilitieshave been
considered.

Rendering Sequences: Modern GPUsmaintaina small buffer
to reuserecentlyaccessetertices.Iln orderto maximizethebene ts
of vertex buffersfor fastrenderingtrianglereorderingis necessary
This approachwaspioneerecby Deering[1995]. The resultingor-

deringof trianglesis calleda trianglestrip or a renderingsequence.

Figure2: Double Eagle Tanker: We computea cache-obirious layout of the tanker
with 82M trianglesand morethan127K differentobjects. This modelhasan irregu-
lar distribution of primitives. We useour layout to reducevertex cachemissesandto
improve the frameratefor interactve view-dependentenderingby a factorof two; we
achieve athroughpuiof 47M tri/sec(at 35 fps) onanNVIDIA GeForce6800GPU.

Hoppe[1999] caststhe triangle reorderingas a discreteoptimiza-
tion problemwith a costfunctionrelying on a speci c vertex buffer
size.If atrianglemeshis computedbnthe y usingview-dependent
simpli cation or othergeometricperationstherenderingsequences
needto be recomputedo maintain high throughput. Other tech-
niguesimprove the renderingperformancenf view-dependenélgo-
rithms by computingrenderingsequencesot tailoredto a particu-
lar cachesize[Bogomjalov and Gotsman2002; Karni et al. 2002].
However, thesealgorithmshave beenappliedonly to relatively small
models(e.g.,100K triangles).

Processing Sequences: Isenlurg andGumhold[2003] propose
processingsequencess an extension of renderingsequenceso
large-datgprocessing.A processingsequenceepresents meshas
an interleaved ordering of indexed trianglesand verticesthat can
be streamedhroughmain memory[lsenkurg andLindstrom2004].
However, globalmeshaccesss restrictedto a x edtraversalorder;
only localizedrandomaccesso the bufferedpartof themeshis sup-
portedasit streamghroughmemory This representatiofs mostly
usefulfor of ine applicationge.g.,simpli cation andcompression)
thatcanadapttheir computationgo the x edordering.

Space Filling Curves: Many algorithmsusespacelling curves
[Sagan 1994]to computecache-friendlylayoutsof volumetricgrids
or height elds. Theselayoutsare widely usedto improve perfor

manceof imageprocessingVelhoand Gomesl991]andterrainor

volumevisualization[PascucciandFrank2001;LindstromandPas-
cucci 2001]. A standardnethodof constructinga layoutis to em-
bedthe mesheor geometricobjectsin a uniform structurethatcon-
tainsthe spacelling curve. Therefore thesealgorithmshave been
usedfor objectsor meshewith a regular structure(e.g. imagesand
height elds). Methodsbasedon spacelling curvesdo not con-
siderthetopologicalstructureof meshesilt is unclearwhetherthese
approachesvould extendto large CAD ervironmentswith anirreg-

ular distribution of geometrigorimitives. Moreover, if anapplication
needso accesshe meshprimitivesbasedon connecwity informa-
tion, spacelling curvesmay not be useful. Algorithms have also
beenproposedo computepathson constrainedynstructuredyraphs
aswell asto generatdrianglestripsand nite-elementmeshlayouts
[Heberetal. 2000;Olikeretal. 2002;BartholdiandGoldsmar2004;
GopiandEppstein2004].

Sparse Matrix Reordering: Thereis considerablaesearchon
corverting sparsematricesinto bandedonesto improve the perfor
manceof various matrix operations[Diaz et al. 2002]. Common
graphandmatrix reorderingalgorithmsattemptto minimize one of
threemeasuresbandwidth(maximumedgelength),pro le (sumof
maximumpervertex edgelength), and wavefront (maximumfront
size,asin streamprocessing)Thesemeasurearecloselyconnected
with MLA andlayoutsfor streamingandgenerallyare moreappli-
cableto streamlayoutthancache-obliious meshlayout.



Figure3: Vertex layout for a mesh: A meshconsistingof 5 verticesis shavn with two

differentorderingsobtainedusinga local permutationof v4 andvs. We highlight the
spanof eachedgebasednthelayout. Theorderingshavn ontheright minimizescache
missesaccordingto our cache-obliious metric.

3 Mesh Layout and Cache Misses

In this section,we introducesomeof the terminology usedin the
restof the paperandgive an overviev of memoryhierarchies.We
represent meshasa graphand extend our approacho layoutsof
multi-resolutionandboundingvolumehierarchieof amesh.

3.1 Memory Hierarchy and Caches

Most moderncomputersuse hierarchiesof memorylevels, where
eachlevel of memorysenesasa cade for the next level. Mem-
ory hierarchiedave two maincharacteristicsFirst, higherlevelsare
largerin size andfartherfrom the processqrandthey have slower
accesgimes. Seconddatais movedin large blocksbetweerdiffer-
entmemorylevels. Themeshlayoutis initially storedin the highest
memorylevel, typically thedisk. The portionof thelayoutaccessed
by the applicationis transferredn large blocksinto the next lower
level, suchasmainmemory A transferis performedwheneerthere
is a cachemiss betweentwo adjacentievels of the memoryhierar
chy. The numberof cachemissess dependenbn the layout of the
original meshin memoryandthe accesgatternof theapplication.

3.2 Mesh Layout

A meshlayoutis a linear sequencef verticesandtrianglesof the
mesh. We constructa graphin which eachvertex represents data
elementof the mesh. An edgeexists betweentwo verticesof the
graphif their representatie dataelementsarelikely to be accessed
in successioy anapplicationat runtime.

For single-resolutionmeshlayout, we map meshverticesand
edgedo graphverticesandedges.A vertex layoutof anundirected
graphG = (V;E) is aone-to-onemappingof verticesto positions,
"V ! fl;:::;ng, wherejVj = n. Ourgoalisto nd amapping,
', thatminimizesthe numberof cachemissegduringaccesse® the
mesh.

A meshlayoutis composedf two layouts: a vertex layout and
a triangle layout. While a triangle layout can be constructedas a
vertex layout of the dual graph,becausehe trianglesandtheir ver
ticesare often accessedogetherwe ensurethat the triangle layout
is “compatible”with the vertex layout, e.g. by orderingtriangleson
their minimum or maximumvertex index (cf. [Isenturg and Lind-
strom2004)). In therestof the paper we usethetermlayoutto refer
to avertex layoutfor the sale of clarity.

3.3 Layouts of Multiresolution Meshes and Hierar chies

In this section,we shav that our graph-basedormulation can be
usedto computecache-cohereriyoutsof hierarchicalrepresenta-
tions. Hierarchicaldatastructuresarewidely usedto speediup com-
putationson large meshesTwo typesof hierarchiesareusedfor ge-
ometric processingand interactive visualization: boundingvolume
hierarchiedBVHs) and multi-resolutionhierarchiedMRHs). The
BVHs usesimpleboundingshapege.g. spheresAABBs, OBBs)to
encloseagroupof trianglesin ahierarchicamannerMRHs areused
to generatea simpli cation or approximationof the original model
basednanerrormetric;thesancludevertex hierarchiefVVHs) used
for view-dependentenderingandhierarchieghatarede ned using
subdvisionrules.

Figure 4: A layout of a vertex hierarchy: A vertex hierarcly is shavn on the left.

Eachnodeof thevertex hierarcly representaleafor intermediatdevel vertex. A parent
node,vi, is constructedby memging two child nodes,v? andvg. Solid lines between
the nodesrepresentonnectvity accessand dottedlines representhe spatiallocality

betweerthenodesatthesamdevel. Its correspondingraphandalayoutof thevertices
(with apositionin thelayoutshawvn in blue)areshavn ontheright.

Terminology: Wede nev; = v astheith vertex attheleaflevel
of the hierarcly, andvf asavertex atthekth level. v¥ is a parent
of v ' andv¥,;!. In the caseof a BVH, vf denotesa bounding
volume.In thecaseof avertex hierarcly, v¥ denotesavertex gener
atedby decimationoperations An exampleof a vertex hierarcly is
shavn in Fig. 4.

In orderto computea layoutof a hierarcly, we constructa graph
thatcapturecache-coheremtccespatterngo thehierarcty. Weadd
extra edgedo our graphthat capturethe spatiallocality andparent-
child relationshipawithin the hierarcly.

1. Connectiity betweenparent-children nodes: Oncea node
of a hierarcly is accessedit is highly likely thatits parentor
child nodeswould be accessedoon. For example,a vertex-
split of anodein the VH activatesits child nodesandanedge-
collapseof two sibling nodesactivatestheir parentnode.

2. Spatial locality betweenvertices at the samelevel: When-
everanodeis accessedythernodesn closeproximity arealso
highly likely to be accessethereafter For example,collisions
or contactsbetweentwo objectsoccurin small localizedre-
gionsof a mesh. Therefore,if a nodeof a BVH is actvated,
othernearbynodesareeithercolliding or arein closeproxim-
ity andmaybeaccessedoon.

Graph Representation: Wetakethesdocalitiesinto accountand
computeanundirectedgraphfor MRHs andBVHs. For aBVH, we
represeneachBV with a separateertex in thegraph.Theedgesn
our graphinclude edgeshetweerparentverticesandtheir children,
andedgesbetweemearbyverticesat eachlevel of the BVH. Edges
are createdbetweennearbyverticeswhentheir Euclideandistance
falls below a giventhreshold.Fig. 4 shavs the graphaswell asits
layoutfor the given vertex hierarcty. More detailson connectvity
andspatiallocalitiesof BVHs arealsoavailable[YoonandManocha
2005].

4 Cache-Oblivious Layouts

In this sectionwe presenta novel algorithmfor computinga cache-
coherentlayout of a mesh. We make no assumptiongboutcache
parameterandcomputethe layoutin a cache-oblriousmanner

4.1 Terminology

We usethefollowing terminologyin therestof the paper Theedge
spanof the edgebetweenv; andy; in alayoutis the absolutedif-
ferenceof the vertex indices,ji jj (seeFig. 3). We useE, to
denotethe setthat consistsof all the edgesof edgespanl, where
I 2 [L;n 1]. The edee spandistribution of a layoutis the his-
togramof spanof all the edgesn thelayout. The cache missratio
is theratio of the numberof cachemissego thenumberof accesses.
The cache missratio function(CMRF), py, is a functionthatrelates
thecachamissratioto anedgespan]. The CMRF alwayslieswithin
theintenval [0; 1]; it is exactly 0 whenthereareno cachemissesand
equalsl when every accesgesultsin a cachemiss. We alter the



Figure5: Puget Sound contour line: This imageshavs a contourline (in black) ex-
tractedfrom anunstructurederrainmodelof the PugetSound.Theterrainis simpli ed
down to 143M triangles.We extractedthe largestcomponent223K edges)pf thelevel
setat 500 metersof elevation. Our cache-obliouslayoutsimprove the performancef
theisocontourextractionalgorithmby morethananorderof magnitude.

layoutsusinga local permutationthatreordersa small subsebf the
vertices.Thelocal permutatiorchangeghe edgespanof edgeghat
areincidentto the affectedvertices(seeFig. 3).

4.2 Metrics for Cache Misses

We rst de ne a metricfor estimatingthe cachemissesfor a given
layout. Onewell known metric for the graphlayout problemis the
minimum linear arrangemenf{MLA), which minimizesthe sum of
edgespangDiaz etal. 2002]. Heuristicsfor theNP-hardMLA prob-
lem, suchasspectralsequencinghave beenusedto computemesh
layoutsfor renderingand processingsequence$Bogomjalov and
Gotsmar002;Isenturg andLindstrom2004]. We have empirically
obseredthatmetricsusedo estimateMLA maynotminimizecache
missedor generalapplicationgSeeFig. 6). Thisis mostly because
MLA resultsin afront-advancingsweepover the meshalongadom-
inantdirectionthattendsto minimize the lengthof the front. Ona
rectilineargrid, for example MLA roughlycorrespondso arow-by-
row layout,which haspoorworst-casgerformancevhenaccessing
thegrid columnby column.We presentanalternatemetrichasedn
the edgespandistribution andthe CMRF that captureghe locality
for variousaccesgatternsandresultsin layoutswith a more“space
lling” quality. Contraryto MLA, ourlayoutsarenotbiasedowards
aparticulartraversaldirection.

Cache-coherent Access Pattern: If we know the runtimeac-
cesspatternof a given applicationa priori andthe CMRFs,we can
computethe exact numberof cachemisses.However, we make no
assumptionsaboutthe applicationand insteaduse a probabilistic
modelto estimatethe numberof cachemisses.Our modelapproxi-
matesthe edgespandistribution of the runtimeaccesgatternof the
verticeswith the edgespandistribution of the layout. Basedon this
model,we de ne the expectednumberof cachemissesf thelayout
as:
D¢ 1
ECM = JEijp )

i=1
wherejE;j is thecardinalityof E; andis afunctionof thelayout," .

4.3 Assumptions

Ourgoalisto computealayout,’ , thatminimizestheexpectechum-
berof cachemissedor all possiblecacheparametersWe presenta
metric thatis usedto checkwhethera local permutationwould re-
ducecachemisses.We make two assumptionsvith respecto CM-
RFs:invarianceandmonotonicity

Invariance: We assumehatthe CMRF of alayoutis invariantbe-

fore andafteralocal permutation.Sincea local permutatioraffects
only a smallregion of a mesh,the changesn CMRF dueto alocal

permutatiorarevery small.

Monotonicity: Weassumehatthe CMRFis amonotonicallynon-

decreasindgunction of edgespan. As we accessverticesthat are
fartheraway from the currentvertex (i.e. the edgespansincrease),

Figure6: Edge spandistrib utions: The edgespanhistogramof thedragonmodelwith

871K trianglesand437K vertices. We shav the histogramof the original modelrep-
resentatior(red), spectralsequencinggreen),and our cache-obliious metric (black).
In the original layout, a large numberof edgeshave edgespanggreaterthan600. Intu-

itively, our cache-oblrious metric favors edgesthathave smalledgespans.Therefore,
our layoutsreducecachemisses.

theprobabilityof having acachemissincreasesyntil eventuallylev-
eling off at1.
4.4 Cache-oblivious Metric

Our cache-obliiousmetricis usedto decidewhetheralocal permu-
tationdecreasethe expectednumberof cachemisseswhich dueto
theinvarianceof p; is trueif thefollowing inequalityholds:

(Bii+ JEiDpi < JEijpi, IBihipig) < 0 (2)
i=1 i=1 j=1
Here jE;j is the signedchangein the numberof edgeswith edge

spani afteralocalpermutatiorandn 1 is maximumedgespanfor
ameshwith n vertices.Furthermorewe let m denotethe numberof

of thepermutationandlet | (j ) denotetheedgespanassociateavith
thej th suchset,with I(j) < I(j + 1)andm n 1.

Constant Edge Property: Thetotal numberof edgesn alayout
is the samebeforeandafterthelocal permutation Hence

X’] . -
IEijHi=0 3)
j=1

Parameterization of cache miss ratio: We parameterizeach
cachemiss ratio, pyj, by introducing a parametricvariable, x; ,
which due to the monotonicity of p,(j) is monotonically non-
decreasingith j . Thisis representeds:

Piy = XjPi 4)

wherel j mand

1
Xm — — 5
Pray ®)

1= x4 X2 Xm 1

piy isthecachemissratioof the rst edgeand0 pjqy 1
The leftmost constraint of Eq. (5) is obvious because

Py = Xipiwy .  The rightmost constraint is computed from
Pimy = XmPiay 1, becausall thecachemissvaluesarelessthan
or equalto 1.

By substitutingthe parameterizatiomf cachemissratios shavn
in Eq. (4) into Eq. (2) andcancelinghe constanp i, , we have:

X" . .
JEi(Hixj < 0 (6)
j=1

Thisis our exactcache-obkious metric.



Figure7: Geometric volume computation: Theleft gure shavsa2D geometricview
of Eqg. (6). The 3D versionis shavn in theright gure.

4.5 Geometric Formulation

We reducethe computatiorof the expressiorin Eq. (6) to ageomet-
ric volumecomputationin anm dimensionahyperspace Geomet-
rically, the parameterizatiomlomainrepresentedh Eq. (5) de nes
aclosedhyperspaceén R™. We referto this hyperspaceasthe do-
main Egq. (6) de nes a closedsubspacevithin the domainof Eq.
(5). Moreover, a dividing hyperplanede ning this closedsubspace
passeshroughthe point,f1;1;:::;1g= Po 2 R™, of thedomain
accordingto the constanedgepropertyhlghllghtedln Eq. (3). We
alsode ne thetop-polytopeof the domainasthe polytopeintersect-
ing the rightmostconstraintsof Eq. (5) with the openhyperspace
de ned by the otherconstraintof Eq. (5). Moreover, we de ne V.
to be the volume of the subspaceepresenteih Eq. (6) andV to
be the volume of its complemenwithin the closeddomain. These
geometricconceptsn 2 and3 dimensionareillustratedin Fig. 7.
Volume Computation: Intuitively speakingthevolumeV. cor
responddo the setof cachecon gurationsparameterizedby f x; g
for which we expecta reductionin cachemisses.Sincewe assume
all con gurationsto beequallylik ely, we probabilisticallyreducethe
numberof cachemissesby acceptinga local permutatiorwheneaer
V. islargerthanV .

Comple xity of Volume Computation: The computationof the
volumeof acorvex polytopede nedby m + 1 hyperplanesn m di-
mensiongs a hardproblem. The compleity of exactvolumecom-
putationis O(m™*! ) [Lasserreand Zeron 2001] and an approxi-
matealgorithmof compleity O(m°®) is presentedn [Kannanetal.
1997]. In our application,eachlocal permutationinvolves around
20-50 edgesandthesealgorithmscanberatherslow.

4.6 Fast and Approximate Metric

Giventhe compleity of exact volume computationwe usean ap-
proximatemetricto checkwhetheralocal permutatiorwould reduce
the expectednumberof cachemisses.In particular we usea single
samplepoint—thecentroid of the top-polytope—asan estimateof

f x; g andcomputeanapproximatametricwith low error.

Note that the dividing hyperplanebetweenV. andV passes
throughthe point Po. Therefore,the ratio of V. to V is equal
totheratioof the(m 1) dimensionabreasormedby partitioning
the top-polytopeby the samedividing hyperplane.For example,in
the 2D case the resultof volume comparisonrcomputedby substi-
tuting a centroidinto Eq. (6) is exactly sameasthe resultof the 2D
areacomparisorbetweenV. andV . This formulationextendsto
3D, but it introducessomeerror. The erroris maximizedwhenthe
dividing planeis parallelto oneof the edgesof thetop-polytopeand
it is minimized(i.e., exactly zero)whentheplanepasseshroughone
of its vertices.

We generalizethis ideato m dimensions.Pc, the centr0|dof a

top-polytopejs de ned as(m ; é prin = p|(1) Po. By
substitutingPc into Eq. 6andcancellngheconstants andPo,
we have:
)(n . ..
IEighii <0 (7)

i=1

If inequality(7) holds,we allow thelocal permutation Basedon this
metric,we computealayout,’ , thatminimizesthe numberof cache
misses.

Figure8: Isosurfacemodel: Thisimageshavs a comple isosurace(100M triangles)
generatedrom a3D simulationof turbulent uids mixing. Ourlayoutreduceshevertex
cachemissesdy morethanafactorof four duringview-dependentendering As aresult,
we improve the framerateby 4 timesascomparedo prior approachesWe achieve a
throughpuiof 90M tri/sec(at 30 fps) ona PCwith anNVIDIA GeForce6800GPU.

Error Bounds on Approximate Metric: The approximate
cache-oblrious metric hasa worst caseerror of 26%, whenthe di-
viding hyperplanés parallelto oneof the edgef thetop-polytope.
In practice theworstcasecon gurationis rare. In our benchmarks,
we foundthatthe actualerror is typically muchlessthanthe worst
casebound.

5 Layout Optimization

Giventhe cache-obliious metric, our goalis to nd thelayout,’
thatminimizesthe expectedhumberof cachemissesde nedin Eq.
(1). Thisis a combinatorialoptimizationproblemfor graphlayouts
[Diaz et al. 2002]. Finding a globally optimal layout is NP-hard
[Garey etal. 1976]dueto thelargenumberof permutation®f theset
of vertices.Instead we usea heuristichasedn multilevel minimiza-
tion that performslocal permutationgo computea locally optimal
layout.

5.1 Multile vel Minimization

Our multilevel algorithm consistsof three main steps. First, a se-
ries of coarseningperationson the graphare computed.Next, we
computean orderingof verticesof the coarsesgraph. Finally, we
recursvely expandthe graphby reversingthe coarseningperations
andre ne the orderingby performinglocal permutations We will
now describeeachof thesestepsin moredetail.

Coarsening Step: Thegoalof the coarseninghaseis to cluster
verticesin orderto reducethe sizeof thegraphwhile preservinghe
essentiapropertiemeededo computea goodlayout. We have tried
two approachesclusteringvia graphpartitioning[Karypis andKu-
mar1998]andvia streamingedge-collaps@isenhurg andLindstrom
2004], usingonly the topologicalstructureof the graphascriterion
for collapsingedges As mentionedabove, geometridocality canbe
presered by addingadditionaledgego the graphbetweerspatially
closevertices.

Ordering Step: Giventhecoarsesgraphof a handfulof vertices,
we list all possibleorderingsof its verticesand computethe costs
basedon the cache-oblrious metricfrom Eq. (7). We choosea ver

tex orderingthathastheminimumcostamongall possibleorderings.

Re nement Step: We reversethe sequencef coarseningper
ationsappliedearlierand exhaustvely computethe locally optimal
permutatiorof the subsebf verticesinvolvedin eachcorresponding
re nementoperation.

5.2 Local Permutation

We computelocal permutationsof the verticesduring the ordering
andre nementsteps.A local permutatiomaffectsonly a smallnum-
ber of verticesin the layout and changeshe edgespansof those
edgeghatareincidentto thesevertices.Thereforewe canef ciently
recomputehe costassociateavith the metric. Eachlocal permuta-
tion involvesk! possibleorderingsfor k vertices,which during re-
nement replacetheir commonparentin the evolving layout. For
ef ciency we restricteachcoarseningoperationto merge no more
thank = 5 verticesat a time, andalsolimit the numberof vertices
in thecoarsesgraphto 5.



[Model [Type]Vert. (M)[Tri. (M)[Size(MB)[LayoutComp. (min)|
Dragon s 0:4 0:8 33 0:25
Lucy s 14:0| 28:0 520 8
David s 28:0[ 56:0 700 19
DoubleEagleg ¢ 77:7| 81:7| 3;346 56
Isosurfice i 50:5| 100:0 2;: 543 49
PugetSound| t 67:0| 134:0| 1;675 58
St.Matthew | s 186:0| 372:0| 9;611 176
Atlas s 254:0| 507:0| 12;422 244

Tablel: Layout Benchmarks: Modelcompleity andtime spentonlayoutcomputation
areshavn. Typeindicatesmodeltype: s for scannednodel,i for isosurice,c for CAD
model,andt for terrainmodel. Vert. is the numberof verticesandTri. is the numberof
trianglesof amodel.LayoutComp.is time spenton layoutcomputation.

[Model [ DoubleEagle] Isosurce] St. Matthew |
PoE 3 5 1
Framerate 35 30 82
Renderinghroughput(milliontri./sec.) 47 90 106
Avg. Improvement 2:1 4:5 4:6
ACMR 1:58 0:75 0:72

Table2: View-DependentRendering Thistablehighlightstheframerateandrendering
throughputfor differentmodels.We improve the renderingthroughputandframerates
by2:1  4:6 times.The ACMR wascomputedwith abuffer consistingof 24 vertices.

5.3 Out-of-Core Multile vel Optimization

Themultilevel optimizationalgorithmneeddo maintainanordering
of verticesalongwith a seriesof coarseningoperations.For large
meshesomposedf hundredf millions of vertices,it maynot be
possibleto storeall this informationin mainmemory In bothof our
graphpartitioningand edge-collaps@pproachesye computea set
of clusterseachcontaininga subsebf vertices.Eachclusterrepre-
sentsaasubgraplandwe computeaninter-clusterorderingamongthe
clusters Wethenfollow theclusterorderingandcomputealayoutof
all theverticeswithin eachclusterusingour multilevel minimization
algorithm.

6 Implementation and Performance

In this sectionwe describeourimplementatiorandusecachecoher
entlayoutsto improve the performanceof threeapplications:view-
dependentenderingof massve models collision detectiorbetween
complex models, and isocontourextraction. Moreover, we used
different kinds of modelsincluding CAD ervironments,scanned
datasetsterrains,andisosurficesto testthe performanceof cache
coherentlayouts. We also comparethe performanceof our metric
with othermetricsusedfor meshlayout.

6.1 Implementation

We haveimplementecdur layoutcomputatiorandout-of-coreview-
dependentenderingandcollision detectioralgorithmsona 2:4GHz
Pentium-4PCwith 1GB of RAM andaGeForceUltra FX 6800GPU
with 256MB of videomemory

We usethe METIS graphpartitioning library [Karypis and Ku-
mar 1998]for coarseningperationgo lay out vertex andbounding
volumehierarchiesOur currentunoptimizedmplementatiorof the
out-of-corelayout computationprocessesbout 30K trianglesper
sec.In thecaseof the St. Matthev model,our secondargestdataset,
layoutcomputatiortakesabout2:6 hours.
Memor y-mapped 1/O: Oursystenrunson Windows XP anduses
theoperatingsystemsvirtual memorythroughmemorymappedles
[Lindstrom and Pascucci2001]. Windows XP canmaponly up to
2GB of useraddressablspace We overcomethislimitation by map-
pingasmallportionof the le atatime andremappingvhendatais
requiredfrom outsidethis range.

6.2 View-dependent rendering

View-dependentenderingandsimpli cation arefrequentlyusedfor
interactve displayof massve models.Thesealgorithmsprecompute
a multiresolutionhierarcly of a large model (e.g. a vertex hierar
chy). At runtime,adynamicsimpli cation of themodelis computed
by incrementallytraversingthe hierarcly until the desiredpixels of
error(PoE)tolerancen imagespaceas met. Currentview-dependent

[PoE JO75 [ 1 [ 4 [ 20 |
COoL | 0:71 0:72 0:73 0:74
SL 2:85 2:85 2:92 2:96
Table3: ACMR vs. PoE: ACMRsarecomputedaswe increasahe PoE,i.e. useamore
drasticsimpli cation. The ACMRs of cache-oblriouslayouts(COL) arestill low even
whenahigherPoEis selected.

renderingalgorithmsare unableto achieve high polygonrendering
throughpubnthe GPUfor massie modelscomposeaf tensor hun-
dredsof millions of triangles.It is not possibleto computerendering
sequenceatinteractive ratesfor suchmassve models.

We use a clusteredhierarcly of progressie meshes(CHPM)
representatiorfYoon et al. 2004b] for view-dependente nement
alongwith occlusionculling andout-of-coredatamanagementThe
CHPM-basede nementalgorithmis very fastandmostof theframe
time is spentin renderingthe simpli ed model. We precomputea
cache-obliouslayout(COL) of the CHPM anduseit to reducethe
cachemissedor thevertex cacheonthe GPU.We computedayouts
for threemassve modelsincludinga CAD ervironmentof a tanker
with 127K separat®bjects(Fig. 2), ascannednodelof St. Matthev
(Fig. 1) andanisosurficemodel(Fig. 8). The detailsof thesemod-
elsaresummarizedn Tablel. We measuredhe performancef our
algorithmalongpathsthroughthe models.Thesepathsareshovn in
theaccompaning video.

6.2.1 Results

Table 2 highlightsthe bene t of COL over the simpli cation layout
(SL), whosevertex layout andtriangle layout are computedby the
underlyingsimpli cation algorithm.We areableto increaseheren-
deringthroughputby a factorof of 2:1-4:6 timesby precomputing
COL of theCHPM of eachmodel. We obtainarenderinghroughout
of 106M trianglesper secondon average with a peakperformance
of 145M trianglespersecond.

Average Cache Miss Ratio (ACMR): The ACMR is de ned by
the ratio of the numberof accessederticesto the numberof ren-
deredtrianglesfor a particularvertex cachesize [Hoppe 1999]. If
the numberof trianglesin the modelis roughly twice the number
of vertices(e.g. the St. Matthev andisosurbicemodels),thenthe
ACMR is within theintenal [0:5; 3]. Therefore the theoreticalup-
per boundon cachemissreductionis a factorof 6. For a cacheof
24 verticesweimprove the ACMR by afactorof 3:95 andgeta4:5
timesspeedupn therenderingthroughput.On the otherhand,if the
numberof verticesin themodelis roughlythe sameasthenumberof
triangles,asin thetanker model,thenthe ACMR is within theinter
val[1; 3] andtheupperboundon cachemissreductionis 3 times.For
this model,we improve the ACMR by afactorof 1:89 andtheren-
deringthroughputby a factorof 2:1. To verify the cache-oblious
natureof ourlayouts,we alsosimulateda FIFO vertex cacheof con-
gurable sizeand measuredhe ACMR asa function of cachesize
(Fig. 10). Table3 shavs the ACMR achiezed by varyingthe PoEin
the St. Matthev model.

6.3 Collision Detection

Many collision detectionalgorithmsuse boundingvolume hierar
chiesto acceleratehe interferencecomputationgLin andManocha
2003]. We usecache-oblrious layoutsto improve the performance
of collision detectionalgorithms. In particular we computelayouts
of OBB-treedGottschalketal. 1996]andusethemto accelerateol-
lision querieswithin adynamicsimulator Thecollisiondetectioral-
gorithmtraverseshe boundingvolumehierarcly of eachmodeland
checksfor overlap betweenthe OBBs andtriangle pairs. We have
testedthe performancef our collision detectionalgorithmin arigid
bodysimulationwhere20 dragong800K triangleseach)droponthe
Lucy model(28M triangles).The detailsof thesemodelsareshaovn
in Tablel. Fig. 9 showvs a snapshofrom our simulation.

We comparedhe performancef our cache-oblriouslayoutwith
the RAPID library [Gottschalket al. 1996]. The OBBs areprecom-
putedandstoredin memory-mappedes andonly the orderingof
the hierarcly is modi ed. We comparedur cache-oblriouslayout
with adepth- rstlayout(DFL) of OBB-trees.The DFL is computed



Figure9: Dynamic Simulation: Dragonsconsistingof 800K trianglesaredroppingon
the Lucy modelconsistingof 28M triangles.We obtain2 timesimprovementby using
COL onaverage.

Figure10: ACMR vs. cachesize: ACMRs of cache-obliious layout (COL) andsim-
pli cation layout (SL) of the St. Matthev anddoubleeagletanker areshavn. As the
cachesizeincreasesthe improvementof COL becomedarger, andis 3:95 ata cache
sizeof 24 in the St. Matthev model. Note thatthe lower boundon ACMR is 0:5 in St.
Matthev and1 in thedoubleeagletanker. Thetwo SL curvesalmostoverlap.

by traversingthe hierarcty from its root nodein a depth- rst order
We choseDFL becausét preseres the spatiallocality within the
boundingvolumehierarcly.

6.3.1 Results

We areableto achieve 2 timesimprovementin performanceverthe
depth- rst layouton average. This is mainly dueto reducedcache
missesincludingmainmemorypagefaults.We obsene morethan2
timesimprovementwhene&er thereare more broadcontactregions.
Suchcontactstrigger a higher numberof pagefaultsandin such
situationswe obtaina higherbene t from cache-obliious layouts.
Thequerytimesof collisiondetectiorduringthedynamicsimulation
areshavnin Fig. 11.

6.4 Isocontour Extraction

Theproblemof extractinganisocontoufrom anunstructurediataset
frequently arisesin geographidnformation systemsand scienti ¢
visualization.We useanalgorithmbasedn seedsets[vanKreveld
etal. 1997]to extracttheisocontouiof asingle-resolutiomesh.The
runningtime of this algorithmis dominatedby the traversalof the
trianglesintersectinghe contouritself.

We use this algorithm to extract isocontoursof a large terrain
(Fig. 5) andcomputeequivalentgeometricqueriessuchasextracting
ridgelinesof aterraint andcross-sectionsf largegeometrianodels.

6.4.1 Comparison with other layouts

We comparethe the performanceof the isocontouringalgorithmon
four models,eachstoredin ve differentlayouts. In additionto
our cache-oblrious layout, we also storethe meshesn geometric
X=Y=Z orders(verticessortedby their position along the corre-
spondingcoordinateaxis) and in spectralsequencingorder [Diaz
etal. 2002]. We useedge-collaps@asthe coarseningstepfor com-
puting cache-oblrious layoutsand storeall meshesn a streaming
format[Isenhurg and Lindstrom 2004], which allows us to quickly
computethe on-diskmeshdatastructurein a preprocess.

Table4 reportsthetime in second¢o computeanisocontourand
aridgeline for the terrainmodelsandto computecross-sectionsf
the other 3D models. The testshave beenperformedon a 1.3GHz
ItaniumLinux PCwith 2GB of mainmemory We take advantageof

1For extractingaridge line the seedpoint is a saddleandthe propagtion
goesupwardto the closestmaximainsteadof following anisocontour

Figure 11: Performance of Collision Detection: Averagequery times for collision
detectionbetweerthe Lucy modelandthedragonmodelwith COL andDFL areshawn.
We obtain2 timesimprovementin thequerytime on average.

Model PugetSound Lucy David Atlas
Out. edg. 223K(C0ntour)‘ 14K (Ridge) [17K (section)| 22K (section)| 38K (section)
Cac.Obl. [026 (000:5)[003 (000:03)[03:3 (:04) [05:9 (:057) [010 (000 :09)
Geom.X |232 (227:8)[001 (000:04)|01:2 (:04)[00:2 (:051) [015 (000:09)
Geom.Y (218 (215:5)[195 (185:10)(39:1 (:09) [60:7 (:103) [419 (379:78)
Geom.Z |011 (000:6) (135 (113:81) [26:1 (:09) |45:5 (:102) |443 (382:60)
Spec.Seq|150 (127:3)[023 (000:04)[21:0 (:06) [43:1 (:068) [088 (000 :10)
Table4: Isocontouring. Timein secondgon a 1.3GHzlinux PCwith 2GB of memory)
for extractinganisocontour(or equivalentgeometricqueries)for severalmodelsstored
eachin ve differentmeshlayouts:cache-obliious, with verticessortedby X/Y/Z geo-
metriccoordinateandspectrakequencingln parenthesewe reportthetime for second
immediatere-computatiorof the samecontourwhenall the cachelevelsin thememory
hierarcly have beenloaded.In all casesthe performancef our cache-obiiiouslayout
is comparablé¢o theoneoptimizedfor theparticulargeometricquery Thisdemonstrates
thebene t of ourlayoutfor generalpplications.

the64-bitarchitectureandmemorymaptheentiremodel. We do not
performary explicit paging.This way we ensurethatwe do notbias
theresultsin favor of any particularlayout.

The empirical datashaws that our cache-obiious layout mini-
mizesthe worst casecostof genericcoherentraversals. The three
layoutsthat are sortedby geometricdirectionalongthe X, Y, and
Z axisshaw thattheworstcaseperformances atleastoneorderof
magnitudeslower thanthe bestcase which is achieved by the lay-
out that happengo be perfectly alignedalongthe query direction.
The spectralsequencindayoutalsodoesnot performwell sincethe
geometriaqueryis unlikely to follow its streamingorder Our cache-
obliviouslayoutconsistentlyexhibits goodperformance.

Therunningtimesreportedn parentheseis Table4 arefor asec-
ond immediatere-computatiorof the samecontour ridge line, or
cross-sectionThey demonstratéhe performancavhenall thecache
levels have beenloadedby the rst computation. In this caseour
cache-oblriouslayoutis alwaysasfastasthethe bestcaseandcan
be two timesto several ordersof magnitudefasterthan the worst
case. More importantly this testdemonstratethe cache-oblious
natureof the approachsince performanceadwantagesat different
scalesare achieved both when disk pagingis necessaryand when
only internalmemoryand L2 cachesareinvolved. In caseof the
PugetSoundterrain model, our cache-oblrious layout is the only
layoutthattakesadwantageof loadedcachdevelsfor boththequeries
(i.e.,isocontourandridgeline extraction).

7 Analysis and Limitations

We presentinovel metrichasednedgespandistributionandCMRF

to determinewhethera local permutationon a layout reducesthe
expectednumberof cachemisses.In practice,our algorithmcom-
putedayoutsfor whichahigh fractionof edgeshave very smalledge
spans.At the sametime, a smallnumberof edgesn the layoutcan
have avery large edgespan,asshawvn in Fig. 6. This distribution of

edgespansmprovestheperformancéecausedgesvith smalledge
spanincreasehe probability of a cachehit, while the actuallength
of very high-sparedgedaslittle impactonthelikelihoodof acache
hit.

Our multilevel minimizationalgorithmis ef cient and produces
reasonablygood resultsfor our applications. Moreover, our mini-
mizationalgorithmmapsvery well to out-of-corecomputationsand
is ableto handlevery largegraphsandmeshesvith hundredsf mil-
lions of triangles. We have appliedour cache-obliious layoutsto



modelswith irregulardistribution of geometricprimitivesor irregu-
lar structurefor which prior algorithmshasednspace- lling curves
may notwork well.

Limitations:  Our metric and layout computationalgorithm has
severallimitations. The assumptionsve make aboutinvarianceand
monotonicityof CMRFsmay not hold for all applicationsandour
minimizationalgorithmdoesnot necessarilfyomputea globally op-
timal solution. Our cache-obltious layoutsresultin goodimprove-
mentsprimarily in applicationsvheretherunningtime is dominated
by dataaccess.

8 Conclusion and Future Work

We have presented novel approachfor computingcache-oblrious
layoutsof large meshes.We make no assumptiongboutthe run-
time accesgatternandwe computean orderingthatresultsin high
locality. We shawv that our formulation can be extendedto com-
putelayoutsof boundingvolumeand multiresolutionhierarchieof
large meshes.We usea probabilisticmodelto minimize the num-
ber of cachemisses.Our preliminaryresultsindicatethat our met-
ric works well in practicefor reducingcachemisses.Furthermore,
we computedcache-oblrious layoutsof differentkinds of geomet-
ric datasetincludingscannednodels,sosurfcesterrain,andCAD
ernvironmentswith irregular distributionsof primitives. We usedour
layoutsto improve the performanceof view-dependentendering,
collision detectionandisocontourextractionby 2 20 timeswith-
outary modi cation of thealgorithmor runtimeapplications.
Therearemary avenuesfor future work. In this paper we have
only consideredcache-oblrious accessand we can obtain further
improvementin performanceby taking into accountcacheparame-
tersto designanimprovedmetric. We would lik e to useour layoutto
improve theperformancef algorithmsfor processingndmanipula-
tion of large meshesncluding simpli cation, compressionparame-
terization,smoothingjsosurficeextraction,shadev generationand
approximatecollision detection[Yoon et al. 2004a]. We would also
like to useour graph-basedormulationto computecache-coherent
layoutsfor otherkindsof datasetsincludingpointprimitivesandun-
structuredvolumetricgrids. Finally, we would like to combinedata
layoutswith applicationspeci c techniquego increasgprogramlo-
cality to furtherimprove the cacheaccesgatternandef ciency.
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