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Abstract
We presenta novel methodfor computingcache-oblivious layouts
of largemeshesthat improve theperformanceof interactive visual-
izationandgeometricprocessingalgorithms.Giventhatthemeshis
accessedin a reasonablycoherentmanner, we assumeno particular
dataaccesspatternsor cacheparametersof the memoryhierarchy
involved in thecomputation.Furthermore,our formulationextends
directly to computinglayoutsof multi-resolutionandboundingvol-
umehierarchiesof largemeshes.

Wedevelopasimpleandpracticalcache-obliviousmetricfor esti-
matingcachemisses.Computinga coherentmeshlayout is reduced
to a combinatorialoptimizationproblem. We designedand imple-
mentedanout-of-coremultilevel minimizationalgorithmandtested
its performanceon unstructuredmeshescomposedof tensto hun-
dredsof millions of triangles. Our layoutscansigni�cantly reduce
thenumberof cachemisses.Wehaveobserved2� 20timesspeedups
in view-dependentrendering,collisiondetection,andisocontourex-
tractionwithoutany modi�cation of thealgorithmsor runtimeappli-
cations.

1 Intr oduction
Over the last few years,advancesin modelacquisition,computer-
aideddesign,andsimulationtechnologieshave resultedin massive
databasesof complex geometricmodels.Meshescomposedof tens
or hundredsof millions of trianglesarefrequentlyusedto represent
CAD environments,terrains,isosurfaces,andscannedmodels.

Ef�cient algorithmsfor processinglargemeshesutilize thecom-
putationalpowerof CPUsandGPUsfor interactivevisualizationand
geometricapplications.A major computingtrendover the last few
decadeshasbeenthe widening gap betweenprocessorspeedand
mainmemoryspeed.As a result,systemarchitecturesincreasingly
usecachesandmemoryhierarchiesto avoid memorylatency. The
accesstimesof differentlevelsof amemoryhierarchy typically vary
by ordersof magnitude.In somecases,the runningtime of a pro-
gramis asmucha functionof its cacheaccesspatternandef�ciency
asit is of operationcount[Frigo etal. 1999;Senetal. 2002].

Our goal is to designcacheef�cient algorithmsto processlarge
meshes.Thetwo standardtechniquesto reducecachemissesare:

1. Computation Reordering: Reorderthe computationto im-
proveprogramlocality. This is performedusingcompileropti-
mizationsor applicationspeci�c hand-tuning.

2. Data Layout Optimization: Computeacache-coherentlayout
of thedatain memoryaccordingto theaccesspattern.

In thispaper, wefocusondatalayoutoptimizationof largemeshes
to improvecachecoherence.A trianglemeshis representedby linear
sequencesof verticesandtriangles.Therefore,theproblembecomes
oneof computinga cacheef�cient layout of the verticesandtrian-
gles.

Figure 1: Scan of Michelangelo's St. Matthew: We precomputea cache-oblivious
layoutof this 9:6GB scannedmodelwith 372M triangles.Our novel metric resultsin
a cache-oblivious layout andat runtimereducesthe vertex cachemissesby morethan
a factorof four for interactive view-dependentrendering.As a result,we improve the
framerateby almost� ve times.Weachievea throughputof 106M tri/sec(at82 fps)on
anNVIDIA GeForce6800GPU.

Many layout algorithmsandrepresentationshave beenproposed
for optimizing the cacheaccesspatternsfor speci�c applications.
Therepresentationsincluderenderingsequences(e.g.trianglestrips)
thatareusedto improve therenderingperformanceof largemeshes
on GPUs. Recentextensionsinclude processingsequences(e.g.
streamingmeshes),whichwork well for applicationsthatcanaccess
thedatain a �x edorder. Somealgorithmsfor imageprocessingand
visualizationof largedatasetsusespace�lling curvesasa heuristic
to improvecachecoherenceof a layout.Thesealgorithmswork well
onmodelswith aregularstructure;however, they donottakeinto ac-
countthetopologicalstructureof ameshandarenotgeneralenough
to handleunstructureddatasets.
Main Results: We presenta novel method to computecache-
obliviouslayoutsof largetrianglemeshes.Ourapproachis generalin
termsof handlingall kindsof polygonalmodelsandcache-oblivious
asit doesnotrequireany knowledgeof thecacheparametersor block
sizesof thememoryhierarchy involvedin thecomputation.

WerepresentthemeshasanundirectedgraphG = (V; E ), where
jV j = n is thenumberof vertices.Themeshlayoutproblemreduces
to computinganoptimalone-to-onemappingof verticesto positions
in thelayout, ' : V ! f 1; :::; ng, thatreducesthenumberof cache
misses.Ourspeci�c contributionsinclude:

1. Deriving a practicalcache-oblivious metric that estimatesthe
numberof cachemisses.

2. Transformingthelayoutcomputationto anoptimizationprob-
lembasedonourmetric.

3. Solvingthecombinatorialoptimizationproblemusingamulti-
level minimizationalgorithm.

We also extend our graph-basedformulation to computecache-
oblivious layoutsof boundingvolume and multiresolutionhierar-
chiesof largemeshes.

We use cache-oblivious layouts for three applications: view-
dependentrenderingof massivemodels,collisiondetectionbetween
complex models,and isocontourextraction. In order to show the
generalityof our approach,we computelayoutsof several kinds of
geometricmodelsincluding CAD environments,scannedmodels,
isosurfaces,andterrains.We usetheselayoutsdirectly without any
modi�cation to the runtime application. Our layoutssigni�cantly



reducethe numberof cachemissesandimprove the overall perfor-
mance.Comparedto a varietyof popularmeshlayouts,we achieve
onaverage:

1. Over an orderof magnitudeimprovementin performancefor
isocontourextraction.

2. A � ve time improvementin renderingthroughputfor view-
dependentrenderingof multi-resolutionmeshes.

3. A two time speedupin collision detectionqueriesbasedon
boundingvolumehierarchies.

Organization: The restof the paperis organizedasfollows. We
give a brief summaryof relatedwork on cache-ef�cient algorithms
andmeshlayoutsin Section2. Section3 givesan overview of our
approachandpresentstechniquesfor computingthegraphlayoutof
hierarchicalrepresentations.We presentour cache-obliviousmetric
in Section4 anddescribethe multilevel optimizationalgorithmfor
computingthe layoutsin Section5. Section6 highlightstheuseof
ourlayoutsin threedifferentapplications.Weanalyzeouralgorithms
anddiscusssomeof their limitationsin Section7.

2 Related Work
In this sectionwe brie�y review relatedwork on cache-ef�cient al-
gorithms,out-of-coretechniques,meshsequences,andlayouts.

2.1 Cache-Ef�cient Algorithms
Cache-ef�cient algorithmshavereceivedconsiderableattentionover
lasttwo decadesin theoreticalcomputerscienceandcompilerlitera-
ture. Thesealgorithmsincludetheoreticalmodelsof cachebehavior
[Vitter 2001;Senet al. 2002],andcompileroptimizationsbasedon
tiling, strip-mining,and loop interchanging;all of thesecanmini-
mizecachemisses[ColemanandMcKinley 1995].

At a high level, cache-ef�cient algorithmscanbeclassi�edasei-
ther cache-awareor cache-oblivious. Cache-aware algorithmsuti-
lize knowledgeof cacheparameters,suchascacheblocksize[Vitter
2001].Ontheotherhand,cache-obliviousalgorithmsdonotassume
any knowledgeof cacheparameters[Frigo et al. 1999]. There is
a considerableamountof literatureon developingcache-ef�cient al-
gorithmsfor speci�c problemsandapplications,includingnumerical
programs,sorting, geometriccomputations,matrix multiplication,
FFT, andgraphalgorithms.Most of thesealgorithmsreorganizethe
datastructuresfor the underlyingapplication,i.e., computationre-
ordering.More detailsaregivenin recentsurveys [Argeet al. 2004;
Vitter 2001].Thereexistsrelatively little work on computingcache-
coherentlayoutsfor awidevarietyof applications.

2.2 Out-of-Core Mesh Processing
Out-of-corealgorithmsare designedto handlemassive geometric
datasetson computerswith �nite memory. A recentsurvey of these
algorithmsandtheir applicationsis givenin [Silva et al. 2002]. The
survey includestechniquesfor ef�cient disk layoutsthat reducethe
numberof disk accessesandthetime takento loadthedatarequired
at runtime. Thesealgorithmshave beenusedfor modelsimpli�ca-
tion [Cignoni et al. 2003], interactive displayof largedatasetscom-
posedof point primitives [Rusinkiewicz andLevoy 2000] or poly-
gons[Corrêa et al. 2003; Yoon et al. 2004b], model compression
[Isenburg andGumhold2003], andcollision detection[Franquesa-
NiuboandBrunet2003;Wilsonetal. 1999].Out-of-coretechniques
arecomplimentaryto cache-coherentmeshlayouts.

2.3 Mesh Sequences and Layouts
Theorderin which a meshis laid out canaffect theperformanceof
algorithmsoperatingon the mesh. Several possibilitieshave been
considered.
Rendering Sequences: ModernGPUsmaintaina small buffer
to reuserecentlyaccessedvertices.In orderto maximizethebene�ts
of vertex buffers for fastrendering,trianglereorderingis necessary.
This approachwaspioneeredby Deering[1995]. The resultingor-
deringof trianglesis calleda trianglestrip or a renderingsequence.

Figure2: Double Eagle Tanker: We computea cache-oblivious layout of the tanker
with 82M trianglesandmorethan127K differentobjects. This modelhasan irregu-
lar distribution of primitives. We useour layout to reducevertex cachemissesandto
improve theframeratefor interactive view-dependentrenderingby a factorof two; we
achievea throughputof 47M tri/sec(at35 fps)on anNVIDIA GeForce6800GPU.

Hoppe[1999] caststhe triangle reorderingas a discreteoptimiza-
tion problemwith a costfunctionrelying on a speci�c vertex buffer
size.If a trianglemeshis computedon the�y usingview-dependent
simpli�cation or othergeometricoperations,therenderingsequences
needto be recomputedto maintainhigh throughput. Other tech-
niquesimprove therenderingperformanceof view-dependentalgo-
rithms by computingrenderingsequencesnot tailoredto a particu-
lar cachesize[Bogomjakov andGotsman2002;Karni et al. 2002].
However, thesealgorithmshavebeenappliedonly to relatively small
models(e.g.,100K triangles).

Processing Sequences: Isenburg andGumhold[2003]propose
processingsequencesas an extension of renderingsequencesto
large-dataprocessing.A processingsequencerepresentsa meshas
an interleaved orderingof indexed trianglesand verticesthat can
bestreamedthroughmainmemory[Isenburg andLindstrom2004].
However, globalmeshaccessis restrictedto a �x ed traversalorder;
only localizedrandomaccessto thebufferedpartof themeshis sup-
portedasit streamsthroughmemory. This representationis mostly
usefulfor of�ine applications(e.g.,simpli�cation andcompression)
thatcanadapttheir computationsto the�x edordering.

Space Filling Curves: Many algorithmsusespace�lling curves
[Sagan1994]to computecache-friendlylayoutsof volumetricgrids
or height �elds. Theselayoutsarewidely usedto improve perfor-
manceof imageprocessing[VelhoandGomes1991]andterrainor
volumevisualization[PascucciandFrank2001;LindstromandPas-
cucci 2001]. A standardmethodof constructinga layout is to em-
bedthemeshesor geometricobjectsin a uniformstructurethatcon-
tainsthespace�lling curve. Therefore,thesealgorithmshave been
usedfor objectsor mesheswith a regularstructure(e.g. imagesand
height �elds). Methodsbasedon space�lling curves do not con-
siderthetopologicalstructureof meshes.It is unclearwhetherthese
approacheswould extendto largeCAD environmentswith anirreg-
ulardistributionof geometricprimitives.Moreover, if anapplication
needsto accessthemeshprimitivesbasedon connectivity informa-
tion, space�lling curvesmay not be useful. Algorithms have also
beenproposedto computepathsonconstrained,unstructuredgraphs
aswell asto generatetrianglestripsand�nite-elementmeshlayouts
[Heberetal. 2000;Olikeretal. 2002;BartholdiandGoldsman2004;
GopiandEppstein2004].

Sparse Matrix Reordering: There is considerableresearchon
converting sparsematricesinto bandedonesto improve the perfor-
manceof variousmatrix operations[Diaz et al. 2002]. Common
graphandmatrix reorderingalgorithmsattemptto minimizeoneof
threemeasures:bandwidth(maximumedgelength),pro�le (sumof
maximumper-vertex edgelength),andwavefront (maximumfront
size,asin streamprocessing).Thesemeasuresarecloselyconnected
with MLA andlayoutsfor streaming,andgenerallyaremoreappli-
cableto streamlayoutthancache-obliviousmeshlayout.



Figure3: Vertex layout for a mesh: A meshconsistingof 5 verticesis shown with two
differentorderingsobtainedusinga local permutationof v4 andv5 . We highlight the
spanof eachedgebasedonthelayout.Theorderingshown ontheright minimizescache
missesaccordingto ourcache-obliviousmetric.

3 Mesh Layout and Cache Misses
In this section,we introducesomeof the terminologyusedin the
restof the paperandgive an overview of memoryhierarchies.We
representa meshasa graphandextendour approachto layoutsof
multi-resolutionandboundingvolumehierarchiesof amesh.

3.1 Memor y Hierar chy and Caches

Most moderncomputersusehierarchiesof memory levels, where
eachlevel of memoryservesasa cache for the next level. Mem-
ory hierarchieshavetwo maincharacteristics.First,higherlevelsare
larger in sizeandfartherfrom the processor, andthey have slower
accesstimes. Second,datais movedin largeblocksbetweendiffer-
entmemorylevels.Themeshlayoutis initially storedin thehighest
memorylevel, typically thedisk. Theportionof thelayoutaccessed
by the applicationis transferredin large blocksinto the next lower
level, suchasmainmemory. A transferis performedwhenever there
is a cachemissbetweentwo adjacentlevels of the memoryhierar-
chy. Thenumberof cachemissesis dependenton the layoutof the
originalmeshin memoryandtheaccesspatternof theapplication.

3.2 Mesh Layout

A meshlayout is a linear sequenceof verticesandtrianglesof the
mesh.We constructa graphin which eachvertex representsa data
elementof the mesh. An edgeexists betweentwo verticesof the
graphif their representative dataelementsarelikely to be accessed
in successionby anapplicationat runtime.

For single-resolutionmesh layout, we map meshverticesand
edgesto graphverticesandedges.A vertex layoutof anundirected
graphG = (V; E ) is a one-to-onemappingof verticesto positions,
' : V ! f 1; : : : ; ng, wherejV j = n. Ourgoalis to �nd amapping,
' , thatminimizesthenumberof cachemissesduringaccessesto the
mesh.

A meshlayout is composedof two layouts: a vertex layout and
a triangle layout. While a triangle layout can be constructedas a
vertex layoutof thedualgraph,becausethe trianglesandtheir ver-
ticesareoften accessedtogetherwe ensurethat the triangle layout
is “compatible”with thevertex layout,e.g. by orderingtriangleson
their minimum or maximumvertex index (cf. [Isenburg andLind-
strom2004]). In therestof thepaper, weusethetermlayoutto refer
to avertex layoutfor thesakeof clarity.

3.3 Layouts of Multiresolution Meshes and Hierar chies

In this section,we show that our graph-basedformulation can be
usedto computecache-coherentlayoutsof hierarchicalrepresenta-
tions. Hierarchicaldatastructuresarewidely usedto speedup com-
putationson largemeshes.Two typesof hierarchiesareusedfor ge-
ometricprocessingandinteractive visualization: boundingvolume
hierarchies(BVHs) andmulti-resolutionhierarchies(MRHs). The
BVHs usesimpleboundingshapes(e.g.spheres,AABBs, OBBs)to
encloseagroupof trianglesin ahierarchicalmanner. MRHsareused
to generatea simpli�cation or approximationof the original model
basedonanerrormetric;theseincludevertex hierarchies(VHs) used
for view-dependentrendering,andhierarchiesthatarede�ned using
subdivision rules.

Figure 4: A layout of a vertex hierarchy: A vertex hierarchy is shown on the left.
Eachnodeof thevertex hierarchy representsa leafor intermediatelevel vertex. A parent
node,v1

1 , is constructedby merging two child nodes,v0
1 andv0

2 . Solid linesbetween
the nodesrepresentconnectivity accessand dottedlines representthe spatial locality
betweenthenodesat thesamelevel. Its correspondinggraphanda layoutof thevertices
(with apositionin thelayoutshown in blue)areshown on theright.

Terminology: We de�ne vi = v0
i asthei th vertex at theleaf level

of the hierarchy, andvk
i asa vertex at the kth level. vk

i is a parent
of vk � 1

i andvk � 1
i +1 . In the caseof a BVH, vk

i denotesa bounding
volume.In thecaseof avertex hierarchy, vk

i denotesavertex gener-
atedby decimationoperations.An exampleof a vertex hierarchy is
shown in Fig. 4.

In orderto computea layoutof a hierarchy, we constructa graph
thatcapturescache-coherentaccesspatternsto thehierarchy. Weadd
extra edgesto our graphthatcapturethespatiallocality andparent-
child relationshipswithin thehierarchy.

1. Connectivity betweenparent-children nodes: Oncea node
of a hierarchy is accessed,it is highly likely that its parentor
child nodeswould be accessedsoon. For example,a vertex-
split of a nodein theVH activatesits child nodesandanedge-
collapseof two siblingnodesactivatestheirparentnode.

2. Spatial locality betweenvertices at the samelevel: When-
everanodeis accessed,othernodesin closeproximity arealso
highly likely to beaccessedthereafter. For example,collisions
or contactsbetweentwo objectsoccur in small localizedre-
gionsof a mesh. Therefore,if a nodeof a BVH is activated,
othernearbynodesareeithercolliding or arein closeproxim-
ity andmaybeaccessedsoon.

Graph Representation: Wetaketheselocalitiesinto accountand
computeanundirectedgraphfor MRHs andBVHs. For a BVH, we
representeachBV with a separatevertex in thegraph.Theedgesin
our graphincludeedgesbetweenparentverticesandtheir children,
andedgesbetweennearbyverticesat eachlevel of theBVH. Edges
arecreatedbetweennearbyverticeswhentheir Euclideandistance
falls below a given threshold.Fig. 4 shows thegraphaswell asits
layout for the given vertex hierarchy. More detailson connectivity
andspatiallocalitiesof BVHs arealsoavailable[YoonandManocha
2005].

4 Cache-Oblivious Layouts
In this sectionwe presenta novel algorithmfor computinga cache-
coherentlayout of a mesh. We make no assumptionsaboutcache
parametersandcomputethelayoutin acache-obliviousmanner.

4.1 Terminology
We usethefollowing terminologyin therestof thepaper. Theedge
spanof the edgebetweenvi andvj in a layout is the absolutedif-
ferenceof the vertex indices, ji � j j (seeFig. 3). We useE l to
denotethe set that consistsof all the edgesof edgespanl , where
l 2 [1; n � 1]. The edge spandistribution of a layout is the his-
togramof spansof all theedgesin thelayout. Thecachemissratio
is theratioof thenumberof cachemissesto thenumberof accesses.
Thecachemissratio function(CMRF), pl , is a functionthat relates
thecachemissratioto anedgespan,l . TheCMRFalwayslieswithin
theinterval [0; 1]; it is exactly0 whentherearenocachemisses,and
equals1 when every accessresultsin a cachemiss. We alter the



Figure5: Puget Sound contour line: This imageshows a contourline (in black) ex-
tractedfrom anunstructuredterrainmodelof thePugetSound.Theterrainis simpli�ed
down to 143M triangles.Weextractedthelargestcomponent(223K edges)of thelevel
setat500 metersof elevation.Ourcache-obliviouslayoutsimprove theperformanceof
theisocontourextractionalgorithmby morethananorderof magnitude.

layoutsusinga local permutationthatreordersa smallsubsetof the
vertices.Thelocal permutationchangestheedgespanof edgesthat
areincidentto theaffectedvertices(seeFig. 3).

4.2 Metrics for Cache Misses
We �rst de�ne a metric for estimatingthe cachemissesfor a given
layout. Onewell known metric for thegraphlayoutproblemis the
minimum linear arrangement(MLA), which minimizesthe sumof
edgespans[Diaz etal.2002].Heuristicsfor theNP-hardMLA prob-
lem, suchasspectralsequencing,have beenusedto computemesh
layoutsfor renderingand processingsequences[Bogomjakov and
Gotsman2002;Isenburg andLindstrom2004].Wehaveempirically
observedthatmetricsusedto estimateMLA maynotminimizecache
missesfor generalapplications(SeeFig. 6). This is mostlybecause
MLA resultsin afront-advancingsweepover themeshalongadom-
inant directionthat tendsto minimize the lengthof the front. On a
rectilineargrid, for example,MLA roughlycorrespondsto arow-by-
row layout,which haspoorworst-caseperformancewhenaccessing
thegrid columnby column.Wepresentanalternatemetricbasedon
the edgespandistribution andthe CMRF that capturesthe locality
for variousaccesspatternsandresultsin layoutswith a more“space
�lling” quality. Contraryto MLA, our layoutsarenotbiasedtowards
aparticulartraversaldirection.
Cache-coherent Access Pattern: If we know the runtimeac-
cesspatternof a givenapplicationa priori andtheCMRFs,we can
computethe exactnumberof cachemisses.However, we make no
assumptionsabout the applicationand insteaduse a probabilistic
modelto estimatethenumberof cachemisses.Our modelapproxi-
matestheedgespandistribution of theruntimeaccesspatternof the
verticeswith theedgespandistribution of the layout. Basedon this
model,we de�ne theexpectednumberof cachemissesof thelayout
as:

E CM =
n � 1X

i =1

jE i jpi (1)

wherejE i j is thecardinalityof E i andis a functionof thelayout,' .

4.3 Assumptions
Ourgoalis to computealayout,' , thatminimizestheexpectednum-
berof cachemissesfor all possiblecacheparameters.We presenta
metric that is usedto checkwhethera local permutationwould re-
ducecachemisses.We make two assumptionswith respectto CM-
RFs:invarianceandmonotonicity.
Invariance: We assumethattheCMRF of a layoutis invariantbe-
fore andaftera local permutation.Sincea local permutationaffects
only a small region of a mesh,thechangesin CMRF dueto a local
permutationareverysmall.
Monotonicity: WeassumethattheCMRFis amonotonicallynon-
decreasingfunction of edgespan. As we accessverticesthat are
fartheraway from the currentvertex (i.e. the edgespansincrease),

Figure6: Edgespandistributions: Theedgespanhistogramof thedragonmodelwith
871K trianglesand437K vertices.We show thehistogramof theoriginal modelrep-
resentation(red), spectralsequencing(green),andour cache-oblivious metric (black).
In theoriginal layout,a largenumberof edgeshave edgespansgreaterthan600. Intu-
itively, our cache-obliviousmetric favorsedgesthathave smalledgespans.Therefore,
our layoutsreducecachemisses.

theprobabilityof having acachemissincreases,until eventuallylev-
elingoff at1.

4.4 Cache-ob livious Metric
Ourcache-obliviousmetricis usedto decidewhethera localpermu-
tationdecreasestheexpectednumberof cachemisses,which dueto
theinvarianceof pi is trueif thefollowing inequalityholds:

n � 1X

i =1

(jE i j + � jE i j)pi <
n � 1X

i =1

jE i jpi ,
mX

j =1

� jE l ( j ) jpl ( j ) < 0 (2)

Here� jE i j is thesignedchangein thenumberof edgeswith edge
spani aftera localpermutationandn � 1 is maximumedgespanfor
ameshwith n vertices.Furthermore,we let m denotethenumberof
sets(amongE1 ; E2 ; : : : ; En � 1) whosecardinalitychangesbecause
of thepermutation,andlet l (j ) denotetheedgespanassociatedwith
thej th suchset,with l (j ) < l (j + 1) andm � n � 1.
Constant Edge Proper ty: Thetotal numberof edgesin a layout
is thesamebeforeandafterthelocalpermutation.Hence

mX

j =1

� jE l ( j ) j = 0 (3)

Parameterization of cache miss ratio: We parameterizeeach
cachemiss ratio, pl ( j ) , by introducinga parametricvariable, x j ,
which due to the monotonicity of pl ( j ) is monotonically non-
decreasingwith j . This is representedas:

pl ( j ) = x j pl (1) (4)

where1 � j � m and

1 = x1 � x2 � � � � � xm � 1 � xm �
1

pl (1)
(5)

pl (1) is thecachemissratioof the�rst edge,and0 � pl (1) � 1.
The leftmost constraint of Eq. (5) is obvious because

pl (1) = x1pl (1) . The rightmost constraint is computed from
pl ( m ) = xm pl (1) � 1, becauseall thecachemissvaluesarelessthan
or equalto 1.

By substitutingthe parameterizationof cachemissratiosshown
in Eq. (4) into Eq. (2) andcancelingtheconstantpl (1) , wehave:

mX

j =1

� jE l ( j ) jx j < 0: (6)

This is ourexactcache-obliviousmetric.



Figure7: Geometricvolumecomputation: Theleft �gure showsa2D geometricview
of Eq. (6). The3D versionis shown in theright �gure.

4.5 Geometric Form ulation
Wereducethecomputationof theexpressionin Eq. (6) to ageomet-
ric volumecomputationin anm dimensionalhyperspace.Geomet-
rically, the parameterizationdomainrepresentedin Eq. (5) de�nes
a closedhyperspacein Rm . We refer to this hyperspaceasthe do-
main. Eq. (6) de�nes a closedsubspacewithin the domainof Eq.
(5). Moreover, a dividing hyperplanede�ning this closedsubspace
passesthroughthepoint, f 1; 1; : : : ; 1g = PO 2 Rm , of thedomain
accordingto theconstantedgepropertyhighlightedin Eq. (3). We
alsode�ne thetop-polytopeof thedomainasthepolytopeintersect-
ing the rightmostconstraintsof Eq. (5) with the openhyperspace
de�ned by theotherconstraintsof Eq. (5). Moreover, we de�ne V+

to be the volumeof the subspacerepresentedin Eq. (6) andV� to
be the volumeof its complementwithin the closeddomain. These
geometricconceptsin 2 and3 dimensionsareillustratedin Fig. 7.
Volume Computation: Intuitively speaking,thevolumeV+ cor-
respondsto the setof cachecon�gurationsparameterizedby f x j g
for which we expecta reductionin cachemisses.Sincewe assume
all con�gurationsto beequallylikely, weprobabilisticallyreducethe
numberof cachemissesby acceptinga local permutationwhenever
V+ is largerthanV� .
Comple xity of Volume Computation: Thecomputationof the
volumeof aconvex polytopede�nedby m + 1 hyperplanesin m di-
mensionsis a hardproblem.Thecomplexity of exactvolumecom-
putationis O(mm +1 ) [Lasserreand Zeron 2001] and an approxi-
matealgorithmof complexity O(m5) is presentedin [Kannanet al.
1997]. In our application,eachlocal permutationinvolvesaround
20–50 edgesandthesealgorithmscanberatherslow.

4.6 Fast and Appr oximate Metric
Given the complexity of exact volumecomputation,we usean ap-
proximatemetricto checkwhethera localpermutationwouldreduce
theexpectednumberof cachemisses.In particular, we usea single
samplepoint—thecentroidof the top-polytope—asan estimateof
f x j g andcomputeanapproximatemetricwith low error.

Note that the dividing hyperplanebetweenV+ and V� passes
throughthe point PO . Therefore,the ratio of V+ to V� is equal
to theratioof the(m � 1) dimensionalareasformedby partitioning
the top-polytopeby thesamedividing hyperplane.For example,in
the 2D case,the resultof volumecomparisoncomputedby substi-
tuting a centroidinto Eq. (6) is exactly sameastheresultof the2D
areacomparisonbetweenV+ andV� . This formulationextendsto
3D, but it introducessomeerror. The error is maximizedwhenthe
dividing planeis parallelto oneof theedgesof thetop-polytopeand
it is minimized(i.e.,exactlyzero)whentheplanepassesthroughone
of its vertices.

We generalizethis ideato m dimensions.PC , the centroidof a
top-polytope,is de�nedas( 1

m ; 2
m ; : : : ; m � 1

m ; m
m ) � 1

p l (1)
+ PO . By

substitutingPC into Eq. 6 andcancelingtheconstants, 1
p l (1)

andPO ,

wehave:
mX

j =1

� jE l ( j ) jj < 0 (7)

If inequality(7) holds,weallow thelocalpermutation.Basedonthis
metric,wecomputea layout,' , thatminimizesthenumberof cache
misses.

Figure8: Isosurfacemodel: This imageshows a complex isosurface(100M triangles)
generatedfrom a3D simulationof turbulent�uids mixing. Ourlayoutreducesthevertex
cachemissesby morethanafactorof four duringview-dependentrendering.As aresult,
we improve the framerateby 4 timesascomparedto prior approaches.We achieve a
throughputof 90M tri/sec(at30 fps)on aPCwith anNVIDIA GeForce6800GPU.

Error Bounds on Appr oximate Metric: The approximate
cache-obliviousmetrichasa worst caseerrorof 26%, whenthedi-
viding hyperplaneis parallelto oneof theedgesof thetop-polytope.
In practice,theworstcasecon�guration is rare. In our benchmarks,
we found that the actualerror is typically muchlessthanthe worst
casebound.

5 Layout Optimization
Given the cache-oblivious metric, our goal is to �nd the layout, ' ,
thatminimizestheexpectednumberof cachemisses,de�ned in Eq.
(1). This is a combinatorialoptimizationproblemfor graphlayouts
[Diaz et al. 2002]. Finding a globally optimal layout is NP-hard
[Garey etal. 1976]dueto thelargenumberof permutationsof theset
of vertices.Instead,weuseaheuristicbasedonmultilevelminimiza-
tion that performslocal permutationsto computea locally optimal
layout.

5.1 Multile vel Minimization

Our multilevel algorithmconsistsof threemain steps. First, a se-
riesof coarseningoperationson the grapharecomputed.Next, we
computean orderingof verticesof the coarsestgraph. Finally, we
recursively expandthegraphby reversingthecoarseningoperations
andre�ne the orderingby performinglocal permutations. We will
now describeeachof thesestepsin moredetail.

Coarsening Step: Thegoalof thecoarseningphaseis to cluster
verticesin orderto reducethesizeof thegraphwhile preservingthe
essentialpropertiesneededto computea goodlayout.We have tried
two approaches:clusteringvia graphpartitioning[Karypis andKu-
mar1998]andvia streamingedge-collapse[Isenburg andLindstrom
2004],usingonly the topologicalstructureof thegraphascriterion
for collapsingedges.As mentionedabove,geometriclocality canbe
preservedby addingadditionaledgesto thegraphbetweenspatially
closevertices.

Ordering Step: Giventhecoarsestgraphof a handfulof vertices,
we list all possibleorderingsof its verticesandcomputethe costs
basedon thecache-obliviousmetricfrom Eq. (7). We choosea ver-
tex orderingthathastheminimumcostamongall possibleorderings.

Re�nement Step: We reversethe sequenceof coarseningoper-
ationsappliedearlierandexhaustively computethe locally optimal
permutationof thesubsetof verticesinvolvedin eachcorresponding
re�nementoperation.

5.2 Local Permutation

We computelocal permutationsof the verticesduring the ordering
andre�nementsteps.A local permutationaffectsonly a smallnum-
ber of verticesin the layout and changesthe edgespansof those
edgesthatareincidentto thesevertices.Therefore,wecanef�ciently
recomputethecostassociatedwith themetric. Eachlocal permuta-
tion involvesk! possibleorderingsfor k vertices,which during re-
�nement replacetheir commonparentin the evolving layout. For
ef�ciency we restricteachcoarseningoperationto merge no more
thank = 5 verticesat a time, andalsolimit thenumberof vertices
in thecoarsestgraphto 5.



Model TypeVert. (M) Tri. (M) Size(MB) LayoutComp.(min)

Dragon s 0:4 0:8 33 0:25
Lucy s 14:0 28:0 520 8
David s 28:0 56:0 700 19
DoubleEagle c 77:7 81:7 3; 346 56
Isosurface i 50:5 100:0 2; 543 49
PugetSound t 67:0 134:0 1; 675 58
St. Matthew s 186:0 372:0 9; 611 176
Atlas s 254:0 507:0 12; 422 244

Table1: Layout Benchmarks: Modelcomplexity andtimespentonlayoutcomputation
areshown. Typeindicatesmodeltype: s for scannedmodel,i for isosurface,c for CAD
model,andt for terrainmodel.Vert. is thenumberof verticesandTri. is thenumberof
trianglesof a model.LayoutComp.is time spenton layoutcomputation.

Model DoubleEagle Isosurface St. Matthew

PoE 3 5 1
Framerate 35 30 82
Renderingthroughput(milliontri./sec.) 47 90 106
Avg. Improvement 2:1 4:5 4:6
ACMR 1:58 0:75 0:72

Table2: View-DependentRenderingThis tablehighlightstheframerateandrendering
throughputfor differentmodels.We improve therenderingthroughputandframerates
by 2:1 � 4:6 times.TheACMR wascomputedwith abuffer consistingof 24vertices.

5.3 Out-of-Core Multile vel Optimization
Themultilevel optimizationalgorithmneedsto maintainanordering
of verticesalongwith a seriesof coarseningoperations.For large
meshescomposedof hundredsof millions of vertices,it maynot be
possibleto storeall this informationin mainmemory. In bothof our
graphpartitioningandedge-collapseapproaches,we computea set
of clusters,eachcontaininga subsetof vertices.Eachclusterrepre-
sentsasubgraphandwecomputeaninter-clusterorderingamongthe
clusters.Wethenfollow theclusterorderingandcomputealayoutof
all theverticeswithin eachclusterusingourmultilevel minimization
algorithm.

6 Implementation and Performance
In thissectionwedescribeour implementationandusecachecoher-
ent layoutsto improve theperformanceof threeapplications:view-
dependentrenderingof massivemodels,collisiondetectionbetween
complex models,and isocontourextraction. Moreover, we used
different kinds of models including CAD environments,scanned
datasets,terrains,and isosurfacesto test the performanceof cache
coherentlayouts. We alsocomparethe performanceof our metric
with othermetricsusedfor meshlayout.

6.1 Implementation
Wehave implementedour layoutcomputationandout-of-coreview-
dependentrenderingandcollisiondetectionalgorithmsona2:4GHz
Pentium-4PCwith 1GB of RAM andaGeForceUltra FX 6800GPU
with 256MB of videomemory.

We usethe METIS graphpartitioning library [Karypis andKu-
mar1998] for coarseningoperationsto lay out vertex andbounding
volumehierarchies.Our currentunoptimizedimplementationof the
out-of-corelayout computationprocessesabout30K trianglesper
sec.In thecaseof theSt. Matthew model,oursecondlargestdataset,
layoutcomputationtakesabout2:6 hours.
Memor y-mapped I/O: OursystemrunsonWindowsXP anduses
theoperatingsystem'svirtual memorythroughmemorymapped�les
[Lindstrom andPascucci2001]. Windows XP canmaponly up to
2GBof user-addressablespace.Weovercomethislimitationbymap-
pingasmallportionof the�le ata timeandremappingwhendatais
requiredfrom outsidethis range.

6.2 View-dependent rendering
View-dependentrenderingandsimpli�cation arefrequentlyusedfor
interactivedisplayof massivemodels.Thesealgorithmsprecompute
a multiresolutionhierarchy of a large model (e.g. a vertex hierar-
chy). At runtime,adynamicsimpli�cation of themodelis computed
by incrementallytraversingthehierarchy until thedesiredpixelsof
error(PoE)tolerancein imagespaceis met.Currentview-dependent

PoE 0:75 1 4 20

COL 0:71 0:72 0:73 0:74
SL 2:85 2:85 2:92 2:96

Table3: ACMR vs. PoE: ACMRsarecomputedasweincreasethePoE,i.e. useamore
drasticsimpli�cation. TheACMRsof cache-oblivious layouts(COL) arestill low even
whena higherPoEis selected.

renderingalgorithmsareunableto achieve high polygonrendering
throughputontheGPUfor massivemodelscomposedof tensor hun-
dredsof millions of triangles.It is notpossibleto computerendering
sequencesat interactive ratesfor suchmassivemodels.

We use a clusteredhierarchy of progressive meshes(CHPM)
representation[Yoon et al. 2004b] for view-dependentre�nement
alongwith occlusionculling andout-of-coredatamanagement.The
CHPM-basedre�nementalgorithmis veryfastandmostof theframe
time is spentin renderingthe simpli�ed model. We precomputea
cache-obliviouslayout(COL) of theCHPM anduseit to reducethe
cachemissesfor thevertex cacheon theGPU.Wecomputedlayouts
for threemassive modelsincludinga CAD environmentof a tanker
with 127K separateobjects(Fig. 2), ascannedmodelof St. Matthew
(Fig. 1) andanisosurfacemodel(Fig. 8). Thedetailsof thesemod-
elsaresummarizedin Table1. Wemeasuredtheperformanceof our
algorithmalongpathsthroughthemodels.Thesepathsareshown in
theaccompanying video.

6.2.1 Results
Table2 highlightsthebene�t of COL over thesimpli�cation layout
(SL), whosevertex layout andtrianglelayout arecomputedby the
underlyingsimpli�cation algorithm.Weareableto increasetheren-
deringthroughputby a factorof of 2:1-4:6 timesby precomputinga
COL of theCHPMof eachmodel.Weobtainarenderingthroughout
of 106M trianglespersecondon average,with a peakperformance
of 145M trianglespersecond.
Average Cache Miss Ratio (ACMR): TheACMR is de�ned by
the ratio of the numberof accessedverticesto the numberof ren-
deredtrianglesfor a particularvertex cachesize[Hoppe1999]. If
the numberof trianglesin the model is roughly twice the number
of vertices(e.g. the St. Matthew andisosurfacemodels),thenthe
ACMR is within the interval [0:5; 3]. Therefore,the theoreticalup-
per boundon cachemissreductionis a factorof 6. For a cacheof
24 vertices,we improve theACMR by a factorof 3:95 andgeta4:5
timesspeedupin therenderingthroughput.On theotherhand,if the
numberof verticesin themodelis roughlythesameasthenumberof
triangles,asin thetanker model,thentheACMR is within theinter-
val [1; 3] andtheupperboundoncachemissreductionis 3 times.For
this model,we improve theACMR by a factorof 1:89 andtheren-
deringthroughputby a factorof 2:1. To verify the cache-oblivious
natureof our layouts,wealsosimulatedaFIFOvertex cacheof con-
�gurable sizeandmeasuredthe ACMR asa function of cachesize
(Fig. 10). Table3 shows theACMR achievedby varyingthePoEin
theSt. Matthew model.

6.3 Collision Detection
Many collision detectionalgorithmsuseboundingvolume hierar-
chiesto acceleratetheinterferencecomputations[Lin andManocha
2003]. We usecache-oblivious layoutsto improve theperformance
of collision detectionalgorithms.In particular, we computelayouts
of OBB-trees[Gottschalketal.1996]andusethemto acceleratecol-
lision querieswithin adynamicsimulator. Thecollisiondetectional-
gorithmtraversestheboundingvolumehierarchy of eachmodeland
checksfor overlapbetweenthe OBBs andtrianglepairs. We have
testedtheperformanceof ourcollisiondetectionalgorithmin a rigid
bodysimulationwhere20dragons(800K triangleseach)droponthe
Lucy model(28M triangles).Thedetailsof thesemodelsareshown
in Table1. Fig. 9 shows asnapshotfrom oursimulation.

Wecomparedtheperformanceof ourcache-obliviouslayoutwith
theRAPID library [Gottschalket al. 1996]. TheOBBsareprecom-
putedandstoredin memory-mapped�les andonly the orderingof
thehierarchy is modi�ed. We comparedour cache-oblivious layout
with adepth-�rst layout(DFL) of OBB-trees.TheDFL is computed



Figure9: Dynamic Simulation: Dragonsconsistingof 800K trianglesaredroppingon
theLucy modelconsistingof 28M triangles.We obtain2 timesimprovementby using
COL on average.

Figure10: ACMR vs. cachesize: ACMRsof cache-oblivious layout (COL) andsim-
pli�cation layout (SL) of the St. Matthew anddoubleeagletanker areshown. As the
cachesizeincreases,the improvementof COL becomeslarger, andis 3:95 at a cache
sizeof 24 in theSt. Matthew model.Notethatthelower boundon ACMR is 0:5 in St.
Matthew and1 in thedoubleeagletanker. Thetwo SL curvesalmostoverlap.

by traversingthehierarchy from its root nodein a depth-�rst order.
We choseDFL becauseit preserves the spatial locality within the
boundingvolumehierarchy.

6.3.1 Results
Weareableto achieve2 timesimprovementin performanceover the
depth-�rst layout on average.This is mainly dueto reducedcache
misses,includingmainmemorypagefaults.Weobservemorethan2
timesimprovementwhenever therearemorebroadcontactregions.
Suchcontactstrigger a higher numberof pagefaults and in such
situationswe obtaina higherbene�t from cache-oblivious layouts.
Thequerytimesof collisiondetectionduringthedynamicsimulation
areshown in Fig. 11.

6.4 Isocontour Extraction
Theproblemof extractinganisocontourfromanunstructureddataset
frequentlyarisesin geographicinformation systemsand scienti�c
visualization.Weuseanalgorithmbasedonseedssets[vanKreveld
etal.1997]to extracttheisocontourof asingle-resolutionmesh.The
runningtime of this algorithmis dominatedby the traversalof the
trianglesintersectingthecontouritself.

We use this algorithm to extract isocontoursof a large terrain
(Fig.5) andcomputeequivalentgeometricqueriessuchasextracting
ridgelinesof aterrain1 andcross-sectionsof largegeometricmodels.

6.4.1 Comparison with other layouts
We comparethe theperformanceof the isocontouringalgorithmon
four models,eachstoredin � ve different layouts. In addition to
our cache-oblivious layout, we alsostorethe meshesin geometric
X =Y=Z orders(verticessortedby their position along the corre-
spondingcoordinateaxis) and in spectralsequencingorder [Diaz
et al. 2002]. We useedge-collapseasthe coarseningstepfor com-
puting cache-oblivious layoutsandstoreall meshesin a streaming
format [Isenburg andLindstrom2004], which allows us to quickly
computetheon-diskmeshdatastructurein apreprocess.

Table4 reportsthetime in secondsto computeanisocontourand
a ridge line for the terrainmodelsandto computecross-sectionsof
the other3D models. The testshave beenperformedon a 1.3GHz
ItaniumLinux PCwith 2GBof mainmemory. Wetakeadvantageof

1For extractinga ridgeline theseedpoint is a saddleandthepropagation
goesupwardto theclosestmaximainsteadof following anisocontour.

Figure 11: Performance of Collision Detection: Averagequery times for collision
detectionbetweentheLucy modelandthedragonmodelwith COL andDFL areshown.
We obtain2 timesimprovementin thequerytimeon average.

Model PugetSound Lucy David Atlas
Out. edg. 223K (Contour) 14K (Ridge) 17K (Section) 22K (Section) 38K (Section)

Cac.Obl. 026 (000 :5) 003 (000 :03) 03:3 ( :04) 05:9 ( :057) 010 (000 :09)
Geom.X 232 (227 :8) 001 (000 :04) 01:2 ( :04) 00:2 ( :051) 015 (000 :09)
Geom.Y 218 (215 :5) 195 (185 :10) 39:1 ( :09) 60:7 ( :103) 419 (379 :78)
Geom.Z 011 (000 :6) 135 (113 :81) 26:1 ( :09) 45:5 ( :102) 443 (382 :60)
Spec.Seq.150 (127 :3) 023 (000 :04) 21:0 ( :06) 43:1 ( :068) 088 (000 :10)

Table4: Isocontouring. Time in seconds(ona1.3GHzlinux PCwith 2GBof memory)
for extractinganisocontour(or equivalentgeometricqueries)for severalmodelsstored
eachin � ve differentmeshlayouts:cache-oblivious,with verticessortedby X/Y/Z geo-
metriccoordinate,andspectralsequencing.In parentheseswereportthetimefor second
immediatere-computationof thesamecontourwhenall thecachelevelsin thememory
hierarchy have beenloaded.In all cases,theperformanceof our cache-obliviouslayout
is comparableto theoneoptimizedfor theparticulargeometricquery. Thisdemonstrates
thebene�t of our layoutfor generalapplications.

the64-bitarchitectureandmemorymaptheentiremodel.Wedonot
performany explicit paging.Thiswayweensurethatwedonotbias
theresultsin favor of any particularlayout.

The empiricaldatashows that our cache-oblivious layout mini-
mizesthe worst casecostof genericcoherenttraversals.The three
layoutsthat aresortedby geometricdirectionalongthe X , Y , and
Z axisshow thattheworstcaseperformanceis at leastoneorderof
magnitudeslower thanthe bestcase,which is achieved by the lay-
out that happensto be perfectlyalignedalongthe querydirection.
Thespectralsequencinglayoutalsodoesnot performwell sincethe
geometricqueryis unlikely to follow its streamingorder. Ourcache-
obliviouslayoutconsistentlyexhibitsgoodperformance.

Therunningtimesreportedin parenthesesin Table4 arefor asec-
ond immediatere-computationof the samecontour, ridge line, or
cross-section.They demonstratetheperformancewhenall thecache
levels have beenloadedby the �rst computation. In this caseour
cache-oblivious layout is alwaysasfastasthethebestcaseandcan
be two times to several ordersof magnitudefasterthan the worst
case. More importantly, this testdemonstratesthe cache-oblivious
natureof the approachsince performanceadvantagesat different
scalesare achieved both when disk pagingis necessaryand when
only internal memoryand L2 cachesare involved. In caseof the
PugetSoundterrainmodel, our cache-oblivious layout is the only
layoutthattakesadvantageof loadedcachelevelsfor boththequeries
(i.e., isocontourandridgeline extraction).

7 Anal ysis and Limitations
WepresentanovelmetricbasedonedgespandistributionandCMRF
to determinewhethera local permutationon a layout reducesthe
expectednumberof cachemisses.In practice,our algorithmcom-
puteslayoutsfor whichahighfractionof edgeshaveverysmalledge
spans.At thesametime, a smallnumberof edgesin the layoutcan
have a very largeedgespan,asshown in Fig. 6. This distribution of
edgespansimprovestheperformancebecauseedgeswith smalledge
spanincreasetheprobabilityof a cachehit, while theactuallength
of veryhigh-spanedgeshaslittle impacton thelikelihoodof acache
hit.

Our multilevel minimizationalgorithmis ef�cient andproduces
reasonablygood resultsfor our applications. Moreover, our mini-
mizationalgorithmmapsvery well to out-of-corecomputationsand
is ableto handlevery largegraphsandmesheswith hundredsof mil-
lions of triangles. We have appliedour cache-oblivious layoutsto



modelswith irregulardistribution of geometricprimitivesor irregu-
lar structure,for whichprior algorithmsbasedonspace-�llingcurves
maynotwork well.
Limitations: Our metric and layout computationalgorithm has
several limitations. Theassumptionswe make aboutinvarianceand
monotonicityof CMRFsmay not hold for all applications,andour
minimizationalgorithmdoesnot necessarilycomputeagloballyop-
timal solution. Our cache-oblivious layoutsresultin goodimprove-
mentsprimarily in applicationswheretherunningtime is dominated
by dataaccess.

8 Conc lusion and Future Work
We have presenteda novel approachfor computingcache-oblivious
layoutsof large meshes.We make no assumptionsaboutthe run-
time accesspatternandwe computeanorderingthat resultsin high
locality. We show that our formulation can be extendedto com-
putelayoutsof boundingvolumeandmultiresolutionhierarchiesof
large meshes.We usea probabilisticmodel to minimize the num-
ber of cachemisses.Our preliminaryresultsindicatethat our met-
ric works well in practicefor reducingcachemisses.Furthermore,
we computedcache-oblivious layoutsof differentkinds of geomet-
ric datasetsincludingscannedmodels,isosurfaces,terrain,andCAD
environmentswith irregulardistributionsof primitives.We usedour
layouts to improve the performanceof view-dependentrendering,
collision detectionandisocontourextractionby 2 � 20 timeswith-
outany modi�cation of thealgorithmor runtimeapplications.

Therearemany avenuesfor future work. In this paper, we have
only consideredcache-oblivious accessand we can obtain further
improvementin performanceby taking into accountcacheparame-
tersto designanimprovedmetric.Wewould liketo useour layoutto
improvetheperformanceof algorithmsfor processingandmanipula-
tion of largemeshesincludingsimpli�cation, compression,parame-
terization,smoothing,isosurfaceextraction,shadow generation,and
approximatecollision detection[Yoonet al. 2004a].We would also
like to useour graph-basedformulationto computecache-coherent
layoutsfor otherkindsof datasets,includingpointprimitivesandun-
structuredvolumetricgrids. Finally, we would like to combinedata
layoutswith applicationspeci�c techniquesto increaseprogramlo-
cality to furtherimprove thecacheaccesspatternandef�ciency.
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