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ABSTRACT
We presenta novel framework for motionplanningof rigid andar-
ticulatedrobotsin complex, dynamic,3D environmentsanddemon-
strateits applicationto virtual prototyping. Our approachtrans-
forms the motion planningprobleminto the simulationof a dy-
namicalsystemin which themotionof eachrigid robot is subject
to theinfluenceof virtual forcesinducedby geometricconstraints.
Theseconstraintsmay enforcejoint connectivity andanglelimits
for articulatedrobots,spatialrelationshipsbetweenmultiplecollab-
orative robots,or have a robotfollow anestimatedpathto perform
certaintasksin a sequence.Our algorithmworkswell in dynamic
environmentswith moving obstaclesandis applicableto challeng-
ing planningscenarioswheremultiple robotsmustmove simulta-
neouslyto achieve a collision freepath. We demonstrateits effec-
tivenessfor partsremoval, automatedcar painting,andassembly
line planningscenarios.

Categoriesand SubjectDescriptors
I.3.5 [Computer Graphics]: ComputationalGeometryandObject
Modeling;I.6 [Computing Methodologies]: SimulationandMod-
eling

GeneralTerms
Algorithms,Performance,Design,Reliability, Verification

Keywords
Virtual EnvironmentsandPrototypes,ManufacturingandAssem-
bly Planning,ComputationalSupportfor New ManufacturingTech-
nologies

1. INTRODUCTION
The problemof achieving designflexibility andmanufacturing

automationusingvirtual environmentsprovidesa new setof chal-
lengesfor computeraideddesignandmanufacturing. Automati-
cally planningthemotionof partsor objects,i.e. motionplanning,
can be a significantaid in a rapid prototypingenvironment. Ex-
amplesof thetasksthatcanbeassistedby motionplanninginclude
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virtual assemblyfor designverification,partsremoval for maintain-
ability studies,pathgenerationfor automatedpainting,etc. Some
of thecommonlyusedcomputer-aidedmanufacturingandsimula-
tion packageslikeIGRIPfromDelmiaInc.,CimStationfrom Adept
Technologies,PDMSfrom CADCENTRE,ProductVisionfrom GE
CorporateR & D, andTHOR Arc Weld from AMROSEinclude
computationalsupportfor motionplanning.Thesepackagesareal-
readyusedfor piperoutingin plantdesign,arcweldingof complex
assemblies,spot welding of car bodies,andother usesof robots
to automatethe manufacturingprocesses.The planningtasksare
typically characterizedby geometricgoalregions,a varietyof me-
chanicalconstraints,andoftena partiallyknown environmentwith
uncertaintiesandmoving obstacles.

Main Results: In this paper, we presenta new motion planning
algorithm for virtual prototyping. Our algorithmic framework is
inspiredby constraineddynamics[26] in physically-basedmodel-
ing. We transformthemotionplanningprobleminto a dynamical
systemsimulationby treatingeachrobotasarigid bodyor acollec-
tion of rigid bodiesmoving undertheinfluenceof all typesof con-
straint forcesin the virtual prototypingenvironment. Thesemay
include constraintsto enforcejoint connectivity and anglelimits
for articulatedrobots,constraintsto enforcea spatialrelationship
betweenmultiple collaborative robots,constraintsto avoid obsta-
clesandself-collision,or constraintsto have the robot follow an
estimatedpathto performcertaintasksin asequence.

Ourconstraint-basedplanningframeworkhasthefollowingchar-
acteristics:� It can handleboth static environmentswith completegeo-

metricinformationor dynamicsceneswith moving obstacles
whosemotionis not known a priori.� It is applicableto bothrigid andarticulatedrobotsof arbitrar-
ily highdegreesof freedom,aswell asmultiplecollaborative
agents.� It allows specificationof various types of geometriccon-
straints.� It runsin realtime for modestlycomplex environments.

Wedemonstratetheeffectivenessof our framework for theprob-
lem of virtual assemblyandelectronicprototypingwith applica-
tionsin assemblyline planning,automatedcarpainting,andmain-
tainability studies.

Organization: The restof the paperis organizedas follows. In
section2, we briefly discussthe problemof motion planningand
survey relatedwork. Section3 presentsan overview of our plan-
ning framework. Wedescribetheconstraintsin our framework and
how they canbeusedto representplanningscenariosin section4.
Section5 presentsa detaileddiscussionof themethodwehave im-
plementedto solve thegeometricconstraints.We demonstrateour



framework by applying it to several virtual prototypingproblems
in section� 6.

2. RELATED WORK
We first introducethe terminologyusedin this paper, provide

somebackgroundinformationon motionplanning,andsurvey re-
latedliterature.

2.1 Background and Terminology
We assumethe robot(s) and obstaclesare setsof closedand

boundedgeometryandwhoselocationsatany timeduringthesim-
ulationareknown andupdateddynamically. Theobstaclesarefree
to moveduringtherobotplanningandmotionexecutionstage,their
motion acquiredby sensoryinput is then fed back to the motion
plannerin real time. The robot

�
anda setof obstacles� move

in a Euclideanspace� , calledtheworkspace. Therobotmaybe
a free-flyingrigid objector anarticulatedobject.A free-flyingob-
jecthasnokinematicconstraintsthatlimit its motion.Ontheother
hand,anarticulatedobject

�
consistsof severalmoving rigid parts���	�
��������	�������

, called links, connectedby joints. Each joint
constrainstherelative movementsof thetwo links it connects.

Theclassicmotionplanningproblem,alsoreferredto asthePi-
anoMover’sproblem,canbestatedasthefollowing: Givenarobot�

anda workspace� , find a pathfrom aninitial configuration�
to a goalconfiguration� , suchthat

�
never collideswith any ob-

stacle ������� in � alongthepath � , if sucha pathexists. The
path � is acontinuoussequenceof positionsandorientationsof

�
.

Configuration spaceor C-space[20] is a powerful conceptfor
the planningproblem. This formulationrepresentsthe robot asa
point in anappropriatespace,i.e. the robot’s configurationspace,
andmapstheobstaclesin this space.This mappingtransformsthe
motion planningproblemfor an object into the problemof plan-
ning the motion of a point in a higherdimensionalspace. For a
rigid body, theconfigurationis specifiedby six coordinates,three
determiningthepositionwith respectto somefixedreferencepoint
(the origin) on

�
, and threedeterminingthe robot’s orientation.

An articulatedobjectcanbeinterpretedasa setof � moving rigid
objectsconnectedby joints. By convention,eachjoint affordsasin-
gle degreeof freedom,anda physicaljoint that allows morethan
onedegreeof freedomis representedby multiple joints at a single
location,sothattherecanbemorejoints thanlinks. With this con-
vention,a configuration��� for an articulatedbody is specifiedby
six coordinatesdeterminingthepositionandorientationof a given
link, the baselink, along with an additionalcoordinatefor each
joint.

2.2 Global vs. Local Planning Methods
Therehavebeentwo majorapproachestomotionplanning:global

and local methods[19]. Global planningmethods,including the
first RoadmapAlgorithm [4], PRM [15] and other geometricor
“criticality-based”methods[10, 19], areguaranteedto find a com-
pletepath,if oneexists,althoughthey may take a long time com-
puting it. Many of theglobalmethods,with theexceptionto vari-
antsof PRM, have beenappliedwith limited successfor mostly
lower-dimensionalplanningqueriesin staticenvironments,dueto
high computationalcosts.

Ontheotherhand,localmethodssuchasartificial potentialfield
methods[16], areusuallyfast,but arenotguaranteedto find apath,
even if one exists. Algorithms basedon artificial potentialfield
methodsarewidely usedin many industrialapplications[5, 23]. In
adynamicenvironment,wherethemotionof obstaclesin thescene
is not know a priori, it is difficult for global methodsto compute
the completesolutionpathin real time to avoid collision with the

moving obstacles.For dynamicscenes,local,or reactive,planning
techniquesareoftenused.However, localmethodshavelimitations
aswell. For example,potentialfield methodsareknown for their
entrapmentproblemsat localminimaof thepotentialfunction.

Our methodis anincrementalconstructionof a roadmap,whose
thecurveslocally satisfyall constraintsimposedontherobotwhile
stayingmaximally clear of nearbyobstacles.At the sametime,
theframework canalsotake globalgeometricanalysisinto consid-
erationwhile performinglocal planning,thusalleviating the local
minimaproblem(Sec.4.3.3).

2.3 Planning for Industrial Applications
Thebasicmotionplanningproblemcanbeenhancedby adding

amodelof positionuncertaintyto extendit to motionplanningin a
partially known environment,often encounteredamongindustrial
applications.But, it remainsbasicallyunchangedif compliantmo-
tion is notallowed.

Many specializedmotionplanningalgorithmshave beendevel-
opedfor differentapplications,including part orientationandpo-
sitioning [9, 11], assemblysequencing[8, 21, 13], sensor-based
planning[22, 6, 7] andmaintainabilitystudies[1, 5].

2.4 Constraint Solving
Geometricconstraintsolvinghasbeenextensively studiedin many

differentfields,suchasCAD/CAM, molecularmodeling,andthe-
oremproving [2, 3, 17]. Therearetwo basicstrategies: instance
solvers andgenericsolvers. Someof thecommonapproachesin-
cludenumericalalgebraictechniques,graph-basedalgorithms,log-
ical interferenceand term rewriting, symbolic algebraicsolvers,
andpropagationmethods[2]. Our approachborrows a combina-
tion of ideasfrom someof thesetechniques,andspecializesthem
for motionplanning.

Theconstraintsolvingproblemfor motionplanningcanbeNP-
hardfor arbitrarilyhighdegree-of-freedommanipulators.Sincewe
are interestedin real-timeperformancefor dynamicsceneswith
moving obstaclesand multiple robots,we considerthe intended
solution by inferring certainmetric and topologicalpropertiesof
the planningproblemas a dynamicalsystem,and deducea few
heuristicsthatsucceedwith highprobabilityundertheassumptions
of compatibleconstraintsandtemporalcoherence.The detailsof
ourconstraintsolvingapproachwill begivenin Sec.5.

3. FRAMEW ORK OVERVIEW

3.1 Framework Goals
Our planningframework is targetedto enablerapidprototyping

in a3D CAD/CAM environment.Thisgoalimposesseveraldesign
requirements.Theframework mustbe:� Portable: It shouldbeableto planpathsfor both rigid and

articulatedrobotsof any topologyor arbitrarilyhigh degrees
of freedom,withoutany changeto theunderlyingsystem.� Dynamic: It shouldbe able to plan collision free motion
for anobjectin thepresenceof moving obstacles,andother
collaboratingrobots,whosemotionis not known a priori.� General: Thesystemmustallow theuserto easilyspecifya
widerangeof relationshipsandbehaviorsbetweentherobots
andotherobjectsin thescene.� Interacti ve: Thesystemmustrun at interactive ratesandal-
low theuserto tradeexecutionspeedfor accuracy, to enable
rapiddesignandpathverification.

Thesedesigngoalssuggesta fusion of global and local plan-
ning techniquesto capitalizeon thebenefitsof both.We proposea



constraint-basedplanningapproachthatprovidesa local planning
frame� work powerful enoughto handledynamicscenes,efficient
enoughto run at interactive rates,and generalenoughto incor-
poratemany typesof geometricconstraintsto govern an object’s
motion. Theseconstraintscanrepresentcomplex relationshipsbe-
tweencollaboratingentitiesandalso link collectionsof rigid ob-
jects to behave asarticulatedrobots. This framework alsoallows
naturalextensionto planningof flexible robotsandincorporationof
dynamics,aswell asnon-holonomicandothertypesof constraints.

3.2 Simulation Framework
Thebasicessenceof our framework is to describeeachrigid ob-

ject in the planningsceneasa dynamicalsystem,which is char-
acterizedby its statevariables(i.e. position, orientation, linear
andangularvelocity). In this framework, a robot can be a rigid
body, or acollectionof rigid bodies,subjectto theinfluenceof var-
iousforcesin theworkspace,andrestrictedby variousmotioncon-
straints.Thistransformsamotionplanningprobleminto aproblem
of definingsuitableconstraints,andthensimulatingtherigid body
dynamicsof thescenewith eachconstraintactingasavirtual force
ontheobjects.Wewill returnto theproblemof definingconstraints
to solve a planningproblemin Sec.4.

Next we’ll explain thesimulationframework with thefollowing
notation:� Let

� �"!#���	�	���$�������&%
bea setof � rigid objects.� For each

� � at time ' , let a statevector (#)� �*,+.- ( )� �0/ - ' )� ��13254 )� ��67498 )�0: representthe objectsposition,rota-
tion, linearandangularvelocity.� Let ;<) bethesystemstatevector, obtainedby concatenating
thestatevectors( )� for all

2
.� Let = �>! = � � = � �$�	����� =@? % bea setof

4
constraints.� For eachconstraint=�A , let BCA * ;D) : be the force inducedby

constraintE giventheobjectsystemstate;<) .
Thesimulationstepsfrom time ' to time 'GFIH andupdatesthestate
of eachobjectsubjectto theforcesinducedby theconstraints.

BEGIN LOOP

ComputeConstraint Forces: Summingupall contribut-
ing forces,B * ; ) : �KJ ?A$L � B.A * ; ) : .

UpdateSystemState: Compute ;<)NMPO from ;<) sub-
ject to theforce B * ; ) : [26].

UpdateObject States: Foreachobject
� � , update( )QMRO�

from ;<)NMPO .
Incr ementTime: ' � 'RFSH

END LOOP

In this framework thesolutionto themotionplanningproblem,
for a particularobject T � emergesasthesequenceof states,! ( )� � ( )NMPO� �������$� ( )QMRU	V0O� %

, suchthattheobjectis in its initial configu-
rationattime ' , andachievesthegoalconfigurationattime '�FXWZY7H .
Thesimulationmustrunfor asmany timestepsasnecessaryfor all
objects,for which a plannedpath is desired,to reachtheir goal
configurations.

4. PLANNING SCENEFORMULA TION
In thissectionwewill describehow to renderaplanningscenario

in theform of constraintsfor theconstraint-basedplanningframe-
work. Assumethatthegeometryrepresentingtherobotsandobsta-
clesis given, aswell asprescribedmotion, simulatedor scripted,
for theobstaclesovertime. Oursystemthendefinesconstraintsthat
will restrictthemotion of the robotsto meetthedesignspecifica-
tions,andalsoguidetherobotsto completetheplanningtasks.

4.1 Constraint Classification
To achieve thedesiredresultswithout robustnessproblems,we

classify the constraintsinto two categories: soft and hard con-
straints.

Hard Constraints are thosethat absolutelymustbe satisfiedat
every time stepof thesimulation.Examplesof thehigh level hard
constraintsincludeobject non-penetration,articulatedrobot joint
connectivity, andarticulatedrobotjoint anglelimits.

SoftConstraints serve asguidesto encourage or influencethe
objectsin thesceneto behave in certainways. Somecommonex-
amplesof soft constraintsincludehaving an objectmove towards
a goal configuration,avoid the nearestobstacles,andmove along
somepredefinedpath. Soft constraintsarethe moredifficult type
to handlebecausetherecanbemany competingonesactingon an
object.Weprovideseveralmethodsto resolvesuchconflicts.First,
thesoftconstraintpenaltyforcescaleswith thedegreeto whichthe
soft constraintis violated. Second,eachsoft constraintis given a
priority, from [ \ �	]$^ , whichscalestheconstraintforce.

4.2 Hard Constraints
To ensurethat the simulationenforcesthe high level hardcon-

straintsweusethreeatomichardconstraints:� Non-PenetrationConstraints� PointDistanceConstraints� PointPlanarAngleConstraints

4.2.1 Non-PenetrationConstraints
Assumingthatall rigid objectsin thescenerepresentclosedvol-

umes,we considera non-penetrationconstraintbetweentwo ob-
jectsto be satisfiedaslong astheir volumesaredisjoint. In most
cases,this constraintcanbeweakenedto only requirethat theob-
jects’ boundariesdo not penetrateeachother. In most planning
scenarios,non-penetrationconstraintsshouldbe appliedbetween
all objectsin thescene,ensuringthat theobjectsbehave asif they
aresolid,althoughit is possibleto have objectsthatareselectively
solid,or completelypermeable,if desired.

Unlike thenon-penetrationconstraints,thesecondandthird cat-
egoriesof hardconstraintsareindependentof theobjectgeometry;
they insteadenforcerelationshipsbetweenpointsandvectorsde-
fined in thescene.Thesepointsandvectorscanbefixed in world
coordinatesor expressedrelativeto thecoordinateframesof objects
in thescene.

4.2.2 Point DistanceConstraints
Theseconstraintsenforcea fixed separationbetweenpairs of

points.Thusata time ' , given:� + � � ��_ , andits world transformatioǹ )�� + � � ��_ , andits world transformatioǹ )��ba � � , theconstraintdistance.

theconstraintis satisfiedwhen a 2 ($' * ` )� *,+ � : � ` )� *,+ � :�: � a , wherea 2 ($' * : is theEuclideandistance.

4.2.3 Point Planar AngleConstraints
Theseconstraintsenforcetheanglebetweentwo points,abouta

specifiedaxisof rotation.To definetheseconstraintswerequire,at
time ' :� + � � ��_ , andits world transformatioǹ )�� + � � � _ , andits world transformatioǹc)�� - � � _ theorigin of the joint, andits world transformation` )d



�fe�e$g67h.2 (i� ��j , theaxis of rotationfor the joint, andits world
transformatioǹ )k�ml � �n? � l � k	o � � _ , theanglelimits.

Wedefinetheanglel astheplanaranglebetweenthevectors̀ )� *,+ � : e`c)d *N- : and `c)� *,+ � : e `c)d *N- : in theplanenormalto `c)k * e$e�g67h.2 ( : . The
constraintis satisfiedaslong as l is in the interval [ l � �n? � l � k�o ^ ,
seeFig. 1.

Figure1: An angular constraint betweentwo points.

4.2.4 CombiningPoint Constraints
In this sectionwe will illustrate how point constraintscan be

combinedto link rigid objectsto form articulatedobjects. Our
methodusesa rigid structure,suchasa tetrahedron,which we de-
fine using point distanceconstraints,to representthe coordinate
frame of eachrigid object. We chosefour linearly independent
pointsin theobject’scoordinatesystem,andsetdistanceconstraints
distancesbetweenthemto enforcetheir initial separations.When
theobjectis transformedtherigid structureis alsotransformedand
its distanceconstraintsremaintrivially satisfied.At thesametime,
as long as the constraintsthat definethe rigid structurearesatis-
fied we can uniquely determinethe object’s transformationfrom
the world locationsof the four points of the rigid structure. To
constraintherelative motionof objectsin thescenewe definecon-
straintsbetweenthepointsof their rigid structures.At eachframe
of thesimulationtheconstraintsbetweenall of thesepointsareen-
forced, possiblychangingtheir locations. From thesenew point
locationsweupdatetheworld stateof theassociatedrigid objectto
a statethatrespectstheconstraints.

Example: A Ball Joint Supposethatwe have two rigid objects,���
and
���

, andwish to constrainthemto only two relative rota-
tional degreesof freedom,i.e. a ball joint, aboutsomeworld point-

betweenthem. We would thendefine
+ �p� -

in thecoordinate
frameof

� �
, and
+ � � -

in thecoordinateframeof
� �

. Thenwe
would link

+ �
and
+ �

to therigid structuresof
���

and
���

respec-
tively, using threelinearly independentdistanceconstraintseach.
Theseconstraintsensurethat

+ �
is rigidly attachedto thestructure

representing
���

and
+ �

is rigidly attachedto the structurerepre-
senting

� �
. We thendefinea distanceconstraint,with constraint

distanceof 0, between
+ �

and
+ �

, so that their world positionsare
constrainedto coincide.This ensuresthatwhenall constraintsare
satisfiedthetwo objects,

���
and
���

, arerigidly attachedto acom-
mon rotation point at

-
, whoseposition is now expressedin the

coordinateframesof thetwo objects,seeFig. 2.

Figure 2: A ball joint, built fr om distanceconstraints linking
the rigid structur esof the two objects.

Example: A Revolute Joint We canextendtheformulationfor a
ball joint to obtaina revolute joint betweentwo rigid objectsfrom

the specificationof the joint location,axis of rotation,andangle
limits. To definearevolutejoint betweentwo rigid objects,

� �
and���

, we usetwo ball joints. As long as the two ball joints have
distinctcentersof rotationthatlie ontheintendedrotationaxis,the
constraintswill limit therigid objectsto only onerelativerotational
degreeof freedomabouttheaxis.For additionalstabilitywedefine
a redundantdistanceconstraintbetweenthetwo rotationcentersto
maintaintheir separationalongtherotationaxis.

To limit the angleof the revolute joint, we usea point planar
angleconstraint,definedto limit theangleaboutthe rotationaxis
betweenonepoint attachedto the rigid structureof T � , andone
pointattachedto therigid structureof

���
.

Therehasbeenprevious work, in the field of robot control, on
specifyingjoints usingconstraints[25]. Theadvantageof our ap-
proachis that,usingtherigid structureformulation,we reducethe
problemof solvingconstraintsbetweenrigid objectstoamuchsim-
pler problemof solving constraintsbetweenpoints. As we will
show in Sec.5.1.2, thisallows for avery fastandstableconstraint
solvingmethodto beused.

Figure3: A revolute joint, built fr om distanceconstraints link-
ing the rigid structur esof the two objects.

4.3 Soft Constraints
Soft constraintsin our framework areuserspecifiedconstraints

thatgeneratepenaltyforcesto guidethemotionof objectswithout
imposingstrictmotionrestrictions.Thetypesof soft constraintsin
ourcurrentsystemare:� GoalAttraction� Surfacerepulsion� Pathfollowing

4.3.1 Goal Attraction
If therobothasnot reachedits goalconfiguration,thisconstraint

generatesa penaltyforce that attractsthe robot towardsits goal.
Thisconstraintcouldbeappliedto onecomponentof anarticulated
robot, suchas the endeffector, or to multiple componentsof the
robot.

4.3.2 SurfaceRepulsion
Theseconstraintsareusedto have therobotberepelledfrom the

surfacesof nearbyobstacles.To definea surfacerepulsioncon-
straintfor a rigid body,

�
, relative to a secondrigid object q , we

specifya distancethreshold,r , anda force coefficient Ws�"[ \ �	]t^ .
The distancethresholdis the minimum distanceallowed between
the objectsbeforethe

�
actsto move away from q . If

�
is fol-

lowing an estimatedpath, often the path will have an associated
minimumdistancetolerancefor staticobstacles,whichcanbeused



to initialize r . Thepriority specifiestherelative importanceof re-
pulsionu constraints,sothatif

�
is trappedbetweentwo obstacles,it

will givemorepriority to evadingonethantheother. Softconstraint
prioritiesareall by default equalto 1, unlesstheuserspecifiesan-
othervalue.

4.3.3 EstimatedPaths
Onewell-known problemwith usingthepenaltyforcestoachieve

planninggoalsis thattherobotcanbecaughtin a localminimaand
fail to reachthe goal. To addressthis issuewe integrateglobal
geometricanalysis,generatedaheadof time by a high-level task
planner[21], into our planningframework. Therearemany well
known techniquesfor obtaininganestimatedpathfor arobotbased
on the static obstaclesin the scene,suchas a medial axis based
planner[10, 14], a ProbabilisticRoadmapPlanner[15], a binary
spacepartitioningof theworkspace[23], or simplyby takinginput
from auser[5]. A pathfrom any of thesecanbeintegratedinto the
simulationusinga pathfollowing constraint.

To specify a path constraintfor somerigid body,
�

, we re-
quire an orderedlist of points

+ � � + � � + _ �$�n�v�v�v� + ? , which represent
the milestonesalongthe path,a distancethresholdr , anda force
coefficient Ww� [ \ �	]$^ . In our system,it is assumedthat the last
point on the path is the goal location that we wish the object

�
to reach,andall otherpointsareonly landmarksguiding the ob-
ject asto how this goal may be achieved. This assumptioncould
berelaxedif we addweightsto every pathlocationindicatinghow
importantit is for

�
to reachthatlocation.Thedistancethreshold,r , is usedto determineif
�

is closeenoughto a milestoneto con-
siderthatmilestonereached.Thedefault valuefor r is the radius
of the smallestsphereenclosing

�
. As in the caseof surfacere-

pulsionconstraints,Sec.4.3.2, thedefault valueof W is 1, which
canbechangedif someparticularpriority rankingbetweenforces
is desired.In our currentsystem,theobject’s orientationalongthe
pathis left arbitrary, sothatit canbedeterminedby othersoft con-
straints,suchassurfacerepulsion.For a scenewith anarticulated
robot,we canassignapartof therobot,suchastheendeffector, to
follow thehigh-level pathsequence.

5. CONSTRAINT IMPLEMENT ATION

5.1 Solving The Constraints
We usetwo main constraintsolving techniquesin our current

framework: penalty-basedmethods,usedto representsoft con-
straints,anditerative relaxation,usedto enforcehardconstraints.
Thealgorithmfor updatingthestatesof objectsin oursimulationis
quitesimple.Wefirst applythepenaltyforcesdueto theactivesoft
constraintsandupdatethesimulationstate.Next weapplyanitera-
tive relaxationtechniquewhichmodifiestheobjectstatesto ensure
thatall hardconstraintsaresatisfiedat theendof thetime step.

5.1.1 ApplyingPenaltyForces
We requirethat eachtype of soft constraint,= � , hasa methodxzy ' � y 496{1 '
| B - /} y ( =@� , � A , ; ) , ' ) which returnsthe force and

torquegeneratedby theconstraint= � , on object
� A , at time ' , with

thescenein thestate; ) . Thetotal forceon anobjectis thesumof
all penaltyforcesactingon thatobject. To updatetheobjectstate,
for eachobject, we integratethis total force using the Midpoint
Method [26]. We usethis methodbecausesomeof the penalty
forcesarecomputationallyintensive to evaluate,andthemidpoint
methodprovidesstableintegrationwith only two forceevaluations
pertime step.

5.1.2 IterativeRelaxation
Onceobjectsin thesceneareupdatedasa resultof thepenalty

forcesdue to the soft constraints,their statemay violate one or
moreof thehardconstraints.To efficiently ensurethat thesecon-
straintsaresatisfied,weusethewell known NonlinearGause-Siedel
iterative relaxationmethod[24]. For eachhardconstraint,= O , we
definethe residual, T y ( * = O � ;D) : , to be a real numberwhich rep-
resentsthe degreeto which = O is violatedwhenthe systemis in
state ; ) . For eachtype of hard constraint= O , we requirean in-
stancesolver T y 1~6{h * = O � ;<) : , whichreturnsanew state; in whichT y ( *�� O � ; : � \ . Thespecificmethodsusedto relaxeachtypeof
hardconstraint,will beexplainedin Sec.5.2.

Theiterative relaxationmethod,describedin Algorithm. 5.1,re-
laxeseachconstraintin sequencerepeatedly, until theobjectscon-
verge to a statefor which the sumof the residuals,over all con-
straints,is zero. Particularcaremustbetaken to ensurethatpoint
distanceconstraintsdescribedin Sec.4.2.2andpointplanarangle
constraintsdescribedin Sec.4.2.3aresatisfiedfirst, becauseonly
when theseconstraintsaresatisfiedcan we readback the result-
ing transformationsontherigid objectsto beusedin theremainder
of the constraintsolving iteration. We call the procedurewhich
updatesthe statesof the rigid objectsin the systemfrom the lo-
cationsof thepointsthatmake up their associatedrigid structures� + a 6 ' y qz��E y } ' ;�' 6 ' y ( B / - � � - 254 '0( ( ; ) in Algorithm. 5.1.

5.1.3 Convergenceof theRelaxationMethod
Thereasonthatweusetheiterativerelaxationmethod,Sec.5.1.2,

insteadof othertechniques(e.g.Lagrangianformalism)for satisfy-
ing all thehardconstraints,is becauseof its simplicity andbecause
it allows our implementationto achieve interactive performancein
mostpracticalscenarios,even with a large numberof active con-
straints. This rapid convergencecanbe attributedto two factors:
temporalcoherenceandcompatibleconstraints.

Our systemis ableto take advantageof temporalcoherencebe-
cause,as a physical simulation, it usessmall time stepsduring
which the objectsin the scenemove very little. Moreover, if we
assumethatall hardconstraintsaresatisfiedat thebeginning of a
time step, the fact that the object motion due to soft constraints
is small ensuresthatwhenthe iterative methodbegins theobjects
arenot far from a configurationthat satisfiesthehardconstraints.
Thisall but ensuresthattheiterativemethodconvergesto thesolu-
tion. It alsoallows convergenceto take placein a relatively small
numberof iterations,providing stableinteractive performancein
many practicalscenarios.Of course,it is possiblefor themethodto
neverconvergewhen,for example,therearetwo incompatiblecon-
straints,suchthatsatisfyingonenecessarilyviolatestheother. This
situationdoesnotoccurin practicebecausethehardconstraintsare
typically definedsothat they arecompatiblewith eachother. Fur-
thermore,in practicalsituationsthe hard constraintsare satisfied
beforetheplanningsimulationstarts,allowing thesystemto bene-
fit from temporalcoherencefrom thebeginning.

Oneof thegoalsof ourplanningframework wasto allow theuser
to tradeperformancefor accuracy to enablebothvery rapidproto-
typing andexact pathcomputation.We canachieve this goal by
allowing anupperboundto beimposedonthenumberof iterations
usedin relaxation,to guaranteethat thesimulationrunsat therate
desired.If thesystemfails to convergewithin thespecifiednumber
of iterations,thesimulationcontinuesasif it hadconverged. The
result is error that manifestsassmall violations in the hard con-
straints. Despiteof this problem,we have found that in practice
the computedsolution is a good approximationof the error free
pathobtainedwhenno limit is placedon thenumberof constraint
solving iterations. This canbe consideredasa useful featurefor



rapidprototypingof CAD designs,whena quick estimationof the
planned� motion is requiredto provide real-timeuserfeedbackin
thedesignprocess.

Relax Constraints

Input Thestate;D) , attime ' , of all rigid objects,pointsandvectors
in thesimulation,theset =�� of pointhardconstraints,andthe
set =�� of rigid objecthardconstraints.

Output New statevector ; whichsatisfiesall hardconstraints.

Let ;���;D) .
While

J�� �{�7�� L9��� T y ( *�� � � ; : � F J � ����A$L9� � T y ( *�� A � ; : �{� \ :!
While

J � �{�7�� L9��� T y ( *�� � � ; : ��� \ :!
for eachpointhardconstraint=�� :;���T y 1367h *�� � � ; : .%

;�� � + a 6 ' y qz��E y } ' ;Z' 6 ' y ( B / - � � - 254 '�( * ; :
for eachhardrigid objectconstraint=@� :;���T y 1367h *�� � � ; : .%

return Thestate; .
ALGORITHM 5.1: RelaxHardConstraints

5.2 Solving Hard Constraints
To satisfy eachof the hard constrainttypesof Sec.4.2: point

distance,point planarangleandnon-penetration,we have a cor-
respondingT y 1367h solver that is usedin the iterative algorithmof
Sec.5.1.2. For theconstraintsthatacton rigid objectsthesolver
updatesthestate,positionandorientation,of theobjects,while for
point constraintsthesolver modifiesthepositionsof thepoints.

5.2.1 Point DistanceConstraints
Giventheformulationof apointdistanceconstraint(Sec.4.2.2)

betweentwo points,
+ �

and
+ �

, with correspondingworld trans-
formation, ` )� and ` )� , anda distancethreshold a , we definethe
residualof thedistanceconstraint:T y ( *���� �n� ) � ; : �K� � � a 2 ($' * ` )� *,+ � : � ` )� *,+ � :�: e a �
where

� �
representsthe linear distancethat the two pointsmust

travel to reachthe requiredseparation.To solve thedistancecon-
straintwe simplymove eachpointa straightline distanceof

� ���
towardseachother.

5.2.2 Point PlanarAngleConstraints
Giventheformulationof apointplanarangleconstraintbetween

points
+ �

and
+ �

, with anglelimits l � �~? and l � k	o , wecomputethe
angle l asdefinedSec.4.2.3. Theresidualof theangleconstraint
is thendefinedas:

T y ( *�� k ?�� � ; : � ��   l e l � k	o if l � l � k	ol e l � �~? if lX¡�l � �n?\ otherwise

To satisfy the angelconstrain,if
�£¢m� T y ( *�� k ?�� � ' :b¤� \ , the

point ` )� *,+ � : is rotatedanangle
� ¢ ���

, and ` )� *,+ � : rotatesananglee �£¢ ��� abouttherotationaxis, `c)k * e�etg67h.2 ( : .
5.2.3 Non-PenetrationConstraints

In our currentimplementation,thesearetheonly constraintsfor
which the T y 1367h methoddirectly modifiesthe transformationsof
rigid objectsin thescene.Weuseanin-houseproximity (collision)
querypackage,PQP[18, 12], to detectwhentwo objectspenetrate.
The residualfor a non-penetrationconstraintis then just 0 if the
objectaredisjointand1 if theobjectsarenot. Theproblemof sep-
aratingobjectsthatpenetrate,in a physicalsimulation,is onethat
hasbeenaddressedin many ways[26]. Theapproachthatwe use
to implementthe T y 1367h solver for non-penetrationconstraintsis
theimpulse-basedrigid bodydynamicsimulation[26]. Theadvan-
tagesof this methodis thatobjectsareguaranteedto bedisjoint at
theendof every timestep,andthatobjectsreboundfrom collisions
in themostnaturalpossibleway.

5.3 Solving Soft Constraints
Foreachsoftconstraintwerequireamethod,

xzy ' � y 4P6{1 '¥| B - /�} y ,
whichproducesa forcealongthegradientvectorof theconstraint.

Figure 4: A portion of the distancefield of T � which generates
forcesthat act on T � pushing it away fr om T � .
5.3.1 SurfaceRepulsion

To apply a surfacerepulsionconstraintbetweenobject
���

and
a secondobject

� �
, asdescribedin Sec.4.3.2, we first perform

somecomputationsusingaxis-alignedboundingboxesasapprox-
imationsfor theobjectsinvolved. For object

� �
we take theaxis-

alignedboundingbox andexpandit by the distancethreshold,r
(Fig. 4). We intersectthis expandedboundingbox with thebound-
ing box of

���
to performa quick rejectiontestto determineif the

two objectsarefurther thanthedistancethresholdr apart. If this
is thecase,thenwe canterminatethecomputationwith no penalty
forceapplied.If thetestfails thenwecomputetheintersection,call
it ¦ , of the two boundingboxes. We thenusea hardwareacceler-
ateddistancefield computation[14], to generatethedistancefield
for thesurfacefeaturesof object

� �
in theregion ¦ . Thefact that

thiscomputationis performedusinggraphicshardwareenablesthe
distancefield of theobjectto begeneratedin realtimewithoutany
precomputationor assumptionsaboutthe geometry. As a prepro-
cess,asamplingof thesurfaceof object

���
, atsomeuserspecified

resolution,is computed. The default resolutionis the pixel res-
olution. For eachsamplepoint on

���
that lies in ¦ , we checkthe

distancefrom thatpoint to thenearestpointonthesurfaceof
� �

by
referencingthedistancefield. For eachsamplepointwegeneratea
force in thedirectionof the gradientof thedistancefield, propor-
tional to thedistancebetweenthatsamplepointand

���
, asseenin

Fig. 4. This forceshouldbezerofor samplepointsbeyondthedis-
tancethreshold,andincreaseto infinity asthedistancebetweenthe
surfacesdecreases.In our systemtheforce for eachsamplepoint,+ � , is:§ - /} y *,+ � ����� : �©¨ �� �~� )«ª ��¬� ®°¯t±~² e �³ ² if a 2 ($' *,+ � �
��� : ¡ r\ otherwise

And, the force inducedby this constrainton
� �

is the sumof all



forceson all
1
samplepointson

���
. This is a forcethatmoves

���
away´ from

� �
, enforcingthesurfacerepulsionconstraint.

5.3.2 Goal Attraction
As describedin Sec.4.3.1, if therobothasnot reachedits goal

configuration,this constraintgeneratesa penaltyforcethatattracts
the robot towardsits goal. The strengthof this force is directly
proportionalto thedistancebetweentherobotandthegoal,andits
directionis simply thedirectionbetweenthecenterof massof the
robotandthelocationof thegoal.

5.3.3 PathFollowing
Currentlyweimplementapathfollowing constraint,Sec.4.3.3,

by first finding the closestpoint on the path,
+ � , to the centerof

massof the robot
�

. If this point is not within the pathdistance
threshold,r , from thecenterof mass,thenwe considerthat

�
has

not reached
+ � andwe applya forceat thecenterof massof

�
to

pushit towards
+ � . If

�
is within thedistancethresholdof

+ � , we
applyaforceat thecenterof massof R in thedirectionof

+ � M � e + �
to push

�
alongthepath.

6. APPLICATIONS TO PROTOTYING

6.1 Implementation
Our systemwas implementedin an object-orientedframework

using C++. We usethe Proximity Query Package [12, 18] for
collision detection,to enforcenon-penetrationconstraints,andour
in-houselibrary HAVOC3D [14] to generatedistancefields for
surfacerepulsionconstraints.

6.2 SystemDemonstration
Wehave testedourmotionplanningsystemin thefollowing vir-

tual prototypingapplications:

Scene1: Maintainability Study
In assemblymaintainabilitystudies,motionplanningis usedto

find whetherit is possibleto remove a particularpart from an as-
sembly, and if so, to find one possibleremoval path [5]. In our
example,shown in Fig. 5(a),a bolt anda washermustavoid each
other in the confinesof tight compartmentinsidea pumpassem-
bly. Thegoal,to remove thebolt from theassembly, requiresboth
objectsto maneuver aroundeachotherwithout colliding.

Scene2: Automated Car Painting
In this exampleseenin Fig. 5(b), anarticulatedrobotarm,with

6 degreesof freedom,is usedto traceapathalongthebodyof acar
for painting. The robot is composedof rigid componentsthat are
heldtogetherby constraints.For all of thecomponentsof therobot,
theplannermustcomputepathsthatsatisfythejoint constraints,do
not collide with theobstaclesor thecar, andleadtheendeffector
alongtheprescribedpath.

Scene3: AssemblyLine Planning
In this example,shown in Fig. 5(c), therobotarmfrom scene2

mustaccessa partmoving pastit on a conveyer belt. The factory
floor containsa piping structurethat is moving over the conveyer
belt in theoppositedirectionto thepart’s movement.Themoving
obstructioncausesthe robot to reactively modify its pathto avoid
collision.

The timings for thesescenariosarepresentedin Table1. The
timingsweretakenona PCwith a933MHzPentiumIII processor,
256MB RAM andannVidia GeForce3graphicscard.Themotion
sequencescapturedin MPEGareavailableat:

http://gamma.cs.unc.edu/cplan.

Scene Poly Cons Per Step Total
(1) Maintainability 20470 4 0.093sec 67sec
(2) Auto Painting 25738 43 0.038sec 18sec
(3) AssemblyLine 16962 43 0.0085sec 16sec

Table 1: Benchmark timings in secondson thr ee example
scenes.Poly: The number of polygonsin eachscene.Cons: The
total number of active constraints in eachscene.Per Step: The
average time for the planner to compute one time step of the
simulation. Total: The total time taken to complete the plan-
ning task.

6.3 Discussion
The planningtasksin the examplescenesexecute,on average,

between10 and120 time stepsper second. The primary bottle-
neckin our currentimplementationis the distancefield computa-
tion usedto determinethepenaltyforcesfor thesurfacerepulsion
constraints.We usea one-level boundingbox culling to limit the
applicationof thiscomputationto areasnearpotentialsurfacecolli-
sions.We alsousesimplifiedgeometryfor computingthedistance
field wherever appropriateto speedup theproximity queries.This
approachworks well, unlessthe scene,asin the caseof Scene1,
hashighly non-convex complex geometrythat is poorly approxi-
matedby theboundingboxes.In suchcases,hierarchicalbounding
boxculling couldbeusedto furtherlimit theapplicationof thedis-
tancefield computationto increaseruntimeperformance.We are
currentlyworking on this optimization,aswell asacceleratingthe
3D distancefield computation.

Theconstraintsolver we have developedfor thecurrentsystem
usesaniterativerelaxationmethodthatis specializedto provide in-
teractive performancewhenplanningthemotionof rigid andartic-
ulatedrobotsin dynamicscenes.It workswell for overconstrained
andconsistentsystems,suchasthoseproducedby our methodof
modelingrobotjointsusingconstraints,andin ourplanningframe-
work wherethe dynamicsimulationtypically advancesin small
time stepsallowing it to take advantageof temporalcoherenceto
achieve performanceandstability. However, it is possiblefor our
framework to incorporateother, very efficient, constraintsolvers
basedon theextensionof [2, 3, 17], aswe extendthiswork to plan
the motion of flexible bodiesand also include different typesof
constraintsin our system.

7. CONCLUSION AND FUTURE WORK
We have presenteda novel framework for motion planningin

virtual prototypingapplications.We reformulatethemotionplan-
ning probleminto a physicalsimulationwhereconstraintson the
robot’s motion guideit from its startingconfigurationto its goal.
Theseconstraintscan enforcenon-penetrationconstraintsamong
objects,theanglelimits andconnectivity of articulatedrobotjoints,
the avoidanceof collision, the following of estimatedpaths,and
many otherpossiblerelationshipsbetweenthe robotsandobjects
in thescene.Theflexibility of our framework offersthepossibility
of naturalextensionin thefollowing areas:� Inclusion of Additional Constraints: suchasnon-holonomic

constraintson objectmotion,aswell asconstraintsthaten-
force more complex interactions(e.g. maintainingline of
sight)betweencollaboratingrobots.� Extensionto Flexible Geometry: sinceourplanningframe-
workassumesnofixedor rigid geometrythroughouttheplan-
ningsimulation.� Incorporating Dir ectHuman Interaction: to allow theuser
to directly control themotionof partsof therobotor obsta-



Figure 5: From left to right, Maintainability Study Scene: the planner must extract the bolt fr om the pump assembly. Both the bolt
and the washermust be moved simultaneouslyaround eachother to avoid collision; Automated Car Painting Scene: the robot arm
follows a path over the car body while avoiding obstacles;Assembly Line Planning Scene: the robot arm avoids the moving pipesto
reacha moving part passingon the conveyer belt.

clesin thescene,thusbetterenablinginteractiveprototyping
of CAD designsandfasterverificationof thedesign.
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