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Abstract

We present an ef cient algorithm for simulating contactéixeen deformable bodies with high-resolution surface
geometry usinglynamic deformation texturewhich reformulate the 3D elastoplastic deformation andision
handling on a 2D parametric atlas to reduce the extremelyimgmber of degrees of freedom in such a computa-
tionally demanding simulation. We perform proximity qeerfor deformable bodies using a two-stage algorithm
directly on dynamic deformation textures, resulting inpuitsensitive collision detection that is independenief t
combinatorial complexity of the deforming meshes. We ptesebust, parallelizable formulation for computing
constraint forces using implicit methods that exploitsdtracture of the motion equations to achieve highly stable
simulation, while taking large time steps with inhomogergematerials. The dynamic deformation textures can
also be used directly for real-time shading and can easilindifdemented using SIMD architecture on commodity
hardware. We show that our approach, complementing egigtioneering work, offers signi cant computational
advantages on challenging contact scenarios in dynamialsiion of deformable bodies.

1. Introduction

Modeling and simulation of deformable objects has received
much recent attention in computer graphics: for virtualreha
acters, animals, faces, hair, soft tissue, cloth, etc. Agnon
the techniques for simulating deformable bodies, many have
focused on computing global deformations in a stable, ac-
curate, and ef cient manneil W88, MG04, TSIF05 BJOg;

and some have aimed at ef ciently simulating the effects
of localized contactsgNC96, JP99. However, most of the
existing methods do not explicitly address the problem of
simulating deformation due to large contact areas with-high
resolution surface geometry. Due to the inherently nun®rou
degrees of freedom (DoFs) involved in this type of deforma-
tion, the complexity of the problem tends to be intractable
for real-time computations.

Main Results: In this paper, we present a novel and
fast simulation framework for deformable bodies in con-
tact, based on the projection of the 3-dimensional defor-
mation eld onto a lower-dimensional space to ef ciently
deal with the many DoFs arising from large contact re-
gions and high-resolution geometry. We assume that a sim-
ulated object can be modeled as a rigid (and possibly ar-
ticulated) core covered by a layer of deformable material,
and that the deformation eld of the surface can be ex-
pressed as a function in two-dimensional, parametric at-
lases, calledlynamic deformation texturekayered repre-
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sentations have been proposed before for simulating skelet
deformations CHP89Gas98CBC 05], as many real-world
solids retain their core structures under large deformatio
Examples include animated characters, human bodies, fur-
niture, toys, footballs, tires, etc. We derive an implicéty
highly parallelizable solution to dynamic deformations us
ing linear elasticity theory (with separation of rigid rar),
continuum Lagrangian mechanics, FEM discretization, and
constraint-based contact response with Lagrange multipli
ers. Our approach offers the following advantages:

With the reformulation of the 3-dimensional elasto-
plastic deformations and collision processing on 2-
dimensional dynamic deformation textures, the resulting
system achieves fast and robust simulations of contacts
between deformable bodies with rich, high-resolution sur-
face geometry.

Using a two-stage collision detection algorithm, our prox-
imity queries are scalable and output-sensitive, i.e. the
performance of the queries does not directly depend on
the complexity of the surface meshes.

By decoupling the parallel update of surface displace-
ments from the update of the core DoFs, our ef cient im-
plicit formulation enables fast, stable simulations of-het
erogeneous materials under large time steps.

Our constraint-based collision response, using Lagrange
multipliers and approximate implicit integration of elas-
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Figure 1: Deformable Objects Roll and Collide in the Playground.

tic forces, provides fast and responsive contact handling,
alleviating time-step restrictions of previous impulsive
methods.

Our mathematical formulation of dynamic simulation and
contact processing, along with the use of dynamic defor-
mation textures, is especially well suited for realizatam
commodity SIMD or parallel architectures, such as graphics
processing units (GPU), Cell processors, and physics pro-
cessing units (PPU). The surface detail attributes stared i
dynamic deformation textures can also be used directly for
high-quality real-time shaders. We have demonstratedithe e
fectiveness of dynamic deformation textures for fast sanul
tion of deformable objects in contact on various challeggin
scenarios. Without any precomputation of dynamics or sig-
ni cant storage requirement, we are able to simulate large
surface deformations with detailed surface geometry at av-
erage simulation rates of 16 fps, on a 3.4 GHz Pentium 4
PC with NVidia GeForce 7800.

Organization: The rest of the paper is structured as fol-
lows. Sectior?2 discusses the related work on simulation of
deformable models. We introduce our novel representation
and give an overview of our approach in Sectbi®ectiord
describes the formulation and solution of motion equations
Section5 presents our collision detection and contact han-
dling techniques. Sectidghsummarizes the simulation algo-
rithm, and explains its parallel implementation on graphic
hardware. Finally, we show results in Sectiband discuss
possible future research directions in Secon

2. Related Work

Physically-based simulation of deformable bodies has been
widely studied in computer graphics during the last two
decades TPBF87. For an extended discussion on related
work, we refer the readers to recent summaries on the
simulation of deformationNJ]MK 05] and collision detec-
tion [TKH 05].

To date, nite element methods (FEM) have often been
used to discretize the partial differential equations thet
scribe the behavior of dynamic continuum deformation mod-
els, and result in (generally nonlinear) second-ordemangi
differential motion equationssha89. Non-linear deforma-
tion models together with explicit integration enable fast

simulation of soft deformable models of moderate complex-
ity [ZC99. On the other hand, linear deformation models
lead to linear motion equations that enable fast implicit in
tegration or quasi-static approximation with large timegpst

and heterogeneous materials. Our formulation of the motion
equations for layered deformable objects is kindred to the
seminal work by Terzopoulos and Witkiii\\v88] that han-

dles large deformations with linear deformation models by
extracting a rigid body motion from the deformation eld.
This was later extended to account for a deformable refer-
ence shape and constraindT92]. Whereas Terzopoulos
and Witkin [TW88] suggested an explicit integration of rigid
motion, we derive a fully implicit integration that ensures
stable, two-way elastic coupling with large simulation ¢im
steps. Corotational techniquedG04] exploit linear defor-
mation models and estimate a local reference frame at each
mesh element. However, they do not consider centripetal and
Coriolis forces introduced by the moving reference frame.

Several recent techniques have been proposed to re-
duce the number of degrees of freedom (DoFs) in de-
formation simulations. For example, multiresolution meth
ods DDCBO01, GKS02 CGC 02] concentrate computations
with many DoFs at locations where high accuracy or high
detail is required. Reduced coordinate methods based on
modal analysisJP02HS0O03BJ0] achieve rich deforma-
tions with a low computational cost by describing global
deformations as the combination of a few DoFs. Existing
multiresolution and reduced coordinate methods impjicitl
assume that a small number of DoFs or a few global defor-
mation bases are suf cient to describe meaningful and pos-
sibly very large deformations. Complementing the existing
techniques, our approach is designed to ef ciently simaulat
colliding deformable bodies with high-resolution geomgetr
over large contact areas.

Our proposed model is akin to other methods that fo-
cus on the surface of the deformable model. Condensa-
tion [BNC96] and boundary element methods (BEMPP9
exploit linear elasticity to solve a system that is dense.w.r
the number of surface nodes. James and J99 further
optimized this approach by performing incremental updates
in situations with contact coherence. In contrast, our pro-
posed model requires the solution of linear systems that
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aresparsew.r.t. the number of surface nodes. Layered de-
formable models CHP89 Gas98 CBC 05] overlay layers

of deformable material on top of an articulated skeleton tha
drives the motion. Upon contact, these models typically pro

duce only surface deformations and are often not designed

to capture the two-way coupling of the global motion of
the colliding objects. Novel rigid body models with compli-
ance PPG04 can be regarded as a speci c type of layered
deformable model, designed to alleviate singularitieim-c
tact computation for rigid bodies. Similar to our approach,
they capture the two-way coupling of global motion, but we
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Figure 2: Deformable Object Representatiobeformable
surface S §2K triangles) and core CZ452 triangles) of a
gear, showing its parameterized atlas T. The color coding re
ectsthe mappinggf 1:C! S.The dynamic deformation
texture T 256 256) stores the displacement eld values
on the surface. On the righ2D schematic gure showing a

S C

employ more accurate deformation models that enable the gjice of the tetrahedral meshing. The gear cont&i8i& sim-

simulation of larger deformations. Texture-based represe

ulation nodes on the surface aié1K tetrahedra, allowing

tations have been used for animating surface deformations the simulation of highly detailed deformations.

excited by global deformation mode¥q03 or as the result
of contact BOH99 WRMO05]. Contrary to previous texture-

restrict the formulation to a rigid core, but it could be ex-

tween global motion, contact forces, and deformations.

Collision response is typically applied in one of two ways:
using penalty methods or enforcing constraints. Penalty
methods WVS90 HFS03 are easy to formulate, but they
rely on the computation of penetration depth or distance tol
erance to produce collision response. Interpenetratiods a
tolerances may be alleviated by using stiff penalty forces
along with implicit integration methods, but this approach
results in a coupling of the motion equations of colliding
bodies, and penalty methods lose their original simplicity
Formulation of contact constraints based on the Signorini
problem leads to a linear complementarity problem (LCP)
on contact forces and displacemer@\K04, PPG04. For
accelerating the solution to the LCP, Pauly et 8P{G04
suggest a hierarchical representation that smooths tloe-def
mations.

Our contact handling approach belongs to a family of
methods that formulate contact constraints and apply con-
tact impulses on each colliding object independerig99,
BFA02,CWO035. Previous methods apply impulses explicitly
and, due to the Courant condition, require small time steps
to propagate the effect of collision response through the ob
jects [PPG04. We propose a novel ef cient and highly paral-
lelizable solution, which enables the simulation to takeyve
large time steps with robust contact handling, based on La-
grange multipliers, implicit integration, and a plausible-
proximation of elastic deformation forces.

3. Overview of the Representation

In this section, we present our layered representation -of de
formable objects. We discuss the 2-dimensional pararneteri
zation of the deformation eld, its linear FEM discretizati,

and texture-based storage. We also introduce the geretaliz
set of decoupled rigid and deformation coordinates.

3.1. Parameterization of Layered Deformable Objects

We model each deformable object asae covered by a
layer of (possibly heterogeneous) deformable material. We
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ables modeling (i) both large and small scale deformations
over large regions of the object's surface, (ii) global defo
mations of skeletal nature, and (iii) two-way dynamic cou-
pling between the global motion of the object and the surface
deformations produced during contact.

A body frame is attached to the core, with rotatRmand
position of the center of mass The world positionx of a
point in the object can be expressed in terms of its body-
frame positionu asx = c+ Ru. In the deformable layeny
can be decomposed into a constant undeformed component
Uo and a displacement, henceu = ug+ Ue.

We represent 3-dimensional deformations in a 2-
dimensional parametric domain. For that purpose, we pa-
rameterize the surfaces of the core and the deformable ob-
ject. A surface patcE  R3 of the core can be de ned by a
mappingf from a domainT R2, f:T! C. We enforce
a one-to-one correspondence between points on the surface
of the deformable object and points on the surface of the
core. Then a corresponding surface pach R3 of the de-
formable object can be dened by a mappigg T! S
and the correspondence gy f 1. Based on the mapping
g, the body-frame position of the surface of the object and
the displacement eldie can be expressed as 2-dimensional
functionsu(s;t) andue(s;t).

The one-to-one correspondence can be achieved by ap-
propriately modeling the core. One option is to parameter-
ize the surfaceS in its rest position and obtain the coge
by surface decimation while preserving the parameteriza-
tion [COM98 SSGHO01]. Another option is to parameterize
the coreC and model the surfac® by successive subdivi-
sion and addition of geometric detai$S97. The surfaces
of the core and of the deformable object may be partitioned
into multiple patches, and each patch parameterized inde-
pendently.

3.2. Discretization and Generalized Coordinates

A regular sampling of the planar domaincan be regarded
as a texture atlas, which we refer to @gmamic deforma-
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tion texture We also refer to grid points;t) as texels. Each
texel(s;t) 2 T maps to two corresponding pointgs;t) and
g(s;t) on the surfaces of the core and the deformable object.
The regular sampling of and the correspondence of sur-
face points de ne implicitly a meshing with a single layer
of tetrahedral elements, as shown in Fig@réy applying
classical approximation methods such as FEM, the contin-
uous displacement eldie on the deformable layer can be
approximated from the values at a nite set of nodes. Since
Ue = 0 at points on the corele can be approximated entirely
from the valuesue(s;t) at surface nodes. Effectively, each
texel(s;t) 2 T maps to a simulation nodgs;t) in the FEM
discretization. Simulation variables de ned per-nodechsu
as velocities, forces, mass and stiffness values, etc.lsan a
be stored in texture atlases. Note that the implicitly delne
texture-based meshing is not consistent at patch bousdarie
which require special yet simple treatment as discussed in
Section6.

The displacements of the surface nodes are packed in a

vector of elastic coordinategye 2 R". Together with the
c

q
Oc

core coordinatesyc 2 R, they form the gener-

alized coordinates that describe the state of a

e
layered deformable object. We choose quaternions to rep-
resent the orientatiog. Given a (position-dependent) shape
matrix S, the displacement of a point in the deformable layer
can be expressed in compact matrix fornuas Sge. Then
the world-frame position of a material point can be writ-
ten asx = ¢+ R(Uo+ Se). With linear basis functions$
is linear in the barycentric coordinates for each mesh ele-
ment BNC96.

Given w, the angular velocity of the core expressed in
body-frame coordinates, we de ne a velocity state vector
Ve

, Wherev = andve = ge. As shown in

e
AppendixA, the velocity state vector and the generalized co-

ordinates are related b= Pq andq = P*v, whereP and
P* are matrices that encapsulate the relation betweand
the derivative of a quaternion.

4. Dynamic Deformations

In this section, we rst discuss the formulation of the matio
equations from Lagrangian mechanics, linear elasticigy th
ory, and linear FEM discretization. Then we describe an ef-
cient parallelizable formulation of implicit integratiothat
exploits our representation based on dynamic deformation
textures by separating the update of core and elastic veloci
ties, but maintaining responsive two-way coupling between
the core and the deformable layer.

4.1. Equations of Motion

The motion equations of a deformable body can be derived
from Lagrangian continuum mechani&PS02Sha89. Us-
ing linear elasticity theory and linear FEM, and by formu-

Figure 3: Simulation of Heterogeneous Material©ur ef-
cient decoupled implicit integration enables fast simtida
of a heterogeneous cylinder.

lating the displacement eld in the oating frame of refer-
ence, elastic forces are linear w.r.t. the elastic cootdstp
and invariant under rigid motion of the cor8ja89TW88§].
We denote mass, damping, and stiffness matricdd ab,
andK, generalized external forces @s and a quadratic ve-
locity vector that captures the inertial effects of cerdtig
and Coriolis forces a®y. We obtain the ordinary differen-
tial motion equations:

Mv=Q+ Qy
q=P"v:

Kq Dv=F;
d )

(A detailed description of the derivation can be found
in [Sha89.) We choose to modéD as a diagonal matrix act-
ing only on the elastic coordinates. The mass and stiffness
matrices, on the other hand, present the following strectur

Mc Mce O O

M= ML Me 0 Ke

and K= @)
M¢2 R® 6andMce2 R® Mare dense, and we approximate
Me2 R™ Mwith a diagonal form by applying mass lumping.
As shown by the structure d€, the elastic forces depend
only on the elastic coordinateg. However, these affect the
core coordinates as well, by inertial coupling throudhe.

The submatrixKe 2 R™ " is constant and sparse, with at
most 21 non-zero terms per row, due to the regular texture-
based meshing.

4.2. Ef cient Decoupled Implicit Integration

We have opted for an implicit backward Euler discretization
of the motion equations, enabling simulation of heteroge-
neous materials without letting the time step be governed
by stiff regions, as shown in Fig. Backward Euler dis-
cretization yields a nonlinear set of equations, which can
be linearized using a rst-order approximation of the force
F(t+ Dt) w.r.t. the state vectorsandq. After algebraic ma-
nipulation, and assuming a constant mass matriduring
each time step, we obtain the equation for the velocity up-
dateDv:

o TF

TF TF
D2 P* Dv= DIF(t)+ DIZL_P*v(t):
o o+ q v(t)

Tq
®3)

We de ne theimplicit mass matrixV andimplicit force
vectorF by gathering terms in3):

MDv = DXF(t): (4)

¢ The Eurographics Association 2006.
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Due to the linearity of4), we can rst compute a collision-
free velocity update, and then add the effect of contaceferc
(Section5.2) to produce the constrained velocity update.

The implicit mass matritl does not lend to an ef cient
solution of the linear systend). Instead, we propose an ef-
cient solution that exploits the block structure & and
E in (2). We derive the following equations to decouple the
update of core velocitieg and elastic velocitiege:

Dve = M L(DtF; DtMceMg tFe); (5)
D/e = umelﬁe MelMecmc; (6)
in which the condensed matrixMeng = Mg

MceM IMec 2 R® 6. This differs from other surface-
oriented approachesBNC96], where the size of the
condensed matrix is governed by the number of surface

g9
N

(0))
/——>

Figure 4: Texture-Based Collision Detection Proces3en-
ter: A sphere S collides with a textured terrain. Left: Con-
tact plane D for texture-based collision detection, and map
ping f : D! S. The contact plane shows the penetration
depth. Right: Dynamic deformation texture T, and mapping
g:T! S. The penetration depth is projected fromD to T,
and is available for collision response.

nodes. The advantage of the decoupling lies in the structure exploited for estimating the penetration depth value betwe

of the systems to be solved. First, we solve two linear
systemsMey = Fe andMeY = Mg Then we updatevc

by solving the condensed syster®).(Finally, the elastic
velocitiesve can be solved througl6) in a highly parallel
manner.

The twon nlinear systems to be solved imply the matrix
M which, omitting external forces, can be written as:

TQve TQve
7
Ve de "

We approximate the Jacobians of the quadratic velocity vec-
tor Que by their diagonal forms. In this way, the matike is
sparse, symmetric and positive de nite; thus it can be sblve
ef ciently using iterative methods. Moreover, as dicussed
Sectiong, the regularity of the matriK ¢, due to our texture-
based representation, enables a highly parallelizabléeimp
mentation of the iterative solvers.

Me= Mg D Dt2 + DtDe+ Dt2Kg:

5. Collision Detection and Response

We start this section with a description of our texture-blase
collision detection algorithm for deformable surfaceshwit
high-resolution geometry. We rst describe the image-gpac

rigid, high-resolution objectsQJSL04, whereas we per-
form collision handling of deformable objects and compute
contact information for many colliding surface points.

In the object-space collision detection step, we identify
patches of the core surfaces closer than a distance tokeranc
that bounds the high-resolution deformable surfaces. We em
ploy existing acceleration methods based on convex hull hi-
erarchies[ELO1]. Given a contact region between core sur-
face patche€s, R2andCg RS, we identify a contact
planeD R? as the plane passing between the contact points
and oriented according to the contact normal. By orthonor-
mal projection ofCa (and similarly forCg) ontoD, we de-
ne a mappingha : D! Ca. Due to the one-to-one corre-
spondence between patches on the surface core and patches
on the deformable surface, a contact between core surface
patche<Ca andCg de nes a potential contact between cor-
responding deformable surface patcBgandSs.

Given a patclt on a high-resolution deformable surface,
and the mappingg and f de ned in Section3.1, f = g
f 1 hdenesamapping :D! Sfrom the contact plane
D to the patchS, through the core patc and the texture
atlasT, as shown in Figurd. Similarly to the sampling of

detection of contact_constr_alnts and_how these are mapped Othe texture atla¥, we regularly sampie the contact plabe
the texture-based simulation domain. Then we describe the Then, each texefu:v) 2 D maps to a poinf (U;V) on the

formulation of velocity constraints in the generalized icho
nate setting using Lagrange multipliers. For enhanced two-
way dynamic coupling between core and deformable layer
under collisions, we propose a solution of collision regmon
based on the implicit integration of constraint forces, aed
present an ef cient numerical solution.

5.1. Texture-Based Collision Detection

We propose to perform collision detection between two de-
formable objectsA andB in two steps: (i) identify contact

regions with object-space techniques using low-resatutio
models of the objects; (ii) compute contact information in

high-resolution patcls.

For each texelu;v) 2 D, we perform high-resolution
collision detection by testing the distance between points
fa(u;v) 2 Sa andfg(u;v) 2 Sg along the normal direction
of D. If the points are penetrating, we identify a contact con-
straint and we compute the contact normals the average
surface normal. We also approximate the penetration depth
asd = nT(fg(u;v) fa(u;Vv)) for applying constraint cor-
rection. This approximation is affected by texture distort
but we have not found noticeable errors in our examples.

Contact constraint information can be transferred to a tex-

the contact regions using image-space techniques and high-ture atlasT via the mapping 1 hand made readily avail-
resolution displacement elds. A similar approach has been able for the computation of collision response at the simula
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tion nodes, as shown in Figu#e For accuracy of collision
detection, it is convenient to sample the contact pRra a
higher density than the texture atfsAs a result, multiple
colliding points(u;v) 2 D may map to the same simulation
node(s;t) 2 T. In such cases, we keep only the constraint
information from the colliding point with the largest pene-
tration depth value.

5.2. Contact Resolution

Colliding surface nodes are prevented from penetratingroth
objects by the application of contact constraint forces. We
rst describe the handling of xed, frictionless constrésn
and then we extend the algorithm to moving constraints with
friction. We de ne pre-impact velocities computed by
solving @), post-impact velocities* and collision impulse
dv=v" v .The contact constraints are expressed in the
world-frame velocities of the colliding nodes, and must be
transformed to the generalized coordinate settinglidy i
AppendixA. A planar constrainh acting at a nodé pro-
duces an elastic collision impulse with coef cient of résti
tion e governed by:

-y o+ dv
=) 1+e

dx;
LR

n
1+ e

®

The vectorj = nTLi= nT n'RG; n"TRS repre-
sents the generalized constraint normal, wigrgndicates
the position-dependent matr& evaluated at node Note
thatS;ve selects thé" block component frome. The veloc-
ity constraints can be jointly formulated with a generalize
constraint matrixd 2 RM (6*N \wherem is the number of
colliding surface nodes:

dv
1+ e

J v +

©

In order to compute the collision impulse, we add a con-
straint force vectod" | to the external force® in (1). Here,
| is a vector of Lagrange multipliers. Typically, the col-
lision impulse is solved by explicitly integrating the con-
straint forces, which is equivalent to applying an instan-

From @) and (L0), we obtain:

~ 1+e
M LT = "oy 11
J J o Jv (11)
After solving this equation fof , we can compute the con-
straint forces)T/ and perform the ef cient decoupled im-
plicit velocity update described in Secti@gn2 to compute

the post-impact velocities' .

5.3. Ef cient Decoupled Contact Resolution

The matrixJM 137 is dense, and the computation bf
through (1) is computationally expensive. Instead, we pro-
pose to decouplel) by exploiting the structure of =

Jc  Je , which can easily be derived from the individ-
ual node velocity constraint8), Jc 2 R™ 6 is dense, and
Je2 R™ N presents one non-zero 13 block per row. Equa-
tion (11) can be rewritten as:

JM LT+ UM VT 1 =

Lew (12

U=Jdc JeMeMeg  V=Jc JeMeMi

We account for the rank-6 matrilxll\?lwﬁdvT by applying

a Sherman-Morrison-Woodbury updatg\[96] to the solu-
tion of the full-rank linear system given hjM, 1JI. For
the solution of the full rank system, we approximafi

by considering only 3 3 block diagonal terms of the stiff-
ness matrixKe. This approximation has the effect of dis-
carding the implicit integration of inter-node elastic des

in the computation of the collision force. Note that the ap-
proximation still captures the two-way coupling of elastic
forces between the core and the deformable layer, thereby
preserving the responsiveness of the core's motion to-colli
sions. Due to the block diagonal approximation\bg and
the structure ofle, where each constraint only affects one
simulation node, the matrigeM 137 is diagonal, and can
be trivially inverted.

5.3.1. Moving Constraints

If a nodei collides against a moving constrainf we es-
timate the world-frame velocity, of the constraint at the
time of maximum compression, and we rewrite the elastic

taneous change of momentum to the surface nodes at thecollision equation) as:

end of each time step. Unfortunately, this approach reguire
small simulation time steps for the correct propagation of
pressure waves induced by collision respo®&eG04. With
explicit integration and large time steps, the elastic defo

dx;
T x +—1 x, =

n
b 1+e

0; (13)

To estimateo, we rigidify the colliding bodies and compute

mation forces cannot counteract the momentum of the core the normal velocity at the point of contact under a perfectly

upon collision, and the core may penetrate the constraints.

We propose the computation of the collision impulse
through implicit integration which produces a robust and re

inelastic collision Mir96].

5.3.2. Friction

sponsive reaction of the core with large time steps. Due to e compute frictional response based on Coulomb’s model,

linearity of (4) w.r.t. the vector of forcef, we can compute
the collision impulse separately by solving:

Mdv=DtJ"/ : (10)

with friction coef cient m for each colliding nodé. Based
on the kinematic relationshifd9), pre-impact velocities ,
frictionless impulsive responsgv, a constraint normat,
and pre-impact tangential velocity= Lv n"Liv n,
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we compute a maximally dissipating friction impuistxf for
nodei similar to BFA0Z] as:

1 mkKL; dvk
" kdk
We conclude by applying a friction impulse to the elastic

velocity of the colliding node adg! = RT dx!.

n; M= min (14)

5.3.3. Constraint Correction

After the computation of collision response, we perform a
position update with the newly computed velocities. With a
new texture-based collision detection step, we detectiposs
ble colliding nodes and their penetration degth~or a col-
liding pair of nodes and j, with estimate local stiffnesls
andkj, we determine the constraint position correction of

nodei to bedx; = W‘ﬁ"(jdn. Then, we correct the body-frame
displacement of nodeasdq; = RT dx;.

6. Algorithm and Parallel Implementation

In Figure 5 we outline the entire algorithm for simulating
deformable objects in contact using dynamic deformation
textures. Lets denote the operations that are performed on
small-sized systems (i.e., computations of core variables
and low resolution collision detection). The remainingmepe
ations are all executed in a parallel manner on a large num-
ber of simulation nodes. Speci cally; refers to operations

to be executed on all simulation nodes in the dynamic defor-
mation textureT, D refers to operations to be executed on
texels of the contact plarie, andTp refers to operations to
be executed on the colliding nodes.

As highlighted in Figureb, all operations to be executed
on simulation nodes can be implemented with parallelizable
computation stencils. Even though our algorithm is valid fo
irregular meshings of the deformable layer, we chose a reg-
ular tetrahedral meshing for ef ciency and for ease of im-
plementation as it makes the computation stencils uniform

across all nodes. Our parameterization scheme minimizes

stretch BSGHO01] but requires special treatment at the patch
boundaries in order to allow the use of uniform stencils.
We adapt a method by Star8ta03 for providing accessi-

ble data in an 8-neighborhood to all nodes located on patch
boundaries. Before every,sparse matrix multiplicationp ste
in the algorithm, we Il a' 2-texel-width region on patch

boundaries by sampling values on the adjacent patches. Note

that this sampling step removes the perfect symmetry of the

large sparse linear systems to be solved, but we have not

found problems in the convergence of the Conjugate Gradi-
ent solver.

Our simulation algorithm is especially well suited for par-
allel implementation. We designed a proof-of-concept im-
plementation on a graphics processing unit (GPU). Dynamic
deformation textures map naturally to GPU textures. We
store and update the elastic displacemegatand velocities
Ve associated with FEM nodes in the deformable layer di-
rectly on the GPU. Similarly, we exploit the implicit FEM

¢ The Eurographics Association 2006.

COLLISION-FREE UPDATE
1. Evaluate forces T
2. Solvethe sparse linear systeligy = Feand T
MeY = Mec (Sectiond.?), using a Conjugate
Gradient solverGVog]
3. Update core velocities. using the con- s
densed formulations)
4. Update elastic velocitieg, using the new T
core velocities as ing)
5. Perform a position updatgg = q(t)+ T
DiP*v
COLLISION DETECTION
6. Execute low-resolution collision detection s
7. Execute high-resolution collision detection D
8. Map contact information to the dynamic de-T
formation textures
COLLISION RESPONSE
9. Invert the block-diagonalized full-rank ma-Tp
trix JeM ¢ 137 (Sections.3)
10. Solve for/ in (12) using the Sherman- Tp
Morrison-Woodbury formula
11. Repeat steps 3 and 4 to obtain the collision
impulsedyv, based on10)
12. Compute friction impulse Tb
13. Perform a position updatgt+ Dt)= q + T
DtP* (dv)
CONSTRAINT CORRECTION
14. Repeat collision detection steps 6 to 8
15.  Apply constraint correction To

Figure 5: Summary of the Simulation Algorithm

mesh de ned by the regular sampling of dynamic deforma-
tion textures to store the stiffness coef cients local te th
nodes in auxiliary GPU textures. Elastic displacements and
velocities (marked witfT andTp in the algorithm in Fig5)

are updated in fragment programs on the GPU, using Frame
Buffer Objects for direct computations on textures. The up-
dates of core velocities, on the other hand, are executed on
the CPU after gathering intermediate computations, which
are performed in parallel on all nodes. Note that we mini-
mize communication between CPU and GPU. The amount
of data transfer is determined by the number of DoFs of the
core. Our fast GPU implementation of the Conjugate Gra-
dient solver exploits fast sparse matrix multiplicatiorss a
demonstrated by WO03] previously.

The collision detection stage also exploits image-based
computations on the GPU. Per-texel penetration depth and
contact normals are computed by orthonormal projection of
the low-resolution core geometry onto the contact plane
while texture mapping the positions of the high-resolution
surfaces (Sectiob.1). We use the same orthonormal projec-
tion and texture matrix to map the contact data from the con-
tact planeD back to the dynamic deformation textufrefor
contact response, a projection technique similar to shadow

mapping.
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Figure 6: Deformations of High-Resolution Geometry.eft: Two deformable pumpkins are dropped on top of eachrothe
Center: Detail view of the rich deformations produced ontidye pumpkin during contact. Right: A dropped cylinder proési

rich dynamic deformations on the ridges of a gear.

7. Results and Discussion

We have executed our experiments on:4 GHz Pentium-
4 processor PC with a Nvidia GeForce 7800GTX graphics
card. Tablel lists the statistics of the main models we have

used. In all cases, we have employed dynamic deformation

textures of 256 256 texels. Such high resolution enables
the simulation of rich deformations, as shown most evigent!
in the pumpkins (Figuré), gear (Figures), and head (Fig-
ure 7) models. With our constraint-based collision response
approach, impacts produce highly-detailed indentatiooh s

as the ones suffered when the pumpkins are dropped on each
other, or when the st punches the head on the eyebrow. The

experiments, we reach similar average performance: 2 sec-
onds/frame for the simulation of the tires (Figukg 1 fps

for the punch (Figur&) and cylinder-with-gear (Figuré)
scenes, and 2 fps for the dropped head (Figiire

Method | DoFs Contact Performance
BNC96 | surface| explicit 11K nodes/sec
ZC99 | volume | explicit 303K els./sec
PPGO04 | surface LCP 2K contacts/sec

MGO4 | volume | explicit 63K els./sec
implicit 120K nodes./seq

D2T | surface| Lagrange| 1M els./sec
mult. 15K contacts/seq

gear model demonstrates rich dynamic deformations of sur- Table 2: Approximate Performance Data Benchmark.

face features larger than 30% of the object radius.

Model | Tire | Cylinder | Pumpkin| Gear | Head
Nodes | 31K 21K 30K 29K 40K
Tets. | 162K 161K 183K 173K | 240K

Table 1: Models and Statistics.

The use of sound physically-based techniques for mod-
eling contact and deformations leads to highly plausible
rolling and tumbling motion in combination with surface de-
formations, as can be perceived in the tires (Fighrand
gear (Figureb) scenes. With our deformable object repre-
sentation and simulation algorithm, we achieve those &ffec
on high-resolution objects in an ef cient manner. The com-
putational cost is dominated by the iterative solver, ard it

Extrapolated performance data fromBNC94, [Z2C99,
[PPGO04, [ MG04 shown with oursD2T.

We have chosen a few related techniques as a basis
for benchmarking the overall performance of our algo-
rithm. It is, however, very dif cult to compare the var-
ious techniques, as their primary goals are often differ-
ent. Our algorithm complements the prior work by offer-
ing an ef cient, robust contact handling method for col-
liding deformable bodies witharge contact regions and
high-resolution surface geometrgut cannot simulate arbi-
trary large deformations. We have extrapolated performanc
data using Moore's Law (performance increases 2x every 18
months). As indicated in Tabl2, the performance of our
approach (BT) (up to 15K contacts/sec, 1M tets/sec, and

convergence depends mostly on the stiffness of the regions 120K nodes/sec for moderately soft objects), is comparable

in contact. As a reference, the simulation of the rolling het
erogeneous cylinder depicted in Figueuns at an average
of 1 2 fps when the stiff part (Young modulus 60KNIn

is in contact with the ridged terrain. On the other hand,

to the performance of techniques that use explicit integra-
tion (e.g. £C99), without their time-step restrictions. Our

approach is considerably faster than other methods that en-
able large time steps, both those that focus on the surface

the same simulation runs at an average of 6 fps when the deformation (such asBNC96]), and ef cient corotational

soft part (Young modulus 3KN/R) is in contact, with up

to 2600 simultaneously colliding nodes. This translates to
a throughput of approximately 1M tetrahedra and 120K sur-
face simulation nodes simulated per second. In the reseof th

methods that compute deformations within the entire volume
(such asl1G04)). Our approach can also handle many more
contact points than novel quasi-rigid dynamics algorithms
using LCP PPGO04, producing richer deformations. Though

¢ The Eurographics Association 2006.
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computationally very ef cient, it cannot achieve a perfor-
mance comparable to model reduction techniques that pre-
compute data-driven models and build ef cient low-rank ap-
proximations of deformed shapdé3J05. On the other hand,

our approach does not require lengthy pre-computation of
dynamics and achieves rich high-resolution deformations
with both local and global support.

8. Summary and Future Work

We have presented a fast and robust physically-based ap-
proach for dynamic simulation of colliding deformable bod-
ies with high-resolution surface geometry and large cdntac
regions. We have overcome the computational challenges of
this problem by designing a novel layered representation of
deformable models, where surface layer deformations are
represented and computed in a reduced, two-dimensional
parametric domain. We have also presented ef cient solu-
tions for collision detection, physically-based simwatiof
dynamic deformations, and robust contact response, by ex-
ploiting the layered representation of the models and decou
pling the degrees of freedom between the core and the defor-
mation layers. To conclude, we have demonstrated the im-
plementation of our algorithm on parallel processors,@achi

ing fast simulation of demanding scenarios with detailed de Figure 7: Deformations of a Virtual HeadTop: A st hits

formations and thousands of simultaneous collisions. a deformable head (attached by springs in the neck area),

The use of a layered representation obviously poses someproducing both local deformations and global motion. Mid-
limitations on the type of deformations that can be modeled. dle: Detail of the deformations produced near the eyebrow
Nevertheless, we have successfully captured large deforma by the impact. Bottom: A softer head is dropped on the oor,
tions that reach as much as 30-40% of the radii of objects. resulting in larger deformations.

Moreover, our representation can be extended to artialate
exible bodies that undergo skeletal deformations, by aug-
menting the generalized coordinate set of the core represen [BFA02] BRIDSONR., FEDKIW R., ANDERSONJ.: Robust treat-
tation to include multibody systems. Extending the formu- ment of collisions, contact and friction for cloth animatioln
lation to richer core con gurations or multiple deformable Proc. of ACM SIGGRAPH2002).

layers may also require novel methods for collision detec- [BJOS] BARBICJ., AMESD. L.: Real-time subspace integration
tion, as distortion problems may become more pronounced.  ©f St. Venant-Kirchhoff deformable models. Rroc. of ACM
The two step collision detection process could be enhanced SIGGRAPH2005).

by incorporating low-resolution deformable objects andha ~ [BNC96]  BRO-NIELSEN M., COTIN S.: Real-time volumetric
dling of self-collision deformable models for surgery simulation using nite elerse

and condensatiorComputer Graphics Forum 13 (1996).

With the current framework and future enhancements, we [CBC 05] CAPELL S., BURKHART M., CURLESS B.,
plan to apply our algorithm and representation to the simu- ~ DUCHAMP T., Popovic Z.: Physically based rigging for
lation of characters with skeletal control and plausible co deformable character&roc. of Eurographics/ACM SIGGRAPH
lision avoidance. Further optimizations of the algorithnal a Symposium on Computer Animati005).
the steady growth of parallel processors offer possiegiiti ~ [CGC 02] CAPELL S., GREENS., QURLESSB., DUCHAMP T.,

for interactive, detailed physically-based simulatiorskin POP.OVIC Z.: A multiresolution framework for_dynamic defor-
deformations in character animation mations. Proc. of ACM SIGGRAPH Symposium on Computer

Animation(2002).

. . . [CHP89] HAaDwICK J. E., HAUMANN D. R., PRRENT R. E.:
Acknowledgements. This work is supported in part by Layered construction for deformable animated charactrs.
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Appendix A: Kinematic Relationships

The angular velocityy 2 R3 can be expressed in terms of the
derivative of a quaterniog 2 R* by the linear relationship
w = Gq [Sha89. Similarly, we can express the relationship
between the velocity state vectorand the time-derivatives
of the generalized coordinatgsas:

v= Pq; q=P'yv; (15)
0 1 0 1
I3 0 0 l3 0 0
P=@0 G 0A; P=@0 1T 0A;
0 0 In 0 0 Iy

wheren is the number of elastic coordinates, &@" = I.

We can now derive the world-frame velocity of a material
point in terms of the velocity state vector:

X c+ Ru+ Ru (16)

c+ Bg+ Rqe: 17)

The matrixB is the Jacobian of the vect®u w.r.t. g, and it
can be proven to be equal taRTGG [Sha89, wherel is the
skew-symmetric cross-product matrix obtained from\e
can rewrite 17) in compact matrix form as a linear function
of the time derivative of the generalized coordinategset

x= 3 RIG RS q: (18)
Applying g = P v, we can rewrite 18) and obtain:
x= 3 Rl RS v=Lv: (29)
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