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Abstract

We presenta fast penetation depth estimationalgo-
rithm betweerdeformablepolyhedal objects.We assume
the continuumof non-rigid modelsare discretizedusing
standad techniques sud asfinite elemenbor finite differ-
encemethods. As the objectsdeform,the distancefields
are deformedaccodingly to estimatepenetation depth,
allowing enforcementof non-penetation constaints be-
tweentwo colliding elasticbodies. This approach can au-
tomatically handle self-penetation and inter-penetation
in a uniform manner e demonstate its effectivenessn
modeatelycomple simulationscenes.

1 Intr oduction

Dueto recentadvancementén both hardwaretechnol-
ogy andmodelingof the physicalworld, simulationtech-
nigueshave beenincreasinglyusedto improve the effi-
cieng/ and effectivenessof roboticsin virtual prototyp-
ing anddesignautomation.Thesetechniquegproducemo-
tion sequencedirectly from input objects(robotsandob-
stacles),simulating their motion basedon mathematical
modelsthat specifytheir physicalbehaior, their complex
structuresandtheinteractionamongthem.

However, mostof the existing robotic simulationtech-
niguesarerestrictedto rigid objects,dueto the computa-
tional challengesn modelingcomplex deformatioramong
colliding bodies. But, mary real-world objectsare not
rigid. Automatic,predictableandrobustsimulationof real-
istic deformatioris oneof themary challengegor robotics
andintelligent systems. Someexamplesinclude realistic
motion generationof soft tissuesand organsfor sumical
planningof tele-robots interactionamongnon-rigid bod-
ies,andthe useof elastictubesfor the designof miniature
medicalrobots. One of the mostdifficult issuesin gen-
eratingrealisticmotion of non-rigid objectsis to simulate
contactbetweerbetweerthem.

Whentwo flexible objectscollide, they exert reaction
forceson eachotherresultingin the deformationof both

objects. Similarly when one flexible body self collides,
multiple portionsof the objectmay deform. The reaction
forceis called contactforce, and wherethe two surfaces
touchis often calledthe contactsurface. Simulatingsuch
eventsis non-trivial. It is known asthe contactproblem
in computationaimechanicsand hasbeenactively inves-
tigatedfor decade$5]. Thedifficulty of this problemfor

modelingdeformationof non-rigid bodiesarisesfrom un-

clearboundaryconditions;neitherthecontactforcenorthe
positionof the contactsurfaceis known a priori.

Ideally, no two objectsshould sharethe samespace.
This is the non-penetation constaint. The non-
penetrationconstraintcan be imposedusing techniques
such as constrainedoptimization techniquesor penalty-
basedmethods. Due to dual unknowns in the contact
problemfor deformablenodelsmentionedcabove, penalty-
basedmethodsare often preferred. Whenusinga penalty
basedmethod,we needto first definea penetratiorpoten-
tial enegy that measuregshe amountof intersectionbe-
tweentwo models,or the degreeof self-intersectiorof a
deformablébody. Oneof the moreaccurataneasurements
of theamountof intersections thepenetratiordepth,com-
monly definedasthe minimum (translationaldistancere-
quired to separatewo intersectingobjects. No general
andefficientalgorithmfor computingpenetratiordepthbe-
tweentwo non-corvex objectsis known. In fact,anO(n®)
time boundcanbe obtainedfor computingthe Mink owski
sumof two rigid, non-corvex polyhedrato find the min-
imum penetratiordepthin 3D [7]. No compleity bound
for this problemis yet establishedor deformablenodels.

1.1 Main Contrib ution

We presentinefficientapproactfor estimatinghepen-
etrationdepthbetweemon-penetratinglasticbodies.The
underlyinggeometricmodelsare composedf polygonal
meshes.Models consistingof implicit representationsr
parametricsurfaces,suchas NURBS, can be tessellated
into polygonalmesheswith boundecerror.



We assumethat eachnon-rigid body is modeledus-
ing finite elementmethods(FEM) [19] in our currentim-
plementation[10], but the algorithm itself is applicable
to otherdiscretizationtechniquesuchasfinite difference
methodsor spring-masssystems. We employ the fast
marchinglevel-setmethod[17, 18] to precomputehein-
ternaldistancdield of eachundeformeanodel. Whentwo
flexible bodiescomeinto contactanddeform,thedistance
fieldsarelik ewisedeformedo computethe estimategen-
etrationdepthbetweentwo deformingobjects. This pen-
etrationmeasureanbe incorporatednto a penalty-based
formulationto enforcethe non-penetratiortonstraintbe-
tweentwo elasticbodies. This enablesefficient compu-
tation of the contactforce and helpsto yield a versatile
androbustcontactresolutionalgorithm. We have success-
fully integratedour penetratiordepthestimationalgorithm
to computecollision responseof two elastic bodieseffi-
ciently. Specifically our penetrationdepthestimational-
gorithmhasthefollowing characteristics:

¢ Both self-collisions and contacts between soft ob-

jectsarehandledn auniformmanner

e No prior assumptionor knowledgeaboutthe loca-

tionsof contactss required.

e The algorithm cantrade off accuracy for speedor

storagerequirementif desired.

1.2 Organization

Therestof the paperis organizedn thefollowing man-
ner. We briefly suney the stateof the artin section2. In
section3, we give anoverview of our algorithmandtheba-
sicterminologiesusedn thispaper Sectiond describeshe
numericalmethodusedto pre-computethe distancefield
and how it is updatedon the fly asthe objectsdeform.
Section5 presentsour new penetrationdepth estimation
methodfor deformableobjectsbasedon linear interpola-
tion of precomputedlistanceieldsandtheresultingcolli-
sionresponseSection6 describeshesystemmplementa-
tion anddemonstratethe effectivenesf our algorithm.

2 RelatedWork

2.1 Penetration Depth Computation

The notion of penetrationdepth betweenoverlapping
objectswas introducedby Buckley and Leifer [2] and
Cameronand Culley [4]. Several algorithms|[7, 8, 14]
have beenproposedor computinga measureof penetra-
tion depthusing variousdefinitions. The enhancedcJK
algorithm can also be modified to compute penetration
depthbetweentwo corvex polytopes[3]. Recently Agar
wal, et al. proposeda randomizedalgorithm that com-
putespenetratiordepthbetweentwo corvex polyhedrain

O(mitenite 4 ml+e 4 pl+e) expectedime for any con-
stante > 0 [1]. However, all of themassumehatat least
oneof theinput modelsis a corvex polytope.

It is well known that if two polytopesintersect,then
the differenceof their referencevectorslies in their con-
volution or Minkowski sum|[9]. The problem of pene-
tration depthcomputationreducego calculatingthe min-
imum distancebetweenthe boundaryof Minkowski sum
of two polyhedraanda pointinsideit. However, the con-
structionof the Minkowski sumcanbe quite expensve. In
three-dimensionaspace the size can be easily quadratic
evenfor two convex polyhedraAn O(nf) time boundcan
beobtainedor computingthe Minkowski sumof two non-
corvex polyhedrato find the minimum penetrationdepth
[7]. Thereseemgo be little hopeto computethe pene-
tration depthat interactive ratesbasedon someof these
well-known theoreticallgorithms.

Few methodshave beenproposedo computethe pene-
trationdepthfor NURBS modelsor othernon-rigid model
representationsAs it standstoday interactive computa-
tion of penetrationdepthbetweentwo generalgeometric
modelsof high compleity remainsanopenresearclissue.

2.2 DistanceField

Computingheminimumgeodesiaistancdrom apoint
to asurfaceis awell known complex problem[15]. Osher
andSethian[17, 18], introduceda new perspeciie on this
problemby usinga partial differentialmethodto perform
curve evolution. Hoff, etal. introducedthe useof graph-
ics hardwareto computegeneralized/oronoidiagramand
its correspondingliscretizeddistancefield [11]. Recently
this approacthasbeenappliedto performgeneralproxim-
ity queriesin 2D [12].

3 Preliminaries

In this section,we definebasicnotationsand method-
ologiesusedin this paper give a brief overview of thesim-
ulation framework usedto testour algorithm,andgive an
outline of our approachfor estimatingpenetrationdepth
betweerdeformablemodels.

3.1 Discretization Methods

Deformationinducesmovementf every particlewithin
an object. It canbe modeledas a mappingof the posi-
tions of all particlesin the original objectto thosein the
deformedbody. Eachpointp is movedby thedeformation
function¢(-):

p — ¢(t,p)

wherep representtheoriginal position,and¢(¢, p) repre-
sentsthe positionattime ¢. We limit the discussiorto the



staticanalysishencet is omitted:p — ¢(p).

Simulatingdeformationis in factfinding the ¢(-) that
satisfiesthe laws of physics. Sincethereare an infinite
numberof particles,¢(-) hasinfinite degreesof freedom.
In orderto model a materials behaior using computer
simulation, sometype of discretization methodmust be
used. For simulation of deformablebodies, spring net-
works, the finite differencemethod (FDM), the bound-
ary elemenimethod(BEM), andthefinite elementmethod
(FEM) have all beenusedfor discretization.

In our prototypesimulator we have choserFEM asthe
discretizationmethoddue to its generalityand diversity.
The FEM usesa piecavise approximationof the defor
mation function ¢(-). Each“piece” is calledan element,
which is definedby several node points. The elements
constitutea mesh. Sincethe FEMs poserelatively small
restrictionsonthe meshtopology, they aresuitablefor rep-
resentinga variety of shapesandtopology

3.2 Tetrahedral Elements

Our algorithmusesa FEM with 4-nodetetrahedrakl-
ementsand linear shapefunctions. However, other non-
linear shapefunctionscanbe usedaswell. But, this will
affect the updateof the distancefield computationasthe
objectsdeform(section5).

The deformationfunction ¢(-) mapsa pointin atetra-
hedralelementatp = [z,y,z]” to a new position ¢(p).
As shown in Fig. 1, by definition, ¢(-) movesfour nodes
of anelemenfrom their original positions

n; = [nig, niy,niz] T, 1 <i <4,
to the new positions
- . . T '
1y = [fia, iy, Niz] 1 <0 < 4
Thedisplacementsf the four nodesdueto deformationis
= T
Ui - [U’Lz; ljiy7 Uzz]
= [z — Mg, Niy — My, Thiz — niz]T, 1<i<4.

Clearlythis deformationis an affine transformatiorof the
form:
¢(p)=Fp+T

whereF isa3 x 3 matrixand T is 3 x 1 columnvector
representingranslationaddisplacements; andn; satisfy
thelinearsystem:

ﬁlen1+T
ﬁ2=Fn2+T
ﬁ3=Fn3+T

ﬁ4:Fn4+T

Figure 1: ¢(-) mapsfour nodesof a tetrahedraklement,
ni,...,ng to their new positionat iy, ...,n4. Uq,..., Uy
arethecorrespondinglisplacemenvectors.

SinceT, representinghetranslationatomponentshasno
effect on the elasticeneny, it is omitted from the rest of
derivation. By solvingthelinearsystemwe have

F=BA'=(A+H)A'=HA ' +1I

wherel isa3 x 3 identity matrixand

A = [nz —ny,ng—ny,ng —nyj
B = [fi; —0y,fi3 —Dy,04 — D]
H = [U;-U;,U3—-1U,;,Us—-Uy]

with n; —n; representingectordifferencesF is known as
thedeformationgradient5]. Theright Cauchy-Greeten-
sor, C = FTF, is oftenusedto characterizeleformation,
andis insensitve to rigid motions.

3.3 Simulation Framework

Giventhebasicof FEM, we reformulateheproblemof
simulatingdeformableobjectsasa constrainedninimiza-
tion problemusing Constitutive Law [20]. Detailsof the
simulatoraregivenin [10]. Herewe give a brief overview
of the simulatorusedto testour algorithmfor computing
estimatecpenetratiordepthbetweerflexible models:

1. Giventhe input models,constructa tetrahedralele-
mentmeshfor eachobject.

2. Generataninternaldistancefield for eachinput ob-
jectusingthefastmarchinglevel setmethod(sec.4).

3. Apply finite elementanalysis:
(a) Estimatethe penetratiordepthbasedon the de-

formed distancefields (sec.5) for penetration
avoidance.



(b) Minimize the total enegy dueto deformation,
taking into accountall material propertiesand
externalforces,usingour synthesizeshumerical
method[10].

4. Incrementallyupdateportionsof the distancefields,
given the new positionsand orientationsof the de-
formedbodies.

Figure2 shavs the flow of our system.

Input Models
w/ Material Prop.

Mesh Distance Field
Generation Computation
External Positional
Forces Constraints
\i

Energy
Minimization

Penetration
Avoidance

A

Finite Element Analysis

Y

Partial Distance
Field Update

Figure2: A systemoverview shoving variouscomponents
of thesimulatorusedto testour algorithm

3.4 Algorithm Overview

Given the finite elementmeshesof two flexible bod-
ies,our algorithmprecomputeninternaldistancdield for
eachundeformednodelusingthe fastmarchinglevel-set
method(sec.4). As thetwo objectscomeinto contactand
deform,thealgorithmuse

1. A hierarchical sweep-and-prune[13] when the
NURB representationsf themodelsaregiven;

2. A lazy evaluation of possible intersectionsusing
boundingvolume hierarchiesof axis-alignedbound-
ing boxes[21].

Thecollisiondetectiormoduleidentifiesthe“regionsof
potentialcontacts”,aswell asthe intersectingtetrahedral
elements. The intersectingtetrahedraklementsare then
usedto computethe estimatedoenetratiordepthbasedon
the pre-assignedlistancevaluesat the nodesof eachel-
ement(sec.5). This is a fast output-sensitie computa-
tion requiringO(K) time, whereK is thenumberof pairs

of intersectingetrahedraklementsandis normally small
comparedo thenumberof elementsvithin eachmodel.

Sincethe pre-assignedlistancevaluesat eachnodeof
the tetrahedraklementamay no longerbe valid after the
deformation,we needto either recomputeor adaptiely
updatethesedistancevalues. Sincerecomputatiorof the
entireinternaldistancefield for eachdeformedmodelcan
beratherexpensve,we performa partialrecomputatiorof
distancdield only atandneartheregionsof potentialcon-
tactsindicatedby the collision detectionrmoduleandFEM
simulation. We alsoensurethe continuity anddifferentia-
bility of thedistancdfield attheboundaryof theseregions.
Thevaluesof updateddistancefields arethenusedfor the
next simulationstep.

This processcontinuedteratively to estimatethe pene-
trationdepthbetweerelasticbodiesquickly andefficiently
duringthesimulation.

4 Inter nal DistanceFields

TheFastMarchingLevel SetMethodwasfirst designed
to trackthe evolution of frontsthrougha 3D space.ln our
application thesurfaceof anarbitrary3D objectis treated
asafront. The surfaceis propagatednwards oppositeof
thedirectionof the surfacenormal. As the surfaceevolves
with uniform speed distancevaluesfrom the surfaceare
assignedo pointson adiscretizedyrid.

The FastMarching Level Set Method input to the al-
gorithm consistsof a polygonal mesh. Models consist-
ing of implicit representationsr parametricsurfacessuch
asNURBS, canbetessellatednto polygonalmesheswith
boundederror. The usermay also specify the resolution
of the 3D grid, tradingaccurag for speed.The outputof
the methodis a discretizeddistancefield for the volume
encompasseby the 3D surface. In practice,interpolation
methodsareusedwhensamplingthedistancdield for pen-
etrationdepthcomputations.

Severalkey termsareusedin the presentatiomf this al-
gorithm. A gridp oint may be marked with one of three
labels: ALIVE, NARROW_BAND, or FAR_AWAY. An
ALIVE pointrepresentagrid pointwho hasalreadybeen
assigned distancevalue. A NARROW_BAND pointrep-
resentsa pointon theevolving front. A FAR_AWAY point
represents pointwithout anassignedlistancevalue.

4.1 |Initialization

To computedistancevaluesfor an arbitrary objectre-
quiresinitializing the location of the surfacewithin a 3D
grid. For eachtriangle of the polygonalmesh,an axis-
alignedboundingbox is created.Distancevaluesfor each
grid pointin the boundingbox arethendefined.Whenthe
initialized valueis greaterthan or equalto zero, the grid



point lies outsideof the objector on the surface. These
grid pointsare marked ALIVE. Whenthe distancevalue
is negative, it lies inside the object, andthe grid point is

marked NARROW_BAND.

The set of NARROW_BAND points representghose
within a neighborhoodof the zero level set. Restricting
work to only thisneighborhooaf thezerolevel setyieldsa
considerableeductionin computationatost. Thismethod
of computations known asthenarrowbandapproac, and
is discussedn detailin [18].

4.2 Marching

Oncethe surfacehasbeeninitialized in the 3D grid, the
marchingphaseof the algorithmmay commenceAt each
step,thegrid point with theminimumdistancevalueis ex-
tractedfrom the setof NARROW_BAND grid points. The
datastructureunderlyingthis phaseof thealgorithmis dis-
cussedn section4.3. Uponselectionof the minimumval-
uedNARROW _BAND grid point,it is markedALIVE, and
ary FAR_AWAY neighborsaremovedto the setof NAR-
ROW_BAND points. The distancevaluefor eachneigh-
boringNARROW_BAND pointis thenupdatecdy solving
for T in thefollowing equationselectinghelargestpossi-
ble solutionto the quadraticequation:

=vVM+N+0

FEij
where

M = (max(D™*T+ %D‘”_wT, DT+ %D“”T, 0))?

wherethefinite differencesaregivenby

e Tip—T
b - Az
e _ T =T
D - Az
ptete Tivo —2T;1 + T
2Ax
Dz _ T-2T; 1 +Ti—»
2Ax

Similarly,

N = (max(D™'T + %D—y—yT, DT + %D‘H’”T, 0))?

A A
O = (max(D™*T + TZD_"‘_”T, DT + TZD“”T, 0))?

Theterm F;;;, representshe speedof the propagating
front. Becausave wishto find thedistancdrom eachpoint
to thesurface this valueis uniform (constantjn our appli-
cation.

Theequationsiseasecondrderschemavheneerpos-
sible to producehigheraccurag. Thatis, both T;;» and

T;+1 mustbe ALIVE in orderto computeD+2+% D+y+y
or D**+2 whereT;,» > T;y1. The choiceof whento
usethe secondorderschemesimply dependon whether
two known (ALIVE), monotonicallyincreasingvaluesex-
ist asneighbor=of thetestpoint. If not, thenthefirst order
schemas used.

Thisproces®of selectingaminimumNARROW_BAND
point, markingit ALIVE, andupdatingneighborscontin-
uesuntil no NARROW_BAND pointsremain. This algo-
rithm to computeaninternaldistancefield for eachobject
canbesummarizedisfollows.

GidPoint G
InitializeGid();

heap = Buil dHeap(); //NARROW BAND PO NTS

whi |l e (heap.isEnpty() != TRUE)
{

G = heap. extractMn();

G status = ALI VE;

mar kNei ghbors(Q ;

updat eNei ghbor s( G ;
}

4.3 Data Structures

With eachstepof the algorithm, the minimum valued
NARROW_BAND grid point mustbe extracted.Theneed
for anefficient extractionoperation aswell asan efficient
insertionoperatiormakestheuseof aheapdeal. However,
once the minimum valued grid point NARROW_BAND
grid point hasbeenidentified, the algorithmupdatesach
neighboringpoint. Thus, in additionto the needfor an
efficient sorteddatastructure, we mustalsoretain spatial
information.

Our solution is simply to use both a minimum heap
structureanda 3D array Eachheapnodecontainsapointer
tothe3D arraygrid pointthatit referencesSimilarly, each
NARROW_BAND grid point in the 3D array pointsto a
nodein the heap. ALIVE and FAR_AWAY points have
NULL pointersas only NARROW_BAND points arein-
cludedin theheap.

4.4 Partial Update of DistanceField

Whenanobjectdeforms the simulatoridentifiesthere-
gionsof deformationusingthe collision detectiormodule.
Thisinformationis thenusedto quickly updateportionsof
theinternaldistancdield.

4.4.1 Collision Detection

For collision detectionwe usethe hierarchical sweep-
and-prunedescribedin [13], when the original, corre-
spondingNURB representationsf the modelsare avail-
able.Eachsurfacepatchis subdvidedinto smallerpatches
andrepresentetlierarchically Eachleafnodecorresponds



to a spline patchwhosesurfaceareais lessthanan input
parameterA usedin generatinghe polygonalmesheof
the patch. Theresultingtreehasa shallav depthandeach
nodecanhave multiple children. An axis-alignedbound-
ing boxis computedor the controlpolytopeof eachpatch
anddynamicallyupdated. At eachlevel of hierarchy the
sweep-and-prung] is usedto checkfor overlap of the
projectionsof the boundingboxesonto x—, y—, z— axes.
Only whentheboxesoverlapin all threedimensionsa po-
tential contactis returned.Coherences exploitedto keep
theruntimelinearto thenumberof boundingboxesateach
level. The resultinghierarchicalsweep-and-pruneanbe
efficiently employedto checkfor potentialoverlapsof the
hierarchies.

If theNURB representationsf themodelsarenotavail-
able,we lazily constructthe boundingvolumehierarchies
(BVHs) basedon axis-alignedboundingboxes for each
modelon the fly andcheckfor collision betweernthemus-
ing thesebinaryBVHs. For moredetails,werefertheread-
ersto [21].

4.4.2 Lazy Evaluation

Giventheregionsof potentialcontactseturnedasone
or more boundingboxes) by the collision detectionmod-
ule, we performpartialupdateof theinternaldistancefield
by only recomputinghe distancevaluesat eachgrid point
within theseregions. With suchmethodsas FEM and fi-
nite differencemethodsthis informationis easyto obtain.
Thesemethodstreatobjectsvolumetrically andtherefore
they retaininformationon how far the effectsof deforma-
tion have propagatedhroughouthe object.

Given the boundingbox, a second3D grid is created
thatoverlaysthefirst. Thealgorithmto computethispartial
grid is the samealgorithm previously describedthe sar-
ingsin computatiortime comesfrom the reductionof the
numberof grid pointsbeingcomputed Oncethe marching
completesyve have two datasetshatneedto be combined
while preservinghe continuity anddifferentiability of the
solutions.

In practice,theseseparatalatasetsare almostalways
continuous.We verify continuity by examiningthe gradi-
entacrossthe borderof the two sets. In rarecasesvhere
thedatasetsarediscontinuousptheroptionsareavailable.

Oneoptionis to linear interpolatethe two datasetsto
obtain a continuoussolution. This option is only viable
whenthe degreeof discontinuityis low. In caseswherethe
resultingdatasetis highly discontinuousthe entireobject
is recomputedIn ourtestapplicationsthis situationnever
occurred.Thisis dueto theaccuray of theboundingooxes
for partialupdategeneratedby our collision detectionand
FEM algorithm.

Figure3: LEFT: The distancefield of a sphere.RIGHT:
The distancefield of a deformedspherecomputedusing
linearinterpolationof the precomputedlistancefield.

5 Penetration Depth Estimation

Whenusingthe penaltybasedmethod,we needto first
definea penetratiorpotentialenegy Whyene:(-) thatmea-
suregheamountof intersectiorbetweenwo polyhedrapr
thedegreeof self-intersectiorof a singlepolyhedron.This
definition requiresan efficient methodto computeit, and
its first andsecondderiatives.

5.1 Defining the Extent of Intersection

Thereareseveralknown methodgo definethe extentof
intersection.Thenode-to-nodenethodis the simplestway
to computeWpepe: (-). This methodcomputesi¥pere: (+)
asa function of the distancesetweensampledpointson
theboundaryof eachobjects.Thedrawbackof thismethod
is that oncea nodepenetratedoundarypolygons,the re-
pulsive force flips its direction,andinducesfurther pene-
tration. Suchpenetratioroftenoccursin intermediatesteps
of the aggressie numericalmethods Furthermorepncea
nodeis inside a tetrahedraklement,it is no longerclear
which boundarypolygonthe nodehasactuallypenetrated.

A moreaccurateapproachs to computehepenetration
depth, commonly defined as the minimum translational
distancerequiredto separatéwo intersectingobjects.

Themostcomplicatedyet accuratemethodis to usethe
intersectiorvolume. Using this method,Wpepet () is de-
finedbasednthevolumeof intersectiorbetweertwo pen-
etratingpolyhedra.Sincepolyhedradeformassimulation
stepsproceed,it is difficult to createand reuseprevious
datafrom the original model. Furthermoreijt is suscepti-
bleto accurag problemsanddegenerateontactconfigura-
tions. So, efficient computatiorof theintersectionvolume
is ratherdifficult to achieve.

5.1.1 Estimating Penetration Depth

We have chosena methodthat provides a balancebe-
tween the two extremesby computing an approximate
penetrationdepthbetweendeformableobjects. With our
method, Wyt () is definedas a function of distances
betweenboundarynodesand boundarypolygonsthat the



nodespenetrateWe define
Wpenet(') =kx* d2 (1)

whered is the minimumdistancefrom aboundarynodeto
theintrudedboundaryandk is a penaltyconstant.

Ouralgorithmestimateshecomputatiorof thepenetra-
tion depthd by replacingit with the linearinterpolationd
of pre-assignedistancevalues:

d=u; d; +u2d2+u3d3+(1—u1—u2—u3) dy (2)

whered;,ds>,ds and d4 are distancevaluesat the four
nodesof eachtetrahedralelement. Thesedistanceval-
uesare sampledfrom the distancefield generatedy the
fastmarchinglevel setmethodasdescribedn section4.
u1, us andus aretheinterpolationparameterderivedfrom
the shapefunctionsof the elements,and0 < u; < 1,
1<4i<3.

Oncean accuratevalueof distanceis assignedo each
node,no matterhow themeshis deformedthevalueof d is
quickly computedat any pointinsidethe object. Figure3
shavs an examplewherethe distancefield of a sphereis
quickly re-computechsthe spheredeforms.

Thisapproximatediistancdield sharesfew properties
with the exactdistancefield. Someof thesepropertiesare
essentiafor propercomputatiorof penaltyforcesandtheir
dervatives:

1. It vanisheontheboundarypolygons.

2. It is twice differentiableinside the elementsand C°
continuouseverywhere.

n;

Figure4: A nodem penetrateinto anothertetrahedrakl-
ement.The distancebetweenm andtheredtriangleis the
penetratiordepth.

A hierarchicalsweepand prunemethod[13] or a lazy
collision evaluationbasedn boundingvolumehierarchies
of axis-alignedboundingboxes[21] is usedto find eachin-
stancenvhereaboundarynodefrom oneelemenpenetrates
anotherelement.Suppose boundarynodem is within an

elementwith nodesn;, nz,ng andny asshown in Fig-
ured. m canbewritten in termsof linearinterpolationof
ng,...,Nn4:

m=u1n1—|—u2n2+u3n3+(1—u1—u2—u3)n4 (3)
d atm is obtainedby solvingEqn.2 andEqn.3:
CZ: [d1 —d4,d2 —d4,d3 —d4] G_l [m—n4]—|—d4 (4)

where
G = [n1 —Nyg,N2 —Ny,Ng — n4]

Wienet () is computeddy usingd insteadof d in Eqn. 1.

This algorithmis insensitve to which object (or con-
nectedmesh)the nodesm andn belongto. Therefore,
self-intersectionandintersectionbetweernwo objectsare
treatedn auniform mannerlt is alsorobustenoughto re-
coverfrom penetration®f significantdepth.

6 Systemimplementation and Results

We have implementecthe algorithm describedn this
paperandhave successfullyntegratedit into amoderately
complex simulationwith video clips shavn at our project
website:

http://www.cs.unc.edutgeom/DDF/

We usedMayadevelopedby Alias|Wavefrontto gener
atethemodelsusedn oursimulationsequencedie useda
public domainmeshgeneratiorpackage SolidMesh[16],
to createtetrahedraklementsisedin our FEM simulation.
Renderingof the simulation resultswas displayedusing
OpenGLona300MHZ R12000SGl Infinite Reality.

6.1 SystemDemonstration

Figure5 shovs alargedeformationsimulatecby our al-
gorithm. Two setsof positionalconstraintaverespecified
for internalnodesin the headpartandthetail part. Given
the positional constraints the headof snale is forcedto
move toward its tail. The snale modelhasabout14,000
elements.Our algorithmsenableghe simulationto auto-
maticallygeneratéhenaturalcoiling deformation.lt is not
obviousfrom theimages put mary smallself-penetrations
wereresohedduringthedeformation.

Figure 6 are snapshotsrom a simulation sequence
where a snale swallows a deformablered apple from a
bowl of fruit. The snale andthe applemodelshave a to-
tal of 23,000elements.Eight major keyframeswereused
to setthe positionalconstraints. The deformationof the
appleandthe snale wascomputedby the simulatorusing
our algorithmto estimatepenetratiordepthsbetweende-
formablebodies.



Figure5: Large Deformation: A snake coiling up

Figure6: A snake swallowing an apple from a bowl of fruits

Resolution| Ctr Value | Dist. Field | 1/8D. Field |

60x60x60 | 0.921986| 57.4696 2.02469
55x55x55 | 0.916389| 28.9428 1.16319
50x50x50 | 0.912209| 17.4810 0.71547
40x40x40 | 0.898008| 3.81680 0.29566
30x30x30 | 0.878681| 0.52117 0.08658
20x20x20 | 0.875549| 0.10853 0.02734

Tablel: Theeffectof grid resolutionsontheaccurag and
performancéin secondsdf distancdield & partialupdate
computations

6.2 Choiceof Grid Resolution

The choiceof thegrid resolutionhasa significanteffect
theruntimeperformancendaccurag of thedistancdield
computatiorusingfastmarchingevel-setmethods|n fact,
fastmarchinglevel-setmethodsunsin O(kn?) worst-case
time usingthe“narrow bandapproach’ 18], giventhegrid
resolutionof n x n X n andk is the numberof cellsin the
narronv band.Tablel givesanexampleof the computation
resultsusingdifferentgrid resolutionson a sphereof 1000
triangleswith thecorrectdistancevalueof 1.0atthecenter
of thesphere.

Notethatthe computedvaluesfor the internaldistance
field are muchmore accurateat the regions nearthe sur
faceof the object. This is appropriatefor our application
wherethe penetratioris normally not deep.Thedeviation
betweenthe correctdistancevalue andthe computeddis-
tancevalueat the centerof the sphereindicatesthe maxi-
mum error possibledueto the accumulatiorof numerical

inaccuraciesasthe level-setcomputationmarchingin to-
wardthecenter

6.3 Partial Update of Inter nal DistanceFields

Tablel alsoillustratesthe performanceyainin comput-
ing partial updateof the distancefield over the recalcula-
tion of the entiredistancefield. The lasttwo columnsof
Table 1 give the computationtime (in secondsyequired
for computingthe entire distancefield of the spherevs.
updatingonly 1/8 of its distancefield. The speedup is
quite substantialespeciallyfor thosewith highergrid res-

olutions.

Figure7: Partial distancefield updateof anapple(LEFT)
andacrosssectionof a partialupdateto adeformedsphere
(RIGHT)

Thetiming (in secondsjor partialupdatevs. complete
recomputatiorof thedistancdieldsfor variousmodels,in-
cluding a torus, an appleand a deformedsphere(Fig. 7),
is givenin Table2. Note thatthe torusmodelwith more
trianglesand the samegrid resolutiontakes lesstime to
computethana simplerapplemodewith farlesspolygons.



This is dueto the fact that the torus model actually only
occupiesa small portion of the grids allocated;while the
appleoccupiesnajority of thegrid spaceallocated.

| Model | Resolution| Tri's | Dist. Field | 1/8D. Field |

Torus | 50x50x50 | 2048 | 1.04334 0.290281
Apple | 50x50x50 | 384 | 10.6384 0.958958
Sphere| 50x50x50 | 972 | 5.21021 0.516960

Table2: Timing (in seconds)pn partial updateof the dis-
tancefield vs. therecomputatiorf theentiredistancefield

6.4 Discussion

Although our currentimplementationis basedon the
useof FEM simulator[10] shavn in Fig. 2, our algorithm
can be appliedto simulationmethodsusing finite differ-
encemethods(FDM) andwill requirelittle modification.
One canreplacethe linear interpolationstepusing shape
functionsof FEM (explainedin section5) with alinearin-
terpolationsuitablefor FDM. For thespring-massystems,
eachmasscanbe consideredhsa nodeof eachfinite ele-
mentandthe sameformulationwill apply.

Thereis somelimitation to our approach.Our method
computesthe internal distancefields within eachobject.
Thereforejt is notbestsuitedfor handlingself-penetration
of very thin objects,suchascloth or hair, which areoften
encounteredh characteanimation.

7 Summary

As thefrontier of roboticsextendsbeyondits traditional
domainsand into medical and other more advancedap-
plications,modelingdeformationbecomesa key compo-
nentfor robotic simulation. In this paper we presenta
fastpenetratiordepthestimationalgorithm betweenelas-
tic bodiesfor simulatingcomplex deformationdueto non-
penetratiorconstraintaisingpenalty-basedhethods And,
we demonstratéts efficiency andeffectivenesson moder
ately complex simulationscenarios.
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