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Abstract
We presentan algorithm for fast computationof discretized3D distance�elds usinggraphicshardware. Given
a setof primitivesand a distancemetric,our algorithm computesthe distance�eld for each slice of a uniform
spatialgrid by rasterizingthedistancefunctionsof theprimitives.Wecomputeboundson thespatialextentof the
Voronoiregionof each primitive. Theseboundsareusedto cull andclampthedistancefunctionsrenderedfor each
slice. Our algorithmis applicableto all geometricmodelsanddoesnotmakeanyassumptionsaboutconnectivity
or a manifoldrepresentation.Wehaveusedour algorithmto computedistance�elds of largemodelscomposedof
tensof thousandsof primitiveson high resolutiongrids.Moreover, wedemonstrateits applicationto medialaxis
evaluationand proximity computations.As compared to earlier approaches,we are able to achieve an order of
magnitudeimprovementin therunningtime.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.3 [ComputerGraphics]: Distance�elds, Voronoi
regions,graphicshardware,proximity computations

1. Intr oduction

Given a setof objects,a distance�eld in 3D is de�ned at
eachpointby thesmallestdistancefrom thepoint to theob-
jects.Eachobjectmayberepresentedasdataonavoxel grid
or asan explicit surfacerepresentation.Moreover, the dis-
tancesbetweenthepoint andanobjectcanbespeci�ed us-
ing differentmetrics,includingEuclideanor max-normdis-
tance.If theprimitivesareclosedor orientable,asigncanbe
assignedto thedistance�eld.

Distance�elds are frequently usedin computergraph-
ics, geometric modeling, robotics and scienti�c visu-
alization. Their applications include shape representa-
tion [FPRJ00, VKKM03, VKSM04], model simpli�cation
[HHVW96], remeshing [KBSS01, VKSM04], morphing
[COLS97], CSG operations[Blo97, BMW00], sculpting
[PF01], sweptvolumecomputation[KVLM03], pathplan-
ning and navigation [HCK� 99, HMK � 97], collision and
proximity computations[HZLM01, HZLM02], etc. These
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applicationsusea signedor unsigneddistance�eld along
adiscretegrid.

Differentalgorithmshave beenproposedto computethe
distance�elds in 2D or 3D for geometricand volumetric
models.Thecomputationof adistance�eld alongauniform
grid canbeacceleratedby usinggraphicsrasterizationhard-
ware[HCK� 99, Den03, SPG03]. Thesealgorithmscompute
2D slicesof the 3D distance�eld by renderingthe three
dimensionaldistancefunction for eachprimitive. However,
renderingthedistancemeshesof all theprimitivesfor each
slicemaybecomeexpensive in termsof transformationand
rasterizationcost.As aresult,currentalgorithmsfor 3D dis-
tance�eld computationmaybeslow andnot work well for
deformablemodelsor dynamicenvironments.

Main Contrib utions: We presenta fastalgorithm(DiFi) to
computeadistance�eld of complex objectsalonga3D grid.
We usea combinationof novel culling andclampingalgo-
rithms that renderrelatively few distancemeshesfor each
slice. We also exploit spatial coherencebetweenadjacent
slicesin 3D andperformincrementalcomputationsto speed
up theoverall algorithm.

© TheEurographicsAssociationandBlackwell Publishing2004.Publishedby Blackwell
Publishing,9600GarsingtonRoad,Oxford OX4 2DQ,UK and350Main Street,Malden,
MA 02148,USA.
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Figure 1: 3D DistanceField of HugoModel(17k polygons):Dis-
tanceto thesurfaceis color coded,increasingfrom red to greento
blue.Timetakento computethedistance�eld on73� 45� 128grid
usingouralgorithmis 4:2 seconds.

Our novel site culling algorithm usespropertiesof the
Voronoi diagramto cull away primitives that do not con-
tribute to the distance�eld of a given slice.We usea two-
passapproachandperformculling usingocclusionqueries.
Furthermore,we presenta conservative samplingstrategy
that accountsfor samplingerrorsin the occlusionqueries.
Our clamping algorithm reducesthe rasterizationcost of
eachdistancefunction by renderingit on a portion of each
slice.

We have implementedDiFi on a 2:8GHz PC with an
NVIDIA GeForce FX 5900 Ultra graphicsprocessorand
usedit to computedistance�elds of complex objectscon-
sisting of tens to hundredsof thousandsof triangles.The
runningtime rangesfrom a secondfor smallmodelsto tens
of secondsfor largemodels.We have usedDiFi to compute
thesimpli�ed medialaxisof complex polyhedralmodelsand
performproximity computationsin a dynamicenvironment
for pathplanning.As comparedto prior distance�eld com-
putationalgorithms,our approachoffers the following ad-
vantages:

� Generality: No assumptionis madewith regardsto the
input models.Theobjectsmaybenon-orientableor non-
manifold surfaces,or may be representedusing voxel
data.

� Ef�ciency: We show that our approachis signi�cantly
fasterthan previous approaches.The culling techniques
provide us with a 3� 20 timesspeedupin distance�eld
computationover previous approachesthat can handle
genericmodels.The speedupsare higher for complex
modelswith ahighnumberof primitives.

� Dynamic Models: Ouralgorithminvolvesnopreprocess-
ing andcancomputedistance�elds of dynamicobjects
with a few thousandpolygonsatalmostinteractive rates.

Organization: Therestof thepaperis organizedin thefol-
lowing manner. Wegiveabrief survey of distance�eld com-
putationalgorithmsin Section2 andanoverview of our ap-

proachin Section3. Section4 describesour culling algo-
rithm andSection5 presentstheclampingalgorithm.In Sec-
tion 6, we highlight two applicationsof our distance�eld
computationalgorithm.Wedescribeits performancein Sec-
tion 7 andanalyzeit in Section8.

2. RelatedWork

The problemof computinga distance�eld canbe broadly
classi�edby thetypeof inputobjectrepresentation.Theob-
ject canbespeci�edeitherasa dataona voxel grid, suchas
a binaryimageor asanexplicit surfacerepresentation,such
asa triangulatedmodel.

2.1. DistanceFieldsof GeometricModels

Many algorithms are known to compute the distance
�elds of geometric models representedusing polygonal
or higher order surfaces.These algorithms use either a
uniform grid or an adaptive grid. A key issue in gen-
erating discretedistancesamplesis the underlying sam-
pling rate used for adaptive subdivision. Many adaptive
re�nement strategies use trilinear interpolation or curva-
tureinformationto generateanoctreespatialdecomposition
[SFYC96, FPRJ00, PF01, VO97].

Distance �eld computation can be acceleratedusing
graphicshardware.Thegraphicshardwarebasedalgorithms
computea 2D slice of the distance�eld at a time. Hoff
et al. [HCK� 99] rendera polygonalapproximationof the
distancefunction on the depth-buffer hardware and com-
pute the generalizedVoronoi Diagramsin two and three
dimensions.This approachworks on any geometricmodel
that can be polygonizedand is applicableto any distance
function that can be rasterized.An ef�cient extensionof
the 2-D algorithm for point sites is proposedin [Den03].
It usesprecomputeddepthtextures,and a quadtreeto es-
timate Voronoi region bounds.However, the extensionof
this approachto higher dimensionsor higher order primi-
tives is not presented.A classof exact distancetransform
algorithmsis basedon computingpartialVoronoidiagrams
[Lin93]. A scan-conversionmethodto computethe3-D Eu-
clideandistance�eld in a narrow bandaroundmanifoldtri-
anglemeshesis theCharacteristics/Scan-Conversion(CSC)
algorithm[Mau03]. TheCSCalgorithmusestheconnectiv-
ity of the meshto computepolyhedralboundingvolumes
for the Voronoi cells.The distancefunction for eachsite is
evaluatedonly for the voxels lying inside this polyhedral
boundingvolume.An ef�cient GPU basedimplementation
of theCSCalgorithmis presentedin [SPG03]. Thenumber
of polygonssentto thegraphicspipelineis reducedandthe
non-lineardistancefunctionsareevaluatedusing fragment
programs.

2.2. Volumetric Models

Given voxel data, many exact and approximate algo-
rithms for distance�eld computationhave beenproposed
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[Mul92, BMW00, Gib98]. A goodoverview of thesealgo-
rithmshasbeengivenin [Cui99]. Theapproximatemethods
computethe distance�eld in a local neighborhoodof each
voxel. Danielsson[Dan80] usesa scanningapproachin 2D
basedon the assumptionthat the nearestobject pixels are
similar. The Fast Marching Method (FMM)[Set99] propa-
gatesacontourto computethedistancetransformationfrom
theneighbors.Thisprovidesanapproximate�nite difference
solutionto theEikonalEquationjr uj = 1=f . A linear time
algorithmfor computingexactEuclideandistancetransform
of a2-D binaryimageis presentedin [BGKW95]. Thisis ex-
tendedto k-D imagesandotherdistancemetrics[MQR03].

3. Overview and Notation

In this sectionwe introducethe notationusedin the paper
andgiveanoverview of ourapproach.

3.1. DistanceFields

A geometricprimitive or an object in 3D is called a site.
Given a site pi , the scalardistancefunction dist(q; pi) de-
notes the distancefrom the point q 2 R3 to the clos-
est point on pi . The minimum distanceof q to a set of
sitesP = f p1; p2; : : : ; pmg is representedasdist(q;P ) =
minpi2P (dist(q; pi)) . The distance�eld DM(P ), for a do-
main M � R3, is the scalar �eld given by the minimum
distancefunction dist(q;P ) for all pointsq 2 M. For ease
of notation, let DM = DM(P ). Given a subset,X � P ,
dist(q;X ) � dist(q;P )8q 2 M.

Distance�elds arecloselyrelatedto Voronoiregions.The
Voronoiregion for pi is de�ned as:

V(pi) = f q j dist(q; pi) � dist(q; p j )8p j 2 P;q 2 Mg

Our goal is to computethe distance�eld within a bounded
domainM representedasan axis-aligneduniform 3D grid.
Let the size of eachvoxel in the 3D grid be dx � dy � dz.
In a boundeddomain,Voronoiregionsarebounded.Let the
minimumandmaximumboundsof theVoronoi region of a
site pi alongZ beV(pi):zmin andV(pi):zmax, respectively.

3.2. Computation usingGraphics Hardware

A brute-forcealgorithm to computeDM would evaluate
dist(q; pi) for all sites pi 2 P and store the minimum at
eachgrid point q 2 M. If thereare m sites,and the grid
hasn cells,thetime complexity of this algorithmis O(mn).
This brute force algorithmcanbe easilyparallelizedusing
depth-buffered graphicsrasterizationhardware [HCK� 99].
The primitive sitesin P consistof points,edgesandtrian-
gles.The setof voxels with a constantz-valuerepresentsa
uniform 2D grid andis calleda slice. A slice sk is de�ned
assk = f (x;y;z)j(x;y;z) 2 M;z = zkg. In the restof thepa-
per, we representthedistance�eld Dsk(P ) for a slicesk as
Dk(P ). A sweepis performedalongtheZ axisandthedis-
tance�eld Dk is computedfor eachslice.Thecomplexity of
this algorithmis linear in m for eachslice andthe running
timecanbeslow whenmis large.

3.3. Our Approach

We speedup the3D distance�eld computationby reducing
thenumberof distancefunctionsthatarerasterizedfor each
slice.Weexploit thefollowing propertiesof Voronoiregions
anddistance�elds to acceleratethecomputation:

1. Connectivity: Weconsiderdistancemetricsthataresym-
metric,positive de�nite andsatisfythe triangleinequal-
ity. Thus,Voronoiregionsde�ned by thatdistancemetric
are connected.This is true for all Lp norms,including
Euclideandistanceandmax-norm[CD85]. Notethat for
higherordersites,like line segmentsandpolygons,each
Voronoiregionmayconsistof non-linearboundariesand
maynotbeconvex. ButeachVoronoiregionisconnected.

2. Spatial Coherence: The distance �elds of adjacent
slices,sk andsk+ 1, canhave high spatialcoherence.The
distancevaluesassociatedwith two points in adjacent
voxelson a 3D grid will bevery closeto eachother. We
usethis coherenceto computeboundson the maximum
changein thedistance�eld betweenadjacentslices.

3. Monotonicity: Given a slice, the distancefunction of a
site is a monotonicfunction. It hasa minimum valuein
theinteriorof thesliceandis maximumon theboundary
of theslice.

Our goalis to cull away sitesthatdo not contributeto the
�nal distance�eld for a particularslice. Furthermore,the
distance�eld for eachsiteshouldbecomputedin theregion
of the slice whereit contributesto the �nal distance�eld
(seeFigure2). Our algorithmutilizes the above mentioned
propertiesandcomputesconservativeboundsontheVoronoi
regions.We usetheseboundsin two steps:to cull the set
of sitesfor eachslice (describedin Section4) and clamp
theregion of computationfor eachsitein thenon-culledset
(describedin Section5).

3.4. SiteClassi�cation

We introducea classi�cationof the sitesusedby our algo-
rithm to cull awaysitesthatdonotcontributeto thedistance
�eld for a slice. Let us assumethat the sweepdirection is
along the + Z direction.For a slice sk at z = zk, we parti-
tion the setof sitesP into threesubsetsdependingon the
Voronoi region boundsof each sitealongtheZ axis(shown
in Figure2):

Intersecting, I +
k = f pi j V(pi):zmin � zk � V(pi):zmaxg.

Only the distancefunctionsof thesesitescontributesto
the�nal distance�eld of slicesk.

Approaching, A +
k = f pi j V(pi):zmin > zkg. TheVoronoi

region of anapproachingsitedoesnot intersectwith cur-
rent slice, but could potentially intersectwith a slice sl ,
wherezl > zk.

Receding, R +
k = f pi j V(pi):zmax < zkg. Due to the con-

nectivity propertyof Voronoi regions,a recedingsitecan
never becomeintersecting, henceit canbe discardedfor
any slicesl , wherezl > zk.

© TheEurographicsAssociationandBlackwellPublishing2004.
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Figure2: SiteClassi�cation:Shadedareasrepresenttheconnected
Voronoi regions for a subsetof sites f p1; : : : ; p5g. Sweepdirec-
tion is along+Z. For slice sk, the site setsare: IntersectingI +

k =
f p2; p3; p4g, ApproachingA +

k = f p5g, RecedingR +
k = f p1g and

SweptS+
k = f p1; p2; p3g, UnsweptU+

k = f p4; p5g. Distancefunc-
tions have to be drawn for set I +

k only. For site p3, the distance
functionhasbedrawn only in theregionQ3;k = V(p3) \ sk. For the
next slicesk+ 1, p4 is movedto S+

k+ 1, p5 is movedto I +
k+ 1 andp3 is

movedto R +
k+ 1.

For ef�cient computation,thealgorithmpresentedin Sec-
tion 4 performstwo passesalong+ Z and� Z directionsand
considersonly thesitessweptup-tothecurrentslice.Wealso
partitionP basedon thespatialboundsof each sitealongZ
axis.Let pi :zmax denotethe maximumZ valueof a site pi .
ThenthesetP is partitionedas(shown in Figure2):

Swept, S+
k = f pi j pi :zmax � zkg

Unswept, U+
k = f pi j pi :zmax> zkg

The intersectingset I +
k can be further partitionedinto an

intersectingsweptsetI S+
k = (I +

k \ S+
k ) andanintersecting

unsweptsetI U+
k = (I +

k \ U+
k ).

I +
k = I S+

k [ I U+
k (1)

Thesetof sites,P , is alsopartitionedinto subsetsalongthe
� Z sweepdirection.The intersecting,sweptand unswept
subsetsarerepresentedasI �

k , S�
k , U�

k , andarede�ned as

I �
k = f pi j V(pi):zmin � zk � V(pi):zmaxg

S�
k = f pi j pi :zmax> zkg

U�
k = f pi j pi :zmax � zkg

Consequently,

U+
k = S�

k ; I +
k = I �

k = I k

andEq.(1) reducesto

I k = I S+
k [ I S�

k (2)

Thekey ideafor speedupis that for a largenumberof sites
m andany given slice sk, the sizeof I k is typically much
smallerthanm. By computinga conservative estimateof I k
onecancull away a largenumberof sitesandconsiderably
speedup thedistance�eld computation.

4. SiteCulling

In thissection,wepresentourculling algorithmthatreduces
thenumberof distancefunctionsthatarerasterizedfor each

slice.Our goal is to computethedistance�eld Dk for each
slice sk. Sinceonly the set I k contributesto Dk, we have
Dk = Dk(I k). UsingEq.(2), Dk canbeexpressedas:

Dk(I k) = Dk(I S+
k [ I S�

k ) = min
�

Dk(I S+
k );Dk(I S�

k )
�

Therefore,theproblemis reducedto computingtwo distance
�elds Dk(I S+

k ) andDk(I S�
k ) for eachslicesk. We present

an algorithmto computeDk(I S+
k ) for sk with a sweepdi-

rectionalong+ Z. The samealgorithmis usedto compute
Dk(I S�

k ) by usinga sweepdirectionalong� Z. In the rest
of the paper, we will presentour algorithmfor + Z sweep
directionanddropthe+ signto simplify thenotation.

Weutilize thespatialcoherencebetweensuccessiveslices
andcomputetheintersectingsweptsetI Sk+ 1 byperforming
incrementalcomputationsonI Sk (seeFigure2). Weusethe
following formulation:

(I Sk+ 1) = (I Sk [ (Sk+ 1 nSk)) n(R k+ 1 nR k) (3)

where n representsthe set-differenceoperation.The ex-
act computationof I Sk and I Sk+ 1 is equivalent to exact
Voronoicomputation.Instead,we conservatively computea
setof potentiallyintersectingsweptsites cI Sk usingEqua-
tion (3), wherecI Sk � I Sk.

Giventhesets cI Sk andR k, thealgorithmfor computing
Dk+ 1, cI Sk+ 1 andR k+ 1 proceedsasfollows:

1. Initialize cI Sk+ 1 = cI Sk;Dk+ 1 = 1 .
2. Update cI Sk+ 1 = cI Sk+ 1 [ (Sk+ 1 n Sk). Add the addi-

tional sitessweptby slicesk+ 1 to cI Sk+ 1 .
3. Compute Dk+ 1. For each site p̂i 2 cI Sk+ 1, compute

Dk+ 1( p̂i) in orderof increasingi. EachDk( p̂i) is tested
for visibility with respect to Dk+ 1(X i� 1), which is
the distance�eld of set X i� 1 = f p̂1; p̂2; : : : ; ˆpi� 1g. If
Dk+ 1( p̂i) is not visible alongthedirectionorthogonalto
sk+ 1, thenit doesnotcontributeto Dk+ 1.

4. Compute (R k+ 1 nR k). All sitesp̂i for which Dk+ 1( p̂i)

is not visiblecanbemovedfrom cI Sk+ 1 to R k+ 1.

5. Update cI Sk+ 1 = cI Sk+ 1 n(R k+ 1 nR k)

Initially we setk = 0;R k = ; ; cI Sk = f pi j pi :zmax = 0g. We
proceedalongtheZ-axisandcomputethedistance�eld for
eachsliceasdescribedabove. Eachsite pi is bucketedinto
a list accordingto pi :zmax. Thisallows theadditionof swept
sitesin Step(2.) to beperformedin constanttime. Thedis-
tance�elds arerasterizedapproximatelyin orderof increas-
ing distanceto thecurrentslice.This resultsin betterculling
of the recedingsitesin Steps(3.) and(4.) of thealgorithm.
The complexity of this algorithmfor slice sk+ 1 is a linear
functionof thesizej cI Sk+ 1 j.

The visibility computationsare performedusing occlu-
sion queries(e.g. GL_NV_occlusion_query)available on
currentgraphicssystems.As the distancemeshesarescan
converted,thesequeriescheckfor updatesto thedepthbuffer
andreturnthenumberof pixelsthatarevisible.

© TheEurographicsAssociationandBlackwellPublishing2004.



A. Sud,M. A. Otaduy& D. Manocha / DiFi: FastDistanceFields

Figure 3: SamplingError: (a) The Voronoi region V(p2) of a
sweptsite p2 doesnot lie on any cell (representedby crosses)on
slicesk, but lies on a cell for slicesk+ 1. (b) TheXY intersectionof
theVoronoiregionswith slicesk. Theclosestcell q to V(p2) is at a
distancee.

4.1. ConservativeSampling

Theocclusionqueriessamplethevisibility at �x edlocations
in eachpixel andcanresultin samplingerrors.In particular,
the algorithmpresentedabove classi�es a sweptsite pi as
recedingif its VoronoiregionV(pi) doesnot cover any grid
cells, i.e. theocclusionqueryreturnszerovisible pixels for
the distance�eld Dk(pi) in Step(3.). This may introduce
errorswhenV(pi) intersectsslicesk but its intersectionwith
sk is notsampledby therasterizationhardware.An incorrect
classi�cation of pi as recedingcan introduceerrors in Dl
for a subsequentslice sl , l > k. Onesuchcaseis shown in
Figure3(a), for i = 2.

We modify the algorithmfor distance�eld computation
to accountfor thesesamplingerrors.If q is thepixel center
closestto V(pi) by adistancee, thenexpandingtheVoronoi
regionV(pi) by e ensuresthatat leastonesamplewould lie
in V(pi). In practice,wedonotknow thepointq or ebut use

the fact thate is boundedby pixel size,e � dxy =
p

d2
x+ d2

y
2 .

Therefore,we move pi closerto all thepointsin slicesk, by
subtractingdxy from eachvalueof thedistance�eld Dk(pi).
This is equivalentto translatingDk(pi) along� Z by dxy and
is shown in Figure4.

Givenaslicesk+ 1, weredraw thetranslateddistance�eld
of eachsite pi marked asrecedingin Step(4.) of the algo-
rithm given above (i.e. pi 2 R k+ 1 nR k). The redrawn dis-
tance�eld is testedfor visibility with respectto Dk+ 1. This
redrawing is performedto ensureconservative samplingfor
site-culling.During this step,updatesto the �nal distance
�eld in the depthbuffer aredisabled.Moreover, the trans-
lated�eld is clampedto 0 for negative values.For line and
trianglesites,the sizeof the Voronoi region is alsolimited
by thespatialsizeof theline segmentor thetriangle.To en-
surethat the Voronoi region coversat leastoneof the four
neighboringcells,we increasethesizeof thesesitesby dxy
in addition to translatingthe distance�eld. Furtherdetails
arepresentedin [SM03].

Figure 4: ConservativeSampling:(a) Distance�eld Dk(p2) of
site p2 is occludedat all pixelson sk. (b) TranslatingDk(p2) by dxy

ensuresit is visibleatat leastonepixel.

5. DistanceFunction Clamping

In Section4, wepresentedanalgorithmto cull awaythesites
that do not contribute to the distance�eld Dk of slice sk.
In this section,we presenta clampingalgorithmto reduce
therasterizationcostof thedistancefunctionof eachpoten-
tially intersectingsweptsite.Given a slice sk andeachsite
pi 2 cI Sk, wecomputethedistancefunctiondist(q; pi) only
for the setof pointson sk that lie in the Voronoi region of
pi . In otherwords,our goal is to evaluatethedistancefunc-
tion for the setQi;k = f qjq 2 V(pi) \ skg. We �rst present
anapproachto computea conservative estimatebQi;k of Qi;k
for any arbitrarysetof sites.We furtherimprove theperfor-
manceof the clampingalgorithmfor manifold surfacesby
usingtheCSC-algorithm[Mau03].

5.1. ConservativeClamping

Theconnectivity of theVoronoi regionsimplies thatQi;k is
a connectedset.We exploit the monotonicitypropertyand
computea supersetbQi;k. Initially, we assumethat we are
giventhemaximumvaluemax(Dk(pi)) of thedistance�eld
Dk(pi) of site pi on slice sk. We computea setof extreme
pointson sk wherethe valueof the distance�eld Dk(pi) is
equalto themaximumvalue.By themonotonicityproperty
of distancefunctions,thesetof pointswhosedistancefunc-
tion is lessthanor equalto max(Dk(pi)) belongto bQi;k. An
exampleis shown in Figure5.

Figure 5: Clampingdistance�eld computationto Voronoi region
boundson a slice. Q2;k = V(pi ) [ sk. bQ2;k � Q2;k andis computed
from max(Dk(p2)) .

© TheEurographicsAssociationandBlackwellPublishing2004.
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The problem of distancefunction clamping reducesto
computingmax(Dk(pi)) for eachsite pi in cI Sk for a slice
sk. Let thedistancebetweensk+ 1 andsk bejzk+ 1 � zkj = dz.
Thenthechangein maximumvalueof thedistance�eld be-
tweensk+ 1 andsk is givenby (provedin [SM03]):

max(Dk+ 1(Sk+ 1)) � max(Dk(Sk)) + dz (4)

Given the maximum value max(Dk(Sk)) of the distance
�eld for slice sk, we use Eq. (4) to computethe maxi-
mumvaluemax(Dk+ 1(Sk+ 1)) of thedistance�eld for slice
sk+ 1. This also gives a conservative bound on maximum
valueof thedistancefunctionfor eachsite pi on slicesk+ 1,
max(Dk+ 1(Sk+ 1)) � max(Dk+ 1(pi)) 8 pi 2 Sk+ 1. Weuseit
to computea conservative boundon thesetof pointsQi;k+ 1
onslicesk+ 1 andusethisboundfor clamping.

Note that the maximum distancevalue, max(Dk(Sk)) ,
may be in�nity , if one is computingthe distance�eld in
a narrow band at a distancedmax [Mau03], or if one is
computingthe signeddistance�eld for a closedmanifold.
Thus we de�ne max(Dk(Sk)) to be the maximum �nite
value of the distance�eld, and set the updaterule to be
max(Dk+ 1(Sk+ 1)) = min(dmax;max(Dk(Sk)) + dz).

5.2. Manif old Surfaces

In many cases,the primitives lie on manifold surfacesand
we have the connectivity information In thesecases,we
usetheCSCalgorithm[Mau03] to further re�ne bQi;k+ 1 for
signedEuclideandistance�elds. A site is marked asCSC-
valid if it lies on the interior of a convex or concave mani-
fold surfacepatch.Boundarysites,hyperbolicpoints(which
areneitherconvex or concave) andnon-manifoldsitesare
markedasCSC-invalid. For eachCSC-valid sitepi , aconvex
polyhedronboundingV(pi) is computed.Thispolyhedronis
intersectedwith sk+ 1 to computea convex polygonGi;k+ 1.
In this case,Gi;k+ 1 \ bQi;k+ 1 resultsin a tighter approxima-
tion of Qi;k+ 1.

5.3. CompleteAlgorithm

Given cI Sk , R k andDk, thealgorithmfor computingDk+ 1
aspresentedin Section4 is re�ned to performclampingas
follows:

1. Compute max(Dk) by usingmultiple occlusionqueries
as described in [GLW� 04]. Compute max(Dk+ 1) =
min(dmax;max(Dk) + d).

2. Initialize cI Sk+ 1 = cI Sk;Dk+ 1 = 1 .
3. Update cI Sk+ 1 = cI Sk+ 1 [ (Sk+ 1 nSk).

4.1. Compute bQi;k+ 1. For eachsite pi 2 cI Sk+ 1, compute
bQi;k+ 1 from max(Dk+ 1)

4.2. Re�ne bQi;k+ 1. For eachCSC-validsite pi 2 cI Sk+ 1,
computethe convex polygon Gi;k+ 1. Re�ne bQi;k+ 1 =
bQi;k+ 1 \ Gi;k+ 1.

4.3. Compute Dk+ 1. For eachsite pi 2 cI Sk+ 1, compute
D bQi;k+ 1

(pi) andtestfor visibility asbefore.

4.4. Perform Conservative Sampling Disable distance
�eld updates.For eachsite pi 2 cI Sk+ 1 which is marked
asoccluded,expandthe site andcomputeD bQi;k+ 1

(pi) �

dxy. Testfor visibility againstthecomputeddistance�eld
Dk+ 1 asbefore.Enabledistance�eld updates.

5. Compute (R k+ 1 nR k) from the resultsof the visibility
testsof Step3.4.

6. Update cI Sk+ 1 = cI Sk+ 1 n(R k+ 1 nR k).

Given a 3D grid with N + 1 slices and a Z range
[zmin;zmax], wemake2 passes.In the�rst pass,weincrement

k from 0 to N. Initially, R +
0 = ; ; cI S

+
0 = f pi j pi :zmax= zming.

In thesecondpass,k is decrementedfrom N down to 0. Ini-

tially, R �
N = ; ; cI S

�
N = f pi j pi :zmax = zmaxg. The �nal dis-

tance�eld for eachsliceis thelowerenvelopeof both.

6. Applications

Wehaveappliedourdistance�eld algorithmto computethe
medialaxis transformof polyhedralmodelsandpathplan-
ning. Theseapplicationsrequireglobal distance�eld com-
putationalonga3D grid.

Simpli�ed Medial Axis Computation: We compute
a simpli�cation of the Blum medial axis, called the q-
simpli�ed medialaxis(q-SMA) [FLM03]. Theq-SMA pro-
videsagoodapproximationof thestablesubsetof themedial
axis.Thealgorithmfor computingtheq-SMA of anobject
X is basedoncomputingthevector�eld calledtheneighbor
direction�eld of the objectX anddenotedby N(X). N(X)
is the negatedgradientof the distance�eld de�ned by the
boundaryof X. GivenN(X), aseparationcriterionis de�ned
usingtheseparationangleq. Thecriterion is usedto check
whethera line segmentconnectingthe centersof adjacent
voxels of a grid crossesa sheetof the medial axis. When
a pair of pointspassesthe separationcriterion,we addthe
facetbetweenthem to the approximationof q-SMA and
computea polygonalapproximationof the medialaxis. In
somecasesa discretevoxel representationof theq-SMA is
desirable.A voxel is addedto themedialaxisif it liesonone
sideof a faceton the medialaxis, which is determinedas
above.Thisselectionoperationcanbeef�ciently performed
onmodernprogrammablegraphicshardwareusingfragment
programs.Thegradient�eld is storedon graphicscardtex-
turememory. This avoids thecostly readbacksof theentire
distance�eld to theCPU.

Interacti ve Path Planning in Dynamic Envir onments:
We have used our distance�eld computationalgorithm
within a constraint-basedpath planner [GL02]. The path
planningproblemis reducedto simulatingaconstraineddy-
namicsystem,andcomputesan approximationof the gen-
eralizedVoronoidiagrams(GVD) of therobotandobstacles
in theenvironment.Eachrobotis subjectto virtual forcesin-
troducedby geometricandmechanicalconstraints,suchas
makingthe robot follow an estimatedpathcomputedusing
theGVD andlinking therigid objectstogetherto represent
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Figure 6: Medial AxisTransform:Left : Triceratopsmodel(5:6k polygons,Grid Size=128� 56� 42,ComputationTime=0:79s) Themedial
surfaceis color codedby thedistancefrom theboundary. Right: Brake rotor model(4:7k polygons,Grid Size=4� 128� 128,Computation
Time=0:61s ). Themedialseamcurvesareshown in red.

anarticulatedrobot.Thedistance�eld is usedto computean
approximateGVD andaVoronoigraph.Thedistance�eld is
alsousedto performproximity testsbetweenthe robotand
the obstaclesand maintaina minimum clearance.Given a
pair of objects,R1 andR2, thedistance�eld of R2 is drawn
in apotentiallyoverlappingregion.Thesurfaceof R1 is sam-
pled at points insidethe overlappingregion, anda force is
generatedat eachsamplepoint qi . Theforceis in thedirec-
tion of thegradientof thedistance�eld andproportionalto
the distancebetweenqi and the surfaceof R2. As the ob-
staclesin the environmentundergo motion, our algorithm
recomputesthedistance�eld andusesit for pathcomputa-
tion. We have usedthis pathplannerfor virtual prototyping
applications.

7. Implementation and Results

In this sectionwe describethe implementationof our dis-
tance�eld computationalgorithmandhighlight its perfor-
manceoncomplex polygonalmodels.

We have implementedour algorithmin Microsoft Visual
C++ and use OpenGLas the graphicsAPI. The distance
function for eachprimitive is approximatedasa polygonal
meshbasedon techniquespresentedin [HCK� 99]. Thevis-
ibility testis performedusingtheOpenGLocclusionquery
extensionGL_NV_occlusion_query.We exploit the paral-
lelism of this queryby batchingtogetherocclusionqueries
for an entiresetof potentially intersectingsites.The CSC
algorithm[Mau03] is usedfor clampingthe region of dis-
tance�eld computationfor CSC-valid sites.We have inte-
gratedthe CSCalgorithmwith the distance�eld computa-
tion algorithm presentedin [HCK� 99]. We clamp the ap-
proximatedistancemeshof eachCSC-valid site with the
boundingconvex polyhedra.The boundingconvex polyhe-
draarecomputedat run time. Our implementationinvolves
no precomputationandis directly applicableto deformable
models.

We generatethe gradientvector�eld alongwith the dis-

tance�eld to computethe q-SMA. The gradientvector is
encodedin the color valuesof eachvertex of the distance
mesh.The voxel representationof the q-SMA is com-
puted directly on the graphicsprocessorusing OpenGL's
ARB_fragment_programextension.Themedialaxis is ren-
dereddirectly from theGPUasavolumegrid.

7.1. Performance

We have applied our algorithm to 3D polygonal models.
TheseincludescannedmodelsandCAD models.Someof
themarenon-manifold.

Distance Field Computation: All the timings reported
in this paperwere generatedon a Pentium42:8GHz PC
with 2GB RAM and an NVIDIA GeForce FX 5900 Ul-
tra graphicscard, running Windows XP. We have com-
pared the performanceof our distance�eld computation
algorithm (DiFi) with the algorithm presentedby Hoff et
al. [HCK� 99](called HAVOC), a software implementation
of CSC algorithm [Mau03], and an implementationthat
combinesHAVOC with CSC.The timings arepresentedin
Table1. In our benchmarks,DiFi obtainsmorethantwo or-
dersof magnitudeover a software implementationof the
CSCalgorithmandmorethanoneorderof magnitudeper-
formanceimprovementover an implementationcombining
HAVOC and CSC for manifold objects.For non-manifold
models,weobtain4� 20 timesspeedupoverHAVOC.

Medial Axis Computation: We have appliedthe distance
�eld to computethe simpli�ed medial axis of polyhedral
models.Thesimpli�ed medialaxisfor two modelsis shown
in Figure6. Our algorithmtakeslessthana secondto com-
putethemedialaxisof polyhedralmodelsconsistingof thou-
sandsof polygons.

Path Planning: We have applied the path planningalgo-
rithm to anassemblyenvironment(shown in Figure8). The
environmentconsistsof anarticulatedrobotarmwith 6 de-
greesof freedomplacedin themiddleof a complicatedpip-
ing structure.The robot arm reachesfor a part moving on
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Model Polys Resolution CSC HAVOC HAVOC+CSC DiFi

Rotor 4736 4x128x128 59:22 6:33 3:98 0:61
Rotor 4736 8x254x254 424:89 18:73 12:12 1:16
Triceratops5660 128x56x42 127:81 2:11 1:10 0:79
Triceratops5660 254x111x84 990:48 6:33 3:65 1:92
Hugo 17000 73x45x128 X 30:55 19:24 4:22
Hugo 17000 145x90x254 X 108:84 75:85 8:63
Head 21764 78x105x128 201:12 37:89 16:76 4:98
Shell 22598 254x252x252 X 162:97 95:31 7:79
Cassini 93234 186x254x188 X 356:03 298:55 29:86
Dragon 108926 57x90x128 X 171:13 95:69 24:76

Table1: DistanceField Computation:Times(in seconds)to computetheglobaldistance�elds
usingapproachesby Mauch[Mau03] (CSC),Hoff etal. [HCK� 99](HAVOC),animplementation
combiningCSCwith HAVOC on graphicshardware(HAVOC+CSC),andour algorithm(DiFi).
For theentriesmarkedX, CSCalgorithmfailsasthemodelcontainsCSC-invalid sites.

Figure 7: CassiniModel: A volume
renderingof the distance�eld of the
Cassiniwith 93K polygons.The dis-
tanceto the surfaceis color coded,in-
creasingfrom redto greento blue.

a conveyor belt andavoidscollision with obstacles.Various
links on therobotarmcomein closeproximity with thepip-
ing structures.We areableto dynamicallycomputethepath
at interactive ratesusingour fastdistance�eld computation
algorithm.

8. Analysisand Limitation

In thissectionweanalyzetheperformanceof ouralgorithm.
We highlight its computationalcomplexity andtheerrorsin
distancecomputation.Wealsocompareitsperformancewith
earlieralgorithms.

We approximateeachnon-lineardistancefunctionwith a
polygonaldistancemesh.This introducesa tessellationer-
ror [HCK� 99]. The tessellationerror is boundedby a user

de�ned e > 0. We set e =
p

d2
x+ d2

y+ d2
z

2 so that the error in
the distance�eld is no more thanhalf the diagonallength
of a grid cell. As a result,themainsourceof discretization
error is grid resolution.Currentgraphicsprocessorssupport
24-bit depthbuffers,so the error in depthcomputationand
comparisonsis relatively small.

Given a model with m sitesand a 3D grid of size n =
N � N � N, thecostof computingthedistance�eld is pro-
portional to the numberof processedcells over which the
distancefunctionis evaluated.Theoptimalcostfor comput-
ing the3D distance�eld is O(N3) = O(n). For aslicesk, the

optimalnumberof processedcells is å
jI kj
i= 1 jQi;kj = N2. The

actual numberof processedcells is å
j bI kj
i= 1 j bQi;kj. We de�ne

thefollowing averagenumberof cellscoveredby onesite:

optimal= hjQi;kji = å
jI kj
i= 1 jQi;kj

jI kj , actual= hjbQi;kji = å
j bI kj
i= 1 j bQi;kj

j bI kj
Theper-sliceef�ciency of ouralgorithmcanbemeasuredby
two ratios:theclampingef�ciency, e1k = hjQi;kji

hj bQi;kji
andculling

ef�ciency, e2k = jI kj
j bI kj

. The average ef�ciency per slice can

be de�ned ashei = 1
N å N

k= 1 e1k � e2k. The total costof the
algorithm is O(n=hei ), and is boundedbetweenO(n) and
O(mn). For CSC-invalid sites,the clampingef�ciency e1k
approaches1 asthesitesareuniformly distributedonthe3D
grid. For CSC-valid sites,the complexity is similar to that
of the CSC algorithm, i.e. O(m+ rn). However, our algo-
rithm obtainstighterboundson theparameterr, r = 1=hei .
In practice,e1k � 1, thusr = 1

he2ki .

We sampleand rendersomeof the distancefunctions
twice in order to overcomethe samplingerrorsintroduced
by occlusionqueries.Moreover, to detectunder-sampling
errors,the distance�eld is offset by a larger value of cell
size dxy, leading to a more conservative estimateof the
potentially intersectingset.This extra computationis per-
formedonly whenasiteis markedasrecedingdueto under-
sampling,andbecomessmallerathighergrid resolutions.

8.1. Comparison

We now provide a comparisonof our algorithm,DiFi, with
two previous algorithmsfor computing3D distance�elds
using graphicshardware: HAVOC, and the algorithm by
Siggetal. [SPG03].

HAVOC: DiFi is restrictedin thedistancefunctionshandled
comparedto HAVOC, sinceit assumesthat theVoronoi re-
gionsareconnected.It canhowever handlea wide rangeof
distancefunctions,includingall theLp metrics,while giving
morethanoneorderof magnitudespeedup.LikeHAVOC,it
is applicableto genericmodelswithout connectivity infor-
mation,andhasthesameerrorbounds.

Sigget al.: Thealgorithmby Siggetal. [SPG03] is applica-
ble only to manifold surfacesandhasthe sameasymptotic
complexity asthe CSCalgorithm[Mau03], i.e. O(m+ rn).
It is particularly ef�cient for computingthe distance�eld
in narrow bandsaroundmanifold surfaces.For small band
sizes,the parameterr is closeto unity. However, for com-
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Figure 8: Planningin an assemblyenvironment:Constraintbasedplanningin a dynamicenvironmentconsistingof 26:9k polygonsusing
distance�elds. The robot arm tracksa moving part on a conveyor belt, while avoiding contactwith otherobstaclesin the environment.Our
algorithmcomputesthedistance�eld at interactive ratesandusesthedistance�eld to computeacollision freepath.

puting the global distance�eld of complex environments
with multiple manifoldsurfacesandhigh depth-complexity,
r can be O(m). Distancescomputedby this algorithm are
exactup to GPU�oating textureprecision.Theculling and
clampingtechniquespresentedin DiFi arecomplementary
to thosepresentedin [Mau03, SPG03]. In fact,theapproach
presentedin [SPG03] canbeusedfor distance�eld compu-
tationof manifoldsitesinsideDiFi insteadof HAVOC.This
would give signi�cant speedupsover [SPG03] for comput-
ing global distance�elds in complex environments.In par-
ticular, we have demonstratedthatDiFi providessigni�cant
speedupsoverHAVOCandCSCcombined.

8.2. Limitations

Our algorithm has certain limitations. Our distance�eld
computationis performedon a uniform grid and its accu-
racy is governedby grid resolution.Currentgraphicspro-
cessorsprovide up to 4K � 4K pixel resolutionandthis im-
posesan upperboundon the grid resolution.Even though
weuseculling andclampingalgorithms,theperformanceof
thealgorithmis still boundedby therasterizationcostor the
�ll-rate. Moreover, someapplicationsrequirereadingback
thedistance�eld to theCPUandreadbackscanbeslow on
thePCIbus.Ouralgorithmis bestsuitedfor computationon
uniform gridsandmaynot resultin any speedupsfor adap-
tivedistance�elds [FPRJ00].

9. Conclusionsand Futur e Work

We have presentedanalgorithmfor fastcomputationof 3D
discretizeddistance�elds usinggraphicshardware.Our al-
gorithm usesa combinationof culling andclampingtech-
niquesto reducethe numberandsizeof distancefunctions
thatarerenderedfor eachslice.We useocclusionqueriesto
speedup thecomputationandhavepresentedaconservative
schemeto overcomesamplingerrors.We have usedour al-
gorithm to computedistance�elds of complex 3D models.

Thedistance�elds areusedfor computingthesimpli�ed me-
dial axis andfor pathplanningin a dynamicenvironment.
We achieve one to two ordersof magnitudeimprovement
overprior algorithmsandimplementations.

Therearemany avenuesfor future work. We would like
to further improve the performanceby utilizing temporal
coherencebetweensuccessive framesfor dynamic or de-
formablemodels.We would also like to useour algorithm
for otherapplications,including dynamicsimulation,mor-
phingandproximity computations.
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