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Abstract

We presentan algorithm for fast computationof discretized3D distance elds usinggraphicshardware. Given
a setof primitivesand a distancemetric, our algorithm computeshe distance eld for ead slice of a uniform

spatialgrid by rasterizingthe distancefunctionsof the primitives.We computeboundson the spatial extentof the

\oronoiregion of eat primitive. Theseéboundsare usedto cull andclampthedistancgunctionsrendeedfor eath

slice Our algorithmis applicableto all geometricmodelsanddoesnot male anyassumptiongboutconnectivity
or a manifoldrepresentationWe haveusedour algorithmto computedistance elds of large modelscomposeaf

tensof thousand®f primitiveson high resolutiongrids. Moreover, we demonstate its applicationto medialaxis

evaluationand proximity computationsAs compaedto earlier approades,we are able to achieve an order of

magnitudeimprovementn therunningtime

CateggoriesandSubjectDescriptorgaccordingo ACM CCS} 1.3.3[ComputerGraphics]: Distance elds, Voronoi

regions,graphicshardware,proximity computations

1. Intr oduction

Given a setof objects,a distanceeld in 3D is de ned at
eachpoint by the smallestdistancerom the point to the ob-
jects.Eachobjectmayberepresentedsdataon avoxel grid
or asan explicit surfacerepresentationMoreover, the dis-
tanceshetweerthe point andan objectcanbe speci ed us-
ing differentmetrics,including Euclideanor max-normdis-
tancelf theprimitivesareclosedor orientableasigncanbe
assignedo thedistanceeld.

Distance elds are frequently usedin computergraph-
ics, geometric modeling, robotics and scientic visu-
alization. Their applications include shape representa-
tion [FPRJOQVKKMO03, VKSMO04], model simpli cation
[HHVW96], remeshing [KBSS01 VKSMO04], morphing
[COLS97, CSG operations[Blo97, BMWO0O], sculpting
[PFO], sweptvolume computationKVLMO03], pathplan-
ning and navigation [HCK 99, HMK 97], collision and
proximity computationgHZLMO01, HZLMO0Z2], etc. These
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applicationsuse a signedor unsigneddistance eld along
adiscretegrid.

Differentalgorithmshave beenproposedo computethe
distance elds in 2D or 3D for geometricand volumetric
models.Thecomputatiorof adistanceeld alongauniform
grid canbeacceleratethy usinggraphicsrasterizatiorhard-
ware[HCK 99, Den03 SPG03. Thesealgorithmscompute
2D slicesof the 3D distance eld by renderingthe three
dimensionalistancefunction for eachprimitive. However,
renderingthe distancemeshef all the primitivesfor each
slice may becomeexpensve in termsof transformatiorand
rasterizatiorcost.As aresult,currentalgorithmsfor 3D dis-
tance eld computatiormay be slonv andnot work well for
deformablemodelsor dynamicernvironments.

Main Contrib utions: We presenta fastalgorithm(DiFi) to

computeadistanceeld of comple objectsalonga3D grid.

We usea combinationof novel culling and clampingalgo-

rithms that renderrelatively few distancemeshedor each
slice. We also exploit spatial coherencebetweenadjacent
slicesin 3D andperformincrementatomputationgo speed
up the overall algorithm.
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Figure 1: 3D DistanceField of Hugo Mode(17k polygons):Dis-
tanceto the surfaceis color coded,increasingrom redto greento
blue.Timetakento computethedistanceeld on73 45 128grid
usingour algorithmis 4:2 seconds.

Our novel site culling algorithm usespropertiesof the
Voronoi diagramto cull away primitives that do not con-
tribute to the distanceeld of a given slice. We usea two-
passapproachandperformculling usingocclusionqueries.
Furthermorewe presenta conserative samplingstratgy
that accountsfor samplingerrorsin the occlusionqueries.
Our clamping algorithm reducesthe rasterizationcost of
eachdistancefunction by renderingit on a portion of each
slice.

We have implementedDiFi on a 2:8GHz PC with an
NVIDIA GeForce FX 5900 Ultra graphicsprocessorand
usedit to computedistance elds of comple objectscon-
sisting of tensto hundredsof thousandof triangles.The
runningtime rangesrom a secondor smallmodelsto tens
of seconddor large models.We have usedDiFi to compute
thesimpli ed medialaxisof complex polyhedraimodelsand
performproximity computationsn a dynamicervironment
for pathplanning.As comparedo prior distanceeld com-
putationalgorithms,our approachoffers the following ad-
vantages:

Generality: No assumptioris madewith regardsto the
input models.The objectsmay be non-orientableor non-
manifold surfaces,or may be representedising voxel
data.

Ef ciency: We shav that our approachis signi cantly
fasterthan previous approachesThe culling techniques
provide uswith a3 20 timesspeedupn distance eld
computationover previous approacheghat can handle
generic models. The speedupsare higher for complec
modelswith ahigh numberof primitives.

Dynamic Models: Ouralgorithminvolvesno preprocess-
ing and can computedistance elds of dynamicobjects
with afew thousandolygonsat almostinteractve rates.

Organization: Therestof the paperis organizedin thefol-
lowing mannerWe give abrief surwey of distanceeld com-
putationalgorithmsin Section2 andanoverview of our ap-

proachin Section3. Section4 describesour culling algo-
rithm andSections presentshe clampingalgorithm.In Sec-
tion 6, we highlight two applicationsof our distance eld
computatioralgorithm.We describéts performancen Sec-
tion 7 andanalyzeit in Section8.

2. RelatedWork

The problemof computinga distanceeld canbe broadly
classi edby thetype of input objectrepresentatiorithe ob-
jectcanbespeci ed eitherasa dataon avoxel grid, suchas
abinaryimageor asanexplicit surfacerepresentatiorsuch
asatriangulatednodel.

2.1. DistanceFields of Geometric Models

Many algorithms are known to compute the distance
elds of geometric models representedusing polygonal
or higher order surfaces. These algorithms use either a

uniform grid or an adaptve grid. A key issuein gen-
erating discrete distancesamplesis the underlying sam-
pling rate used for adaptve subdvision. Many adaptve

re nement stratgies use trilinear interpolationor curva-

tureinformationto generat@noctreespatialdecomposition
[SFYC96 FPRJOOPF01, VO97].

Distance eld computationcan be acceleratedusing
graphicshardware.Thegraphicshardwarebasedalgorithms
computea 2D slice of the distance eld at a time. Hoff
et al. [HCK 99 rendera polygonalapproximationof the
distancefunction on the depth-tuffer hardware and com-
pute the generalizedVoronoi Diagramsin two and three
dimensionsThis approachworks on ary geometricmodel
that can be polygonizedand is applicableto ary distance
function that can be rasterized.An efcient extension of
the 2-D algorithm for point sitesis proposedin [Den03.
It usesprecomputeddepthtextures,and a quadtreeto es-
timate Voronoi region bounds.However, the extensionof
this approachto higher dimensionsor higher order primi-
tivesis not presentedA classof exact distancetransform
algorithmsis basedon computingpartial Voronoi diagrams
[Lin93]. A scan-comersionmethodto computethe 3-D Eu-
clideandistanceeld in anarrav bandaroundmanifoldtri-
anglemeshess the Characteristics/Scan-Ceersion(CSC)
algorithm[Mau03. The CSCalgorithmusesthe connectv-
ity of the meshto computepolyhedralboundingvolumes
for the Voronoi cells. The distancefunction for eachsiteis
evaluatedonly for the voxels lying inside this polyhedral
boundingvolume.An efcient GPU basedmplementation
of the CSCalgorithmis presentedn [SPG03. The number
of polygonssentto the graphicspipelineis reducedandthe
non-lineardistancefunctionsare evaluatedusing fragment
programs.

2.2. Volumetric Models

Given voxel data, mary exact and approximate algo-
rithms for distance eld computationhave beenproposed

© TheEurographic#ssociationandBlackwell Publishing2004.
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[Mul92, BMWOO, Gib9g. A goodovervien of thesealgo-
rithmshasbeengivenin [Cui99. Theapproximatenethods
computethe distanceeld in alocal neighborhoof each
voxel. DanielssorfDan8Q usesa scanningapproactin 2D

basedon the assumptiorthat the nearestobject pixels are
similar. The Fast Marching Method (FMM)[ Set99 propa-
gatesa contourto computethe distanceransformatiorfrom

theneighborsThis providesanapproximatenite difference
solutionto the Eikonal Equationjr uj = 1=f. A lineartime

algorithmfor computingexactEuclideardistanceransform
of a2-D binaryimageis presenteth [BGKW95]. Thisis ex-

tendedo k-D imagesandotherdistancemetrics{ MQRO3.

3. Overview and Notation

In this sectionwe introducethe notationusedin the paper
andgive anoverview of ourapproach.

3.1. DistanceFields

A geometricprimitive or an objectin 3D is called a site
Given a site pj, the scalardistancefunction dist(q; p;) de-
notes the distancefrom the point q 2 R3 to the clos-
est point on p;. The minimum distanceof g to a set of

minp2p (dist(q; p;)). The distance eld Dy (P), for a do-
mainM RS is the scalar eld given by the minimum
distancefunction dist(q; P) for all pointsg 2 M. For ease
of notation,let Dy = Dw(P). Given a subset,X P,
dist(g; X) dist(q;P)8q2 M.

Distanceelds arecloselyrelatecto Voronoiregions.The
Voronoiregionfor p; is de ned as:

V(pi) = fqjdist(q; pi) dist(q; p;)8p; 2 P;q2 Mg

Our goalis to computethe distanceeld within a bounded
domainM representea@s an axis-aligneduniform 3D grid.

Let the size of eachvoxel in the 3D grid bedx dy dz.

In aboundeddomain,VoronoiregionsareboundedLet the
minimum andmaximumboundsof the Voronoiregion of a
site p; alongZ beV (pi):Zmin andV (p;):Zmax respectiely.

3.2. Computation using Graphics Hardware

A brute-forcealgorithm to compute Dy would evaluate
dist(q; p;) for all sitesp; 2 P and store the minimum at
eachgrid point g 2 M. If thereare m sites, and the grid

hasn cells, thetime compleity of this algorithmis O(mn).

This brute force algorithm can be easily parallelizedusing
depth-huffered graphicsrasterizationhardware [HCK 99].

The primitive sitesin P consistof points,edgesandtrian-
gles.The setof voxelswith a constantz-valuerepresents
uniform 2D grid andis calleda slice A slice s is de ned
ass = f (XY 2j(Xy,2 2 M;z= zg. In therestof the pa-
per, we representhe distanceeld Dg (P) for aslices as
Dk(P). A sweepis performedalongthe Z axisandthe dis-
tance eld Dy is computedor eachslice. The compleity of
this algorithmis linearin m for eachslice andthe running
time canbeslow whenmiis large.

© TheEurographic#ssociationandBlackwell Publishing2004.

3.3. Our Approach

We speedup the 3D distanceeld computatiorby reducing
thenumberof distanceunctionsthatarerasterizedor each
slice.We exploit thefollowing propertiesof Voronoiregions
anddistanceelds to acceleratéhe computation:

1. Connectiity: Weconsidedistancanetricsthataresym-
metric, positive de nite andsatisfythe triangleinequal-
ity. Thus,Voronoiregionsde ned by thatdistancemetric
are connectedThis is true for all Lp norms,including
Euclideandistanceandmax-norm[CD85. Notethatfor
higherordersites,like line sggmentsandpolygons,each
Voronoiregion may consistof non-lineartboundariesand
maynotbecorvex. ButeachVoronoiregionis connected.

2. Spatial Coherence: The distance elds of adjacent
slices,sc andsy. 1, canhave high spatialcoherenceThe
distancevaluesassociatedvith two pointsin adjacent
voxelson a 3D grid will bevery closeto eachother We
usethis coherencdo computeboundson the maximum
changean thedistanceeld betweeradjacenslices.

3. Monotonicity: Given a slice, the distancefunction of a
siteis a monotonicfunction. It hasa minimum valuein
theinterior of thesliceandis maximumon theboundary
of theslice.

Ourgoalis to cull away sitesthatdo not contrituteto the
nal distance eld for a particularslice. Furthermorethe
distanceeld for eachsite shouldbe computedn theregion
of the slice whereit contributesto the nal distance eld
(seeFigure 2). Our algorithmutilizes the abore mentioned
propertieandcomputesonserative boundsontheVoronoi
regions. We usetheseboundsin two steps:to cull the set
of sitesfor eachslice (describedin Section4) and clamp
theregion of computatiorfor eachsitein the non-culledset
(describedn Section5).

3.4. Site Classi cation

We introducea classi cation of the sitesusedby our algo-
rithm to cull away sitesthatdo not contrituteto thedistance
eld for aslice. Let us assumehat the sweepdirectionis
alongthe + Z direction. For a slice s at z= z, we parti-
tion the setof sitesP into threesubsetddependingon the
\oronoi region boundsof ead site alongthe Z axis (shavn

in Figure?2):

Intersecting, | ¥ = fpi j V(P)Zmn &  V(pi)Zmag.

Only the distancefunctionsof thesesitescontritutesto
the nal distanceeld of slices.

Approaching A; = fp j V(pi):Zmin > zg. The Voronoi
region of anapproachingsite doesnot intersectwith cur-
rentslice, but could potentially intersectwith a slice g,
wherez > z.

Receding Ry = f pi j V(pi):zmax< %d. Dueto the con-
nectiity propertyof Voronoiregions,arecedingsite can
never becomeintersecting henceit canbe discardedor
ary slices, wherez > z.



A.Sud,M. A. Otaduy& D. Manoda/ DiFi: FastDistanceFields

[1Approaching

[intersecting

[ Receding

tion is along+Z. For slice s, the site setsare: Intersectingl ; =
f p2; Ps; Pag, ApproachingA ; = f psg, RecedingR |} = f pyg and
SweptS; = f pa; p2; Psg, UnsweptUy = f ps; psg. Distancefunc-
tions have to be drawvn for setl l:’ only. For site ps, the distance
functionhasbedrawn only in theregion Qzx = V(p3)\ s. Forthe
next slicese 1, p4 is movedto S, ;, ps is movedto | , ; andps is
movedto Ry, ;.

For ef cient computationthealgorithmpresentedh Sec-
tion 4 performstwo passeslong+Z and Z directionsand
consider®nly thesitessweptup-tothecurrentslice.Wealso
partitionP basedbon the spatialboundsof ead sitealongZ
axis. Let pj:zmax denotethe maximumzZ value of a site p;.
ThenthesetP is partitionedas(shovn in Figure?2):

Swept Sy = fpij piizmax %9
Unswept U, = f pi j piZmax> zg
The intersectingset | ,:' can be further partitionedinto an
intersectingsweptsetl S; = (I ¢ \ Sy) andanintersecting
unswepsetl Ug = (1 ¢\ U.).
e = 1S [ 1Ug (1)

Thesetof sites,P, is alsopartitionedinto subsetslongthe
Z sweepdirection. The intersecting,sweptand unswept
subsetarerepresentedsl | , S, , U, , andarede nedas

Ly =fpiiV(p)izmn z  V(pi)zmad
Sy = fpijpiizmax> %g
Uc =Tpijpiizmax  zg

Consequently

+ - -
U =S i g =1 =1k

andEq. (1) reducedo
lk=1Sg[ 1S, 2

Thekey ideafor speedups thatfor a large numberof sites
m andary givenslice sy, the sizeof | | is typically much
smallerthanm. By computinga conserative estimateof | |,

onecancull away a large numberof sitesandconsiderably
speedupthedistanceeld computation.

4. Site Culling

In this sectionwe presenbur culling algorithmthatreduces
thenumberof distancefunctionsthatarerasterizedor each

slice. Our goalis to computethe distanceeld Dy for each
slice s¢. Sinceonly the setl | contritutesto Dy, we have
Dy = Dk(I ). UsingEq. (2), Dy canbeexpresseds:

Dk(1 k) = D(I Sy [ 1Sy ) = min D(l Sg);Dk(l Sy)

Thereforetheproblemis reducedo computingwo distance
elds Dy(l S;) andDy(l S, ) for eachslices,. We present
an algorithmto computeD(l S;) for ¢ with a sweepdi-

rectionalong + Z. The samealgorithmis usedto compute
Dk(l S, ) by usinga sweepdirectionalong Z. In therest
of the paper we will presentour algorithmfor +Z sweep
directionanddropthe+ signto simplify the notation.

We utilize thespatialcoherencdetweersuccessie slices
andcomputetheintersectingweptsetl S, ; by performing
incrementatomputation®n| S, (seeFigure2). We usethe
following formulation:

(1 Sir1) = (I Sk[ (S 1nS) N(Rir1nRy)  (3)

where n representghe set-diferenceoperation. The ex-
act computationof 1 S, and| Sy, ; is equivalentto exact
Voronoicomputationlnsteadwe conseratively computea
setof potentiallyintersectingsweptsites ISy usingEqua-
tion (3), wherelCSy 1 S,.

Giventhesets €S andR, thealgorithmfor computing
Di+1, I°Sk+1 andR, 4 proceedssfollows:

1. Initialize ICSg+1= ICSy;Dygs1= 1 .

2. Update ICSys1 = Sy 1[ (Sge1n'Sy). Add the addi-
tional sitessweptby slices 1 t0 €Sy 1 .

3. Compute Dy+1. For eachsite jj 2 ICSy; 1, compute

Dy+1(fi) in orderof increasing. EachDy(f5) is tested
for visibility with respectto Dy+1(Xi 1), which is

Dy+1(fi) is notvisible alongthe directionorthogonato
Sk+ 1, thenit doesnot contribtuteto Dy 1.

4. Compute (R, 1 nR). All sitesfi; for which Dy, 1(fi)
is notvisible canbe movedfrom €Sy, 1 tOR |, 1.

5. Update ISy, 1 = Sy 1 n(Ry, 1 NRY)

Initially we setk= 0;R = ;; ISk = f pij pi:zmax= 0g. We
proceecdalongthe Z-axisandcomputethe distanceeld for

eachslice asdescribedabove. Eachsite p; is bucketedinto

alist accordingto pj:zmax This allows theadditionof swept
sitesin Step(2.) to be performedin constantime. The dis-
tance elds arerasterizechpproximatelyin orderof increas-
ing distanceo thecurrentslice. Thisresultsin betterculling

of therecedingsitesin Steps(3.) and(4.) of the algorithm.
The compleity of this algorithmfor slice s+ 1 is a linear
functionof thesizej ICSy+ 1 j.

The visibility computationsare performedusing occlu-
sion queries(e.g. GL_NV_occlusion_querygvailable on
currentgraphicssystemsAs the distancemeshesare scan
cornvertedthesequeriescheckfor updateso thedepthbuffer
andreturnthe numberof pixelsthatarevisible.

© TheEurographic#ssociationandBlackwell Publishing2004.
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Figure 3: SamplingError: (a) The Voronoi region V(p,) of a
sweptsite p, doesnot lie on ary cell (representedby crossespn
slice s, but lies on acell for slice sy+ 1. (b) The XY intersectionof
the Voronoiregionswith slices,. Theclosestcell g toV(p,) is ata
distancee.

4.1. Consewative Sampling

Theocclusionqueriessamplethevisibility at x edlocations
in eachpixel andcanresultin samplingerrors.In particular
the algorithm presentedhbove classi es a sweptsite p; as
recedingf its VoronoiregionV(p;j) doesnot coverary grid
cells,i.e. the occlusionqueryreturnszerovisible pixels for

the distance eld Dy(p;) in Step(3.). This may introduce
errorswhenV ( ;) intersectslice s, but its intersectiorwith

S is notsampledy therasterizatiorhardware.An incorrect
classi cation of p; asrecedingcanintroduceerrorsin D,

for asubsequentlice s, | > k. Onesuchcaseis shavn in

Figure3(a),fori= 2.

We modify the algorithmfor distance eld computation
to accountfor thesesamplingerrors.If q is the pixel center
closestto V(p;j) by adistances, thenexpandingthe Voronoi
regionV(p;) by e ensureshatatleastonesamplewould lie
inV(p;). In practicewe donotknow thepointq or epbut use
the factthate is boundedby pixel size,e  dxy = df; % .
Therefore we move p; closerto all the pointsin slice sy, by
subtractingdxy from eachvalueof thedistanceeld Dy(pi).
Thisis equialentto translatingDy(p;) along Z by dxy and
is shawvn in Figure4.

Givenaslices 1, we redrav thetranslatedlistanceeld
of eachsite p; marked asrecedingin Step(4.) of the algo-
rithm given above (i.e. pi 2 Ry, 1 NR ). Theredravn dis-
tance eld is testedfor visibility with respecto Dy, 1. This
redraving is performedto ensureconserative samplingfor
site-culling. During this step,updatesto the nal distance
eld in the depthbuffer are disabled.Moreover, the trans-
lated eld is clampedto O for negative values.For line and
triangle sites, the size of the Voronoiregion is alsolimited
by the spatialsizeof theline segmentor thetriangle.To en-
surethat the Voronoi region coversat leastone of the four
neighboringcells, we increasethe size of thesesitesby dxy
in additionto translatingthe distance eld. Furtherdetails
arepresentedn [SM0J.

© TheEurographic#ssociationandBlackwell Publishing2004.
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Figure 4. ConservativeSampling:(a) Distance eld Dy(pz) of
site py is occludedat all pixelsonsy. (b) TranslatingDy(p2) by dxy
ensuredt is visible atatleastonepixel.

5. DistanceFunction Clamping

In Sectiord, we presenteénalgorithmto cull avaythesites
that do not contritute to the distance eld Dy of slice s.
In this section,we presenta clampingalgorithmto reduce
therasterizatiorcostof the distanceunctionof eachpoten-
tially intersectingsweptsite. Given a slice sy andeachsite
pi 2 I€Sy, we computethe distancefunctiondist(q; p;) only
for the setof pointson s, thatlie in the Voronoi region of
pi. In otherwords,our goalis to evaluatethe distancefunc-
tion for the setQ;.x = fgjg 2 V(pi)\ sg. We rst present
anapproacho computea conserative estimate@i;k of Q;:k
for ary arbitrarysetof sites.We furtherimprove the perfor
manceof the clampingalgorithmfor manifold surfacesby
usingthe CSC-algorithn{Mau03.

5.1. Consewative Clamping

The connectvity of the Voronoiregionsimpliesthat Q;. is
a connectedset. We exploit the monotonicity propertyand
computea supersel@i;k. Initially, we assumethat we are
giventhemaximumvaluemax Dg(p;)) of thedistanceeld
Dx(pi) of site p; on slice ;. We computea setof extreme
pointson s¢ wherethe value of the distanceeld Dy(p;) is
equalto the maximumvalue.By the monotonicityproperty
of distanceunctions,the setof pointswhosedistanceunc-
tion is lessthanor equalto maxDg(p;)) belongto @i;k. An
exampleis shovn in Figureb5.

\\_rna_x_(t_’k_(azz)_ yeolZzag .
Ry . P3

S
"« 8,

Figure 5: Clampingdistanceeld computatiorto \oronoi region
boundson a slice Qax = V(pi) [ s« Qz;k Q2 andis computed
from max(Dk(p2)) -
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The problem of distancefunction clamping reducesto
computingmaxDi(pi)) for eachsite p; in I€Sy for aslice
s Let thedistancebetweers. 1 ands bejzis 1 zj = d-.
Thenthechangen maximumvalueof thedistanceeld be-
tweens, 1 andsy is givenby (provedin [SM03):

maxDi+1(Sk+ 1)) max(Di(Sy)) + d; 4)

Given the maximum value maxDy(S,)) of the distance
eld for slice s, we use Eq. (4) to computethe maxi-

mumvaluemaxDy+ 1(Sy. 1)) of thedistanceeld for slice
S+1- This also gives a conserative bound on maximum
valueof the distancefunctionfor eachsite p; on slice s+ 1,

maXDy+ 1(Sk+ 1)) MaxDy+ 1(pi)) 8 pi 2 Sy, 1. We useit

to computea conserative boundon the setof pointsQ;.i+ 1

onslice sy 1 andusethis boundfor clamping.

Note that the maximum distancevalue, maxDy(S,)),
may be in nity , if oneis computingthe distance eld in
a narrav band at a distancedmax [Mau03, or if oneis
computingthe signeddistance eld for a closedmanifold.
Thus we de ne maxDi(Sy)) to be the maximum nite
value of the distance eld, and setthe updaterule to be
max Dys 1(Skr 1)) = Min(dmax max(Di(Sy)) + ).

5.2. Manifold Surfaces

In mary casesthe primitiveslie on manifold surfacesand
we have the connecwity information In thesecases,we
usethe CSCalgorithm[Mau03 to furtherre ne @i;k+ 1 for

signedEuclideandistance elds. A siteis marked asCSC-
valid if it lies on the interior of a corvex or concare mani-
fold surfacepatch.Boundarysites,hyperbolicpoints(which

are neithercorvex or concae) and non-manifoldsitesare
markedasCSC-irvalid. For eachCSC-\alid site p;, aconvex

polyhedrorboundingV (p;) is computedThis polyhedroris

intersectedvith s, 1 to computea corvex polygonG;:ys 1.

In this case Gj.k+ 1\ @i;k+ 1 resultsin atighter approxima-
tion of Qj.+ 1.

5.3. Complete Algorithm

Given €Sy, R andDy, thealgorithmfor computingDys 1
aspresentedn Section4 is re ned to performclampingas
follows:

1. Compute max D) by usingmultiple occlusionqueries
as describedin [GLW 04]. Compute maxDy+1) =
min(dmax, max D) + d).

2. Initialize I€Si+1= ICS);Dys1=1 .

3. Update ISy, 1= ICSys 1[ (Sir 1NSy)-

4.1. Compute Qi;k+ 1. For eachsite pj 2 ISy, 1, compute
O+ 1 from max(Di 1)

4.2. Rene ®.1. For eachCSC-validsite pj 2 €Sy 1,
computethe corvex polygon Gjk:+1. Re ne @i;kﬂ =
O 1\ Gige 1-

4.3. Compute Dy, 1. For eachsite pj 2 I°Sy, 1, compute
Dg,,.,(Pi) andtestfor visibility asbefore.

4.4. Perform Consewative Sampling Disable distance
eld updatesFor eachsite pj 2 ICSy. 1 whichis marked
asoccluded,expandthe site and computeDQ_m(pi)

dxy. Testfor visibility againstthecomputediistanceeld
Dy+ 1 asbefore.Enabledistanceeld updates.

5. Compute (R, 1 nR}) from the resultsof the visibility
testsof Step3.4.

6. Update ISy, 1 = ICSi; 1 n(Ry, 1 NRY).

Given a 3D grid with N+ 1 slices and a Z range
[Zmin; Zmax, we make 2 passedn the rst passweincrement
+
kfromOtoN. Initially, Rg =;;ISq = f pijpi:zmax= Zming.
In the secondpassk is decrementeftom N down to 0. Ini-
tially, Ry = ;;I°Sn = f pijpi:zmax = Zmax@. The nal dis-
tance eld for eachsliceis thelower envelopeof both.

6. Applications

We have appliedour distanceeld algorithmto computethe
medial axis transformof polyhedralmodelsand pathplan-
ning. Theseapplicationsrequireglobal distanceeld com-
putationalonga 3D grid.

Simplied Medial Axis Computation: We compute
a simpli cation of the Blum medial axis, called the g-
simpli ed medialaxis(gq-SMA) [FLMO03]. Theg-SMA pro-
videsagoodapproximatiorof thestablesubsebf themedial
axis. Thealgorithmfor computingthe g-SMA of anobject
X is basedn computingthevector eld calledtheneighbor
direction eld of the objectX anddenotedby N(X). N(X)
is the nggatedgradientof the distanceeld de ned by the
boundaryof X. GivenN(X), aseparatiorcriterionis de ned
usingthe separatiorangleq. The criterionis usedto check
whethera line sggmentconnectingthe centersof adjacent
voxels of a grid crossesa sheetof the medial axis. When
a pair of points passeghe separatiorcriterion, we addthe
facetbetweenthemto the approximationof g-SMA and
computea polygonalapproximationof the medial axis. In
somecases discretevoxel representationf theg-SMA is
desirableA voxelis addedo themedialaxisif it liesonone
side of a faceton the medial axis, which is determinedas
above. This selectionoperationcanbeef ciently performed
onmodernprogrammablgraphicshardwareusingfragment
programsThegradient eld is storedon graphicscardtex-
ture memory This avoids the costly readback®f the entire
distanceeld to the CPU.

Interactive Path Planning in Dynamic Environments:
We have used our distance eld computationalgorithm
within a constraint-basegbath planner[GL02]. The path
planningproblemis reducedo simulatinga constrainedly-
namic system,and computesan approximationof the gen-
eralizedVoronoidiagramgGVD) of therobotandobstacles
in theervironment.Eachrobotis subjecto virtual forcesin-
troducedby geometricand mechanicakonstraintssuchas
makingthe robotfollow an estimatedbathcomputedusing
the GVD andlinking therigid objectstogetherto represent
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Figure 6: Medial Axis Transform:Left: Triceratopsmodel(5:6k polygons,Grid Size=128 56 42, ComputatioriTime=079s) The medial
surfaceis color codedby the distancefrom the boundary Right: Brake rotor model (4:7k polygons,Grid Size=4 128 128,Computation

Time=061s). Themedialseamcurvesareshavn in red.

anarticulatedrobot. Thedistanceeld is usedto computean
approximate5VD andaVoronoigraph.Thedistanceeld is
alsousedto performproximity testsbetweenthe robotand
the obstaclesand maintaina minimum clearanceGiven a
pair of objects,R; andRy, thedistanceeld of R; is drawvn
in apotentiallyoverlappingregion. Thesurfaceof Ry is sam-
pled at pointsinside the overlappingregion, and a force is
generatect eachsamplepoint g;. Theforceis in thedirec-
tion of the gradientof thedistanceeld andproportionalto
the distancebetweenq; andthe surfaceof R,. As the ob-
staclesin the ervironmentundego motion, our algorithm
recomputeshe distanceeld andusesit for pathcomputa-
tion. We have usedthis pathplannerfor virtual prototyping
applications.

7. Implementation and Results

In this sectionwe describethe implementationof our dis-
tance eld computationalgorithm and highlight its perfor
manceon complex polygonalmodels.

We have implementedbur algorithmin Microsoft Visual
C++ and use OpenGL as the graphicsAPI. The distance
function for eachprimitive is approximatedasa polygonal
meshbasedon techniquegpresentedn [HCK 99]. Thevis-
ibility testis performedusingthe OpenGLocclusionquery
extensionGL_NV_occlusion_queryWe exploit the paral-
lelism of this queryby batchingtogetherocclusionqueries
for an entire setof potentially intersectingsites.The CSC
algorithm[Mau03 is usedfor clampingthe region of dis-
tance eld computationfor CSC-alid sites.We have inte-
gratedthe CSCalgorithmwith the distance eld computa-
tion algorithm presentedn [HCK 99]. We clamp the ap-
proximatedistancemeshof eachCSC-wlid site with the
boundingconvex polyhedra.The boundingcorvex polyhe-
draarecomputedat run time. Our implementatiorinvolves
no precomputatiorandis directly applicableto deformable
models.

We generatehe gradientvector eld alongwith the dis-
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tance eld to computethe g-SMA. The gradientvectoris
encodedn the color valuesof eachvertex of the distance
mesh. The voxel representatiorof the g-SMA is com-
puted directly on the graphicsprocessorusing OpenGLs
ARB_fragment_programaxtension.The medialaxisis ren-
dereddirectly from the GPUasavolumegrid.

7.1. Performance

We have applied our algorithm to 3D polygonal models.
Theseinclude scannednodelsand CAD models.Someof
themarenon-manifold.

Distance Field Computation: All the timings reported
in this paperwere generatedon a Pentium42:8GHz PC
with 2GB RAM and an NVIDIA GeForce FX 5900 Ul-

tra graphicscard, running Windows XP. We have com-
paredthe performanceof our distance eld computation
algorithm (DiFi) with the algorithm presentecby Hoff et
al. [HCK 99(called HAVOC), a software implementation
of CSC algorithm [Mau03, and an implementationthat
combinesHAVOC with CSC.The timings are presentedn

Tablel. In our benchmarksDiFi obtainsmorethantwo or-

ders of magnitudeover a software implementationof the
CScCalgorithmandmorethanoneorderof magnitudeper

formanceimprovementover an implementationrcombining
HAVOC and CSC for manifold objects.For non-manifold
modelswe obtain4 20timesspeedupmver HAVOC.

Medial Axis Computation: We have appliedthe distance
eld to computethe simpli ed medial axis of polyhedral
models.Thesimpli ed medialaxisfor two modelsis shavn

in Figure6. Our algorithmtakeslessthana secondo com-
putethemedialaxisof polyhedraimodelsconsistingof thou-
sand9f polygons.

Path Planning: We have appliedthe path planning algo-
rithm to anassemblyervironment(shavn in Figure8). The
ervironmentconsistof an articulatedrobotarmwith 6 de-
greesof freedomplacedin the middle of a complicatedpip-
ing structure.The robot arm reachedor a part moving on
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Model Polys  Resolution CsC

HAVOC HAVOC+CSC DiFi

Rotor 4736  4x128x128 59:22 6:33
Rotor 4736  8x254x254 42489 1873
Triceratops5660  128x56x42  127.81 211
Triceratops5660  254x111x84 990:48 6:33
Hugo 17000 73x45x128 X 30:55
Hugo 17000 145x90x254 X 10884
Head 21764 78x105x128 20112 37:89
Shell 22598 254x252x252 X 16297
Cassini 93234 186x254x188 X 35603
Dragon 108926 57x90x128 X 17113

3:98 0:61
1212 1:16
1:10 0:79
3:65 1:92
1924 422
75.85 8:63
1676 498
9531 779
29855 29:86
9569 2476

Table 1: DistanceField ComputationTimes(in secondsjo computetheglobaldistanceelds
usingapproacheby Mauch[Mau03 (CSC),Hoff etal.[HCK 99(HAVOC),animplementation
combiningCSCwith HAVOC on graphicshardware(HAVOC+CSC),andour algorithm(DiFi).
For theentriesmarked X, CSCalgorithmfails asthe modelcontainsCSC-irvalid sites.

a corveyor beltandavoids collision with obstaclesVarious
links ontherobotarmcomein closeproximity with the pip-
ing structuresWe areableto dynamicallycomputethe path
atinteractve ratesusingour fastdistanceeld computation
algorithm.

8. Analysisand Limitation

In this sectionwe analyzethe performancef our algorithm.
We highlightits computationatompleity andtheerrorsin
distancecomputationWe alsocomparets performancevith
earlieralgorithms.

We approximateeachnon-lineardistancefunctionwith a
polygonaldistancemesh.This introducesa tessellationer-

ror [HCK 99]. Thetessellaﬁlonerror is boundedby a user

&+ @2+ &2
dened e> 0. We sete= ——*—= so that the errorin

the distance eld is no morethan half the diagonallength
of agrid cell. As aresult,the main sourceof discretization
erroris grid resolution.Currentgraphicsprocessorsupport
24-bit depthbuffers, so the errorin depthcomputationrand
comparisonss relatively small.

Given a model with m sitesand a 3D grid of sizen =
N N N, thecostof computingthe distanceeld is pro-
portional to the numberof processeaells over which the
distanceunctionis evaluated.The optimal costfor comput-
ing the3D distanceeld is O(N3) = O(n). For aslices, the
optimalnumberof processedellsis éjl kljJQl W= N2. The
actual numberof processeaellsis a' P 1(9| . We de ne
thefollowing averagenumberof cellscweredby onesite:
LA
optimal= hjQ;ji = ,actual= hj@;ji = %
k
Thepersliceef ciency of ouralgorithmcanbemeasuredby

two ratios:the clampingefciency, ey, = :‘8”' andculling

a. 1 lQl K

_JkJ

efciency, ey = By . The average efciency per slice can

Figure 7: CassiniModel: A volume
renderingof the distance eld of the
Cassiniwith 93K polygons. The dis-
tanceto the surfaceis color coded,in-
creasingrom redto greento blue.

bede ned ashei = %é[}':lelk ey. Thetotal costof the
algorithmis O(n=hei), andis boundedbetweenO(n) and
O(mn). For CSC-irvalid sites, the clampingefciency ey
approache asthesitesareuniformly distributedonthe 3D
grid. For CSC-wlid sites,the compleity is similar to that
of the CSCalgorithm,i.e. O(m+ rn). However, our algo-
rithm obtainstighter boundson the parameter, r = 1=hei.

: _ 1
In practiceerx 1, thusr = P -

We sampleand rendersome of the distancefunctions
twice in orderto overcomethe samplingerrorsintroduced
by occlusionqueries.Moreover, to detectundersampling
errors,the distance eld is offset by a larger value of cell
size dxy, leadingto a more conserative estimateof the
potentially intersectingset. This extra computationis per
formedonly whenasiteis markedasrecedingdueto under
samplingandbecomesmallerat highergrid resolutions.

8.1. Comparison

We now provide a comparisorof our algorithm, DiFi, with
two previous algorithmsfor computing3D distance elds
using graphicshardware: HAVOC, and the algorithm by
Siggetal. [SPGO03.

HAVOC: DiFi is restrictedn thedistancgunctionshandled
comparedo HAVOC, sinceit assumeshatthe Voronoire-
gionsareconnectedlt canhowever handlea wide rangeof

distanceunctions,includingall theL , metrics,while giving

morethanoneorderof magnitudespeedupLike HAVOC, it

is applicableto genericmodelswithout connectiity infor-

mation,andhasthe sameerrorbounds.

Siggetal.: Thealgorithmby Siggetal. [SPGO03 is applica-
ble only to manifold surfacesand hasthe sameasymptotic
compl«ity asthe CSCalgorithm[Mau03, i.e. O(m+ rn).
It is particularly ef cient for computingthe distance eld
in narrov bandsaroundmanifold surfaces.For small band
sizes,the parameter is closeto unity. However, for com-
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Figure 8: Planningin an assemblyernvironment:Constraintoasedplanningin a dynamicenvironmentconsistingof 26:9k polygonsusing
distanceelds. The robotarmtracksa moving parton a conveyor belt, while avoiding contactwith otherobstaclesn the ervironment.Our
algorithmcomputeghedistanceeld atinteractive ratesandusesthedistanceeld to computea collision free path.

puting the global distance eld of comple environments
with multiple manifold surfacesandhigh depth-complity,
r canbe O(m). Distancescomputedby this algorithm are
exactup to GPU oating texture precision.The culling and
clampingtechniquesresentedn DiFi are complementary
to thosepresentedn [Mau03 SPGO03. In fact,theapproach
presentedn [SPGO03 canbe usedfor distanceeld compu-
tationof manifoldsitesinsideDiFi insteadof HAVOC. This
would give signi cant speedup®ver [SPG03 for comput-
ing global distance elds in comple ervironments.In par
ticular, we have demonstratethat DiFi providessigni cant
speedupsver HAVOC andCSCcombined.

8.2. Limitations

Our algorithm has certain limitations. Our distance eld
computationis performedon a uniform grid andits accu-
ragy is governedby grid resolution.Currentgraphicspro-
cessorprovideupto 4K 4K pixel resolutionandthis im-
posesan upperboundon the grid resolution.Even though
we useculling andclampingalgorithms the performancef
thealgorithmis still boundedby therasterizatiorcostor the
ll-rate. Moreover, someapplicationsrequirereadingback
thedistanceeld to the CPUandreadbacksanbe slow on
thePClbus.Ouralgorithmis bestsuitedfor computatioron
uniform grids andmay not resultin ary speedup$or adap-
tive distanceelds [FPRJOQ.

9. Conclusionsand Future Work

We have presentedan algorithmfor fastcomputatiorof 3D
discretizeddistance elds usinggraphicshardware.Our al-
gorithm usesa combinationof culling and clampingtech-
niquesto reducethe numberandsize of distancefunctions
thatarerenderedor eachslice. We useocclusionqueriesto
speedup thecomputatiorandhave presentec conserative
schemeo overcomesamplingerrors.We have usedour al-
gorithmto computedistance elds of comple« 3D models.
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Thedistanceelds areusedor computinghesimpli ed me-
dial axis andfor pathplanningin a dynamicervironment.
We achieve oneto two ordersof magnitudeimprovement
over prior algorithmsandimplementations.

Therearemary avenuesfor future work. We would like
to further improve the performanceby utilizing temporal
coherencebetweensuccessie framesfor dynamicor de-
formablemodels.We would alsolik e to useour algorithm
for otherapplications,ncluding dynamicsimulation, mor
phingandproximity computations.
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