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Abstract

We presenta system,ESOLID, thatperformsexactboundaryeval-
uationof low-degreecurvedsolidsin reasonableamountsof time.
ESOLID performsaccurateBooleanoperationsusingexact repre-
sentationsand exact computationsthroughout. The demandsof
exact computationrequirea different set of algorithmsand ef�-
ciency improvementsthanthosefoundin atraditionalinexact�oat-
ing point basedmodeler. We describethesystemarchitecture,rep-
resentations,andissuesin implementingthe algorithms. We also
describea numberof techniquesthat increasetheef�ciency of the
systembasedon lazy evaluation,useof �oating point �lters, arbi-
trary �oating point arithmeticwith errorbounds,andlower dimen-
sionalformulationof subproblems.

ESOLID hasbeenusedfor boundaryevaluationof many com-
plex solids. Theseincludeboth syntheticdatasetsandpartsof a
Bradley FightingVehicledesignedusingtheBRL-CAD solidmod-
eling system.It is shown that ESOLID cancorrectlyevaluatethe
boundaryof solids that are very hard to computeusing a �x ed-
precision�oating point modeler. In termsof performance,it is
aboutanorderof magnitudeslower ascomparedto a �oating point
boundaryevaluationsystemon mostcases.

Keywords: Exact Computation,BoundaryEvaluation,Robust-
ness,SystemImplementation

1 Intr oduction

A key operationin solid modeling systemsis boundaryevalua-
tion, or computingthe boundaryof Booleancombinationsof two
or moresolids.A numberof algorithmshave beenproposedin the
literaturefor boundaryevaluation,however thesearehardto imple-
mentbecauseof accuracy androbustnessproblems. Theseprob-
lemsareparticularlysigni�cant whendealingwith curved primi-
tives. In general,geometriccomputationson non-linearprimitives
aremoresusceptibleto inaccuraciesin representationandcompu-
tation. As a result,designinga reliablesolid modelingsystemfor
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graphicsandCAD/CAM applicationsremainsa majorchallenge.
Thedif�culties in developinga reliableor consistentsolidmod-

elerusingonly �x ed-precisionarithmeticarewell known [17, 21,
22,24, 25,30, 42,48, 49]. Beyondthereliability of individualsolid
modelingsystems,numericalinaccuracy playsa signi�cant role in
problemsof datatransfer. This leadsto anestimatedlossof more
than$1 billion annuallyin theU.S.automobileindustryalone[6].
Many solutions,basedon symbolicrelationships,tolerances,inter-
val arithmetic,perturbationtechniques,etc.have beenproposedto
increasethe accuracy androbustnessof boundaryevaluationsys-
tems.Onesuchapproachto this problemis theexactcomputation
paradigm[47], whicheliminatesnumericalerrorin geometriccom-
putationsentirely.

In practice,most approacheshave beenappliedto polyhedral
modelsonly. In particular, techniquesbasedon exactarithmeticor
representationsareregardedasextremelyslow andimpracticalfor
non-linear(curved)models.Worst-caseanalysisof exactcomputa-
tion for curvedobjects(e.g.[49]) hasfurther fueledtheperception
thatexactcomputationon curvedsolidsis completelyimpractical.
Our work addressesthis by demonstrating,for the �rst time, that
anexactcomputation-basedapproachcanachieve reasonableef�-
ciency on curvedsolidswhile eliminatingnumericalerror.

1.1 Main Results

We presenta system,ESOLID, thatperformsexactboundaryeval-
uationof low-degreealgebraiccurvedsolidsin reasonableamounts
of time. ESOLID computesaccurateBooleancombinations,main-
taining exact representationsthroughout. We describea number
of techniquesthat improve the ef�ciency of the system. These
include lazy representationsandevaluation, �oating point �lters,
useof arbitrary precision�oating-point arithmeticwith tight er-
ror bounds,low-dimensionalformulationof subproblems,etc. ES-
OLID hasbeenappliedto a numberof complex solid models,in-
cludingbothsyntheticmodelsandmodelsdesignedusingtheBRL-
CAD solid modelingsystem.We have comparedits performance
with a boundaryevaluationsystembasedon �oating-point compu-
tation. In termsof performance,ESOLID is lessthanoneorderof
magnitudeslower in mostcasesandno more than two ordersof
magnitudeslower in theworstcase.However, ESOLID caneasily
handlecasesthatarevery hardto handleby �x edprecisionbound-
ary evaluationsystems.To thebestof our knowledge,thereareno
previousexactimplementationsof boundaryevaluationthatachieve
comparablespeedson real-world examples.

1.2 Exact Computation

Theprimaryreasonfor usingexactcomputationhasbeento ensure
consistencyin operationsby eliminatingnumericalerror accumu-
lation in intermediatecomputations.Althoughinputdatamightnot
be exact (e.g. positionsmay be inaccurateor “noisy,” andcertain
desirablerotationscannot berepresentedexactly by rationalnum-
bers),exact computationis still very useful. Without exact com-
putation,errorsbuild up in intermediatecomputation,resultingin



inconsistentintermediatedatathatcancauseprogramcrashesand
incorrector invalid output. ESOLID makes a particularinterpre-
tation of the given data,thenusesexact computationfor all oper-
ationson the dataandexact representationsfor intermediatedata.
This eliminatesproblemsdueto intermediateerrorbuildup.

1.3 Paper Outline

We presentherethe issuesandchallengesinvolved in implement-
ing an ef�cient exact solid modelingsystemfor curved solids. In
section2 wedescribepreviouswork thathasledto thedevelopment
of ESOLID. In section3 we give anoverview of ESOLID, break-
ing it into its majorcomponents.In section4, we describesomeof
themajorchallengesencounteredin implementingESOLID,along
with thesolutionsthatwe used.We discussthevarioustechniques
usedto increaseef�ciency in section5. Section6 presentsthe re-
sultsof ESOLIDappliedto bothsyntheticdatasetsand“real world”
examples.Finally, section7 concludeswith a summaryof impor-
tantlessonslearnedin theprocessof implementingESOLID.

2 Previous Work

2.1 Boundar y Evaluation

Boundaryevaluationis a well-studiedproblemin solid modeling.
Braid [4] provided one of the earliesttreatments,and Requicha
andVoelcker [41] provided a comprehensive descriptionof basic
boundaryevaluation. Casaleand Bobrow presentedone of the
�rst detaileddescriptionsfor boundaryevaluationfor curvedsolids
[7]. Today, thebasicapproachesfor boundaryevaluationarewell-
understood,andhave beenincorporatedinto textbooks[23, 38].

More recently, robustnessin boundaryevaluation has gained
greaterattention.Someresearchershave focusedon theuseof ex-
act computationfor polyhedralsolids. This work includesthat of
SugiharaandIri [45], Yu [49], Benouameretal. [2], Sugihara[44],
and Fortune[17]. Othershave proposedmethodsfor increasing
robustnessthatdo not rely on exactcomputation.For eliminating
numericalerrorsin boundaryevaluationoncurvedsolids,thework
hasbeenmuch more limited. Yu hasexplored sometheoretical
boundsof exactcomputation[49], Fanget al. have exploredtoler-
ancemethodsfor boundaryevaluation[16], Hu etal. haveexplored
interval computationsandrepresentations[24, 25], andDesaulniers
andStewarthavegivenlimited resultsontheinterpretationof (pos-
sibly inconsistent)output[12].

RequichaandVoelcker have listedandsummarizedmany of the
earliestsolid modelingsystems[40]. Solid modelingsystemshave
continuedto bedevelopedin recentyears,suchastheCSG-based
BRL-CAD systemfrom the Army ResearchLab [14, 13] andthe
IRIT system[15], andresearchsystemscreatedto demonstratenew
robustnesstechniques.Examplesof thosesystemsareonesby For-
tune[17], Jackson[26], Benouameret al. [2], Fanget al. [16], and
Hu et al. [24, 25].

2.2 Exact Computation

A signi�cant amountof work hasbeendoneon exactcomputation
in computationalgeometry, solid modeling,andsymboliccompu-
tation. Among the methodsusedto increasethe ef�ciency of ex-
act computationsare thosebasedon interval arithmetic[29, 27],
�oating-point �lters [18, 19], lazy arithmetic[2], tunedcomputa-
tions[18, 19], precision-drivencomputation[47], minimizedinter-
mediatecomputation[8, 5], fasthardware computation[43], and
modulararithmetic[18, 5]. Librariessupportingbasicexact com-
putationhave beendeveloped,with LEDA [39] and CORE [28]
beingnotableexamples.Theselibraries,however, supportonly lin-
earcomputationsanda limited setof algebraiccomputations,and

arenot suf�cient for generalboundaryevaluationproblems.While
someexact methodshave beenapplied to polyhedralsolids, we
arenotawareof any previouspracticalimplementationsfor curved
solids.

2.3 Exact Boundar y Evaluation on Non-linear Primi-
tives

Keyser et al. previously presented[30, 31, 32] the outline of an
approachfor exact boundaryevaluation. While this approachhas
guidedour laterwork, thework presentedherebuildsonthisprevi-
ous work and signi�cantly extendsthe resultspresentedin those
papers. Other relevant previous work by Keyser et al. includes
the MAPC library [33]. MAPC providesdatastructuresandrou-
tinesfor polynomials,algebraicplanecurves,andtwo-dimensional
pointswith algebraiccoordinates.TheMAPC datastructuresand
routines,whichweredevelopedin theprocessof implementingES-
OLID, form a primarybuilding block for ESOLID.

3 ESOLID Overview

ESOLIDis asystemfor performingexactboundaryevaluation.In-
put is supportedfor several primitives (including the “CSG stan-
dardprimitives” [23]), storedin a CSGtreethatallows union, in-
tersection,anddifferenceoperations,aswell astransformationsby
a 4 
 4 matrix (seesection3.3 for a more detaileddiscussionof
input). Theinternalrepresentationsupportsmanifoldobjectsmade
upof trimmedpatcheswith surfacesexpressedasrationalfunctions
of polynomialswith rationalcoef�cients.

Note that ESOLID is designedto work correctly for surfaces
of arbitrarydegreeandcomplexity. For ef�ciency reasons,how-
ever, only low-degree (algebraic degree four or less) surfaces
are practical—higherdegree surfacestend to take unreasonable
amountsof timeandmemory. With eachoperation,ESOLIDdeter-
minestheboundaryof theresult,updatingall geometryandtopol-
ogy to storethe resultingobject. Booleanoperationsarenot sup-
portedfor degeneratecon�gurationsof objects.Thusinput, inter-
mediaterepresentations,and output must all be manifold solids,
intersectioncurves may not have singularities,surfacesof differ-
ent objectsshouldnot overlap,etc. Currently, output is provided
in one of two forms: either a human-readableexact output suit-
ablemainly for testinganddebugging, or an approximateoutput
of trimmedBezierpatches,usefulmainly for visualization(e.g.the
picturesshown here).

Below, webrie�y discussthearchitectureandrepresentationsof
ESOLID, theprocessof boundaryevaluation,andinput considera-
tions.

3.1 Architecture

ESOLID consistsof approximately45,000linesof C++ code,im-
plementedon top of the LiDIA library [3]. LiDIA provides data
structuresand routinesfor exact arithmeticon rational numbers.
Other libraries (suchasLEDA [39]) for exact rationalarithmetic
couldeasilybeusedinstead.

Solids in ESOLID are representedas B-reps broken up into
trimmedparametricpatches.A surfacewith botha parametricand
implicit form de�ned is associatedwith eachpatch. The intersec-
tions of suchsurfacesarestoredasalgebraicplanecurves in the
parametricpatchdomain.Theseintersectioncurves(whichbecome
trimming curvesin a �nal solid afterboundaryevaluation)aretyp-
ically not parameterizable.So, intersectioncurves(andtrimming
curves)arestoredin implicit form with endpoints.Theseendpoints,
sincethey can be the intersectionof two algebraicplanecurves,
canhave irrationalalgebraiccoordinates.ESOLIDusestheMAPC



representationfor points,which involvesrepresentingpointsas2D
intervalsthatareguaranteedto containauniqueintersectionof two
algebraicplanecurves.Theinterval endpointsarerationalnumbers,
andtheinterval sizecanbereducedon demand.

A diagramshowing the organizationalstructureof ESOLID is
givenin �gure 1. Theportionsof ESOLID thatareincorporatedin
MAPC arerepresentedasanexternallibrary in the�gure.

� MAPC provides routines for handling polynomials
(K_POLYs), algebraicplanecurves(K_CURVEs), andboth
1D points (K_POINT1Ds) and 2D points (K_POINT2Ds)
with algebraiccoordinates[33]. It includes routines for
determiningthe topology of algebraicplane curves over a
limited domainand intersectingtwo algebraicplanecurves.
MAPC, which wasdevelopedin theprocessof implementing
ESOLID,providesa fundamentalbuilding block for theother
ESOLIDclasses.

� A K_SURF is the ESOLID representationfor a surface. It
includesK_POLYs thatdescribetherationalparametricform
of thesurface,aswell asa K_POLY giving theimplicit form.

� A K_PATCH describesa single patch in the B-rep. A
K_PATCH includesa K_SURFde�ning the surface,LiDIA
bigrationalsde�ning the domainboundaries,and arraysof
K_CURVEsde�ning trimmingandintersectioncurves.Trim-
mingcurvesde�ne theboundaryof thepatch,andintersection
curvesindicatewherethepatchintersectspatchesof another
solid. Eachcurve,of eithertype,is associatedwith aK_SURF
thatintersectsthepatch.TheassociatedK_SURFsarekeptin
anarrayparallelto thearrayof K_CURVEs. In somecases,
theassociatedK_SURFis theK_SURFof a differentpatch.
In othercasesit only existsto determinea boundarybetween
adjacentpatches,sothat,e.g.,a spheremaybeparameterized
usingmultiplepatches.

� A K_PARTITION describesone subpatchformed during
boundaryevaluation. It includesdatadenotingthe particu-
lar curvesin anassociatedK_PATCH structurethatde�ne the
K_PARTITION.

� A K_SOLID describestheoverall solid, andis madefrom a
groupof K_PATCHs.K_SOLIDsaretheinputandoutputfor
boundaryevaluation. They canalsobe formedfrom collec-
tionsof K_PATCHs,groupsof K_PARTITIONs coupledwith
topological information, and conversionof input CSG data
(from BRL-CAD).

� Topologicalconnectivity informationis keptin theindividual
classes.Eachfacestoresthe list of trimming curvesandthe
adjacentfacealongeachcurve. Eachcurve (edge)storesthe
adjacentvertices.Thesame3D curve or point is oftenstored
in more than one 2D patch domain. These“associations”
(pointersto an equivalentpoint or curve in anotherdomain)
arealsostoredandareimportantin boundaryevaluation.An
overall topologicalgraph(K_GRAPH) is constructedasnec-
essaryduring laterstagesof boundaryevaluation. Detailsof
thetopologicalinformationstoredandproofof its suf�ciency
aregivenby Keyser[34]. Notethatbecauseof theuseof exact
computation,storingredundanttopologicalinformationdoes
not leadto robustnessproblems.

� Not shown in the �gure, the PRECISE library [37] can be
optionally includedasa part of MAPC to speedup calcula-
tions involving algebraicnumbers.PRECISEis anextension
of the rangearithmetictechniquesdevelopedby Aberth and
Schaefer, andimplementedin their range library [1].

K_PARTITION K_GRAPHK_PATCH

BRL-CAD ConvertersBoundary Evaluation

Graph Algorithms

K_SOLID

MAPC

K_SURF

LiDIA

Figure1: Themajorpartsof ESOLID.Shadedboxesindicateexter-
nal librariesusedin ESOLID (includingMAPC). A solidarrow in-
dicatesthatonelibrary or structureis anecessarypartof another. A
dashedarrow from onestructureto anotherindicatesthatthesource
structurecanbeusedto createthedestinationstructure.

3.2 Boundar y Evaluation

Boundaryevaluationis de�nedwithin theK_SOLID class.Thetra-
ditional two-stageapproachto boundaryevaluationis followed in
ESOLID.In the�rst stage,thepatchesareintersectedpairwise,par-
titioning theminto separatecomponents.In the secondstage,the
partitionsareidenti�ed andselectively stitchedtogetherto form the
�nal solid. Although this traditionalapproachis well-understood
andstraightforward,anumberof individualstepsmustbemodi�ed
considerablyin orderto allow it to beusedin anexactcomputation
scheme.Previouspapershavedescribedsomeof theseissuesin de-
tail [31, 32], but actualimplementationhighlightedtheimportance
of otherissues(e.g.curve correspondence)thathadnot beencon-
sidered.Only a brief overview will be given here,althoughsome
stepsaretreatedin moredetailin section4.

Theprocedureis asfollows:

� For eachpairof patches:

– Generatean intersection curve in thedomainsof the
patchesby substitutingtheparametricrepresentationof
eachpatchinto the implicit representationof theother
patch.Eachintersectioncurve is representedasthezero
setof a bivariatepolynomial.

– Resolvethe topologyof theintersectioncurves(i.e.de-
terminetheir structurein thepatchdomain).

– Intersect the intersection curve with the trimming
boundary, determiningthe position of eachintersec-
tion point in the domainof both patches(point inver-
sion).

– Determine the curve correspondence, that is, how the
individual portionsof the algebraicplanecurve in one
patchdomainrelateto thosein theotherdomain.

– Clip theintersectioncurvesin eachdomainsothatonly
theportionsinsidethetrimmedregionsof bothpatches
aremaintained.

� For eachpatch:
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Figure2: A summaryof the� ve mainstepsin the�rst stageof the
boundaryevaluationalgorithm.Arrowsshow how thebasicdataand
kerneloperationsareusedin thevarioussteps.At top arethesteps
in boundaryevaluation,in themiddlearethekerneloperations,and
at bottomarethedatastructuresfor theinputsolids.

– Merge intersectioncurves from the patch/patchinter-
sectionsto form patch/solidintersectioncurves.

– Partition the patch into differentcomponentsbasedon
thetrimming curves.

– Classifypartitions asto whetherthey areinsideor out-
sideof theothersolid by classifyinga point contained
in eachpartition.

– Basedon the Booleanoperation,choosethe correct
componentsfrom eachsolid to build the �nal solid,
updatingall topologicalinformation.

Theseoperationsare built on a set of “kernel operations”in-
cluding curve-curve intersection,curve topology, point genera-
tion/location,andimplicit surfacegeneration.Curve-curve inter-
sectionandcurve topology area part of MAPC, andthe new al-
gorithmsdevelopedfor themhavebeenhighlightedelsewhere[33].
Point generation refersto quickly generatinga point with ratio-
nal coordinatesthat lies on the surfaceof an object. Point loca-
tion refersto classifyingwhethera 2D point lies insideor outside
the trimmed region of a patch,or whethera 3D point lies inside
or outsideof anothersolid. Implicit surfacegeneration refersto
creatinganimplicit surfacegiveninformationaboutaspeci�c para-
metriccurveand/orpatch.Theef�ciency of thesekerneloperations
hasa tremendouseffect on theef�ciency of theentiresystem.Fig-
ures2 and3 show the relationshipsbetweenthekerneloperations
and the stepsin boundaryevaluation. Also shown in the �gures
is the way that the point (K_POINT), curve (K_CURVE), patch
(K_PATCH), and topologicaldataare usedin the variouskernel
routinesandstepsof boundaryevaluation.

3.3 Input Considerations

From the beginning, ESOLID was intendedto handledatafrom
real-world examples,meaningdatanot developedspeci�cally to
testexact boundaryevaluation. The BRL-CAD [14, 13] datafor-
matwasusedasthemodelfor theinputacceptedbyESOLID.BRL-
CAD is aCSG-basedsolidmodelingsystemdevelopedattheArmy
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Figure3: A summaryof thefour mainstepsin thesecondstageof
theboundaryevaluationalgorithm.Arrowsshow how thebasicdata
andkerneloperationsareusedin thevarioussteps.At top arethe
stepsin boundaryevaluation,in the middle arekerneloperations,
andat bottomarethedatastructuresfor theinput solids.

ResearchLabandusedfor avarietyof defenseapplications.Specif-
ically, we focusedon theBradley FightingVehiclemodelprovided
to uscourtesyof theArmy ResearchLab. It provideda large,com-
plex, real-world exampleon which previous boundaryevaluation
attemptshadprovendif�cult. While BRL-CAD supportsa number
of primitive CSGsolids,mostof them, including all thoseprim-
itives usedin the Bradley, containonly low degree(surfacesno
morethandegreefour), sowe focusedoureffortsonhandlingsuch
low-degreecasesef�ciently .

BRL-CAD representsall transformationsastransformationma-
trices.Transformationmatricesaretheonly methodcurrentlysup-
portedby ESOLID for specifyingtranslations,rotations,etc. Note
thattransformationmatricescanbeinputexactly, while othertrans-
formationdescriptions,suchas“rotation by X degrees,” might not
have anexactrepresentationusingrationalnumbers.

Although routineshave beendevelopedto convert BRL-CAD
data�les into the ESOLID input format, ESOLID is not limited
to BRL-CAD data. Any datathat canbe expressedby the struc-
turesgiven in section3.1 canbeusedin ESOLID. Note,however,
thatonly low-degreesurfaceswill yield reasonablerunningtimes.
Therearesomeotherminor restrictions(e.g.thesurfacesmustbe
one-to-onemappingsover thepatchdomain),however thesearenot
signi�cant for themostcommonCSGprimitives.See[34] for con-
versionof severalcommonCSGprimitivesto theESOLIDformat.

By default,ESOLID will treatinput asexact.However, asmen-
tionedin section1.2,thepurposeof exactnessis mainly just to en-
sureconsistency. Routinesare includedin ESOLID that allow a
usertheoptionof perturbinginputdatato achieveaparticularinter-
pretation.For example,thefour verticesof a faceof aninput rect-
angularparallelepipedmightnotbecoplanar, dueto roundoff error
in theinput �le. Optionsareprovidedto eithertreatthefaceasabi-
linearpatch(an“exact” interpretation),or to �t planesto eachface
thenform new verticesat the intersectionsof the faces(the “per-
turbed”interpretation).As long assuchinterpretationis madeonly
at the original input stage,andnot in intermediatecomputations,
theconsistency providedby exactcomputationis maintained.

Finally, ESOLIDinput is restrictedto non-degeneratecon�gura-



tions. Although certaindegeneraciesare accountedfor and han-
dled within ESOLID, other degeneraciescan causeESOLID to
fail. Many real-world examples(includingseveralfrom theBradley
FightingVehicle)containnumerousdegeneracies.ESOLIDcannot
beconsidereda robustsystem,in termsof handlingall possiblein-
put con�gurations. However, ESOLID's eliminationof numerical
errorincreasesrobustness(overaninexactsystem),andsincetreat-
ing numericalerror is an importantprerequisiteto fully handling
degeneracies,ESOLIDsupportsfuturetreatmentof degeneracies.

4 Challeng es

A numberof challengeswerefacedin thedevelopmentof ESOLID.
Amongthesewerecreatingthenecessarydatastructuresandalgo-
rithmsfor exactcomputationandpropagatinginformationbetween
thepatches.A primaryconcernwasef�ciency, andthis is discussed
furtherin section5.

4.1 Exact Data Structures and Algorithms

Onemajorobstacleencounteredin implementingESOLIDwasthe
lack of existing library supportfor exact computation. While li-
brariesexist for exact rational numbercomputation,none were
foundfor algebraicnumbercomputation,exceptgeneralcomputer
algebrasystems.Becauseof their generality, thesecomputeralge-
brasystemsdonotprovidethelevel of ef�ciency neededfor bound-
ary evaluation. Also, librariesproviding geometricdatastructures
tendto focusonlinearstructures(andoccasionallycircles).A more
generallibrary for representingcurvesexactlywasnot found.

We developedthe MAPC library to meetthis need. Although
gearedspeci�cally to the boundaryevaluationproblem, the data
structuresand routines for polynomials, points, and 2D curves
thatMAPC provideshave beenappliedto otherproblems,aswell
[10, 46, 20]. As librariesaredevelopedthatsupportexactcompu-
tation,oneof the majorhurdlesto exact implementations(lack of
library/compiler/hardwaresupport)will graduallybelowered.

4.2 Transf erring Data Between Patches

Many sub-algorithmsusedin boundaryevaluationinvolve transfer-
ring the datafrom the patchof onesolid to the other. Two major
examplesof this arepoint inversion(part of the intersectingcurve
step)andthecurve correspondencestep(seesection3.2).

In thesecases,themostobviousanddirectapproachwouldbeto
treattheproblemin 3 or moredimensions.This provesto beprob-
lematic,however. First, exactoperationsin higherdimensionsare
generallyextremelyslow. Second,andperhapsmorefundamental,
new datastructuresmight be necessaryto perform suchcompu-
tations. For example,the intersectioncurve betweentwo patches
is representedasa 2D curve in eachpatchdomain—thealgebraic
spacecurve is not explicitly represented.We presentalgorithms
for point inversionandcurve correspondencebasedon the lower-
dimensionalrepresentation.

4.2.1 Point Inversion

A point in thedomainof a patchP1 determines,via theparameter-
ization,a point � in 3-space.If � is in theintersectionof P1 with
anotherpatchP2, it may benecessaryto �nd the inverseimageof

� undertheparameterizationof P2. Thisprocessis point inversion.
Pointinversioncanbeviewedasa problemin asmany assevendi-
mensions(thetwo dimensions,sandt of P1, thetwo dimensions,u
andv, of P2, andthethreespatialdimensions(x 
 y
 z)). Theproblem
is easilyreducedto four dimensions:

Fx �

s
 t ��� Gx �

u 
 v�

Fy �

s
 t ��� Gy �

u 
 v�

Fz �

s
 t ��� Gz �

u 
 v�

whereone wants to �nd a particular
�

u 
 v� interval (the inverted
point) correspondingto a given

�

s
 t � interval. This four dimen-
sional operationis still too time-consumingto yield an ef�cient
implementation.Fortunately, we canreducethe computationto a
seriesof 2D andsimple3D calculations,aspresentedhere:

In thedomainof P1, � is describedasa particularintersection
of two curves, f

�

s
 t ��� 0 andg
�

s
 t ��� 0. In boundaryevaluation,f
andg will alwaysbeeitherintersectionor trimming curves. Thus,
f is the intersectionof a surface,S1 �

x 
 y
 z��� 0 with P1, andg is
the intersectionof a surface,S2 �

x 
 y
 z��� 0 with P1. In all cases
wherepoint inversionis necessary, eitherS1 or S2 (sayS1, for this
example)is thesurfacecorrespondingto thepatchP2.

The intersectionof P1 with P2 is alreadycomputedasa curve,
f̃

�

u 
 v��� 0 in P2's domain. The intersectionof S2 with P2 is now
computedin theform g̃

�

u 
 v��� 0. Next, the intersectionsof f̃ and
g̃ arecomputed.This yields a setof points, p1 
 p2 
�������
 pn, oneof
whichmustbetheinvertedpoint.

Note that if S1 or S2 is self-intersecting(i.e. it doesnot have a
one-to-onecorrespondencebetweenthe domainand the surface),
thentheremaybemorethanonepossibleinvertedpoint. We avoid
suchcasesby always dividing primitive input solids into patches
suchthateachpatchhasa one-to-onemappingover thepatchdo-
main.By decomposingsolidsappropriately, this is alwayspossible
for thepatchesof thecommonCSGprimitives[34].

To this point, only 2D operationshave beenrequired.Very ba-
sic 3D operationsarenow usedto determinewhich of the pi is the
invertedpoint. We �nd a 3D interval (in x 
 y
 z space)bounding
eachpi . This canbedoneby substitutingthe2D interval bounding
pi into the parametricform of the P2's surface,S1. Interval arith-
meticoperationsdeterminetheboundsfor a3D interval guaranteed
to bound pi . Theseintervals arecomparedto an interval bound-
ing � (generatedfrom the2D interval in P1's domain). Typically,
only onepi hasanoverlappinginterval andthiswill betheinverted
point. If two or more intervals overlap � 's interval, the involved
intervalscanbereduced.This is doneby reducingthe2D interval
surroundingeachpoint (a functionprovided in MAPC), construct-
ing a new 3D interval from that2D interval, anditeratinguntil the
ambiguityis resolved.

In this way, point inversionhasbeenconvertedfrom a higher-
dimensionalprobleminto aseriesof 2D computations(curve-curve
intersections),alongwith somesimple3D interval matchingcom-
putations.

4.2.2 Curve Correspondence

Curvecorrespondencerefersto �nding theorientationof acurve in
onepatchdomainrelative to thesamecurve representedin thedo-
mainof anotherpatch.Eachalgebraicplanecurve hasa direction
inducedon it in thedomainof thepatch.Thealgebraicplanecurve
(in the parameterspace)is part of a curve in threespatialdimen-
sions.This 3D curve (or a portionof it), representedin thedomain
of a differentpatch,mayhave eitherthesameor anoppositeorien-
tation from the original algebraicplanecurve. A commonway to
computecurve correspondenceis to tracethecurve in threedimen-
sions.However, mosttracingmethodsareapproximate,andsubject
to numericalerror. Furthermore,it is preferableto rely on only 2D
operations,for ef�ciency reasons.

Beforecurve correspondenceis calculated,the pointsat which
a curve intersectsthe trimming curvesof a patcharedetermined.
By point inversion,the locationsof thesepointsarefound in both
relevant patchdomains. If a connectedcurve intersectstrimming
curves in 3 places,then the threeresultingpointscan be usedto
determinea directionfor the curve in both patches,andto verify



thata particularportionof thecurve in onepatchdomain(bounded
by two of the points)correspondsto a given portion in the other.
If thereareonly two intersections,anadditionalpoint canbegen-
eratedto determinethis information.Thus,invertedpoint informa-
tion is usedinsteadof curvetracingto transmitorientationfrom one
patchdomainto theother. Moredetailson thisalgorithmandsome
relatedassumptionsaredescribedby Keyser[34].

5 Ef�cienc y Considerations

A majorconcernin theimplementationof ESOLID wasto make it
asef�cient aspossible.Thegoalwasto createan implementation
that was one to two ordersof magnitudeslower than an inexact
implementation(i.e. takingno morethan10–100timesaslong) on
real-world examples.In orderto achieve this,anumberof different
speeduptechniqueshadto becombined.

In orderto understandcertainspeedups,mentionmustbemade
of Sturmsequences.Sturmsequencesareatechniqueusedto count
the numberof real roots of a polynomial in an interval. Sturm
sequenceoperationsinvolve generatingandevaluatinga seriesof
polynomials(seeelsewherefor a morecompletedescription[11]).
Sturmsequences,alongwith resultantcalculations,form thebasis
for the curve-curve intersectiontestsimplementedin MAPC, and
playa majorrole in ESOLID'sef�ciency.

5.1 Speedups

Numerousspeeduptechniqueswere employed in ESOLID, and
spacepermitsonly a brief mentionof eachtype here. References
areprovidedto prior usesof thetechniques,thoughnotnecessarily
in thewayusedin ESOLID.

� Lazy evaluation attemptsto postponehigh-precision(i.e.
time-consuming)computationsas long as possiblein hope
thatthey will notbenecessary[2]. Lazyevaluationis applied
to bothpoint representations(intervalssurroundingalgebraic
coordinatesarereducedonly asneeded)andcurverepresenta-
tions(curvesaresubdivided into segmentsasneeded)in ES-
OLID.

� Quick rejection techniquesinvolve quickly identifying cases
wherecomputationcan be avoided entirely. Interval arith-
metic[29, 27] is sometimesusedto avoid morecomplicated
algebraiccalculationsinvolving curvesandpatches(e.g.de-
termining whethera curve can intersecta particular patch
boundary). Af�ne arithmetic [9] , closely relatedto interval
arithmetic, can be usedto speedup polynomial sign tests
by providing tight error boundsand an ef�cient implemen-
tation whenevaluatingan interval in a polynomial. Interval
arithmeticbasedon both exact rational interval boundsand
on IEEE �oating-point interval boundshasbeenusedin ES-
OLID. Theuseof boundingboxesisanotherwell-known tech-
niquefor quick rejection,andis partof thepoint, curve, and
patchrepresentationsin ESOLID.For example,patchbound-
ing boxes are comparedto eliminate caseswhere patches
clearlydonot intersect.

� Simpli�ed computation refers to substitutingfast, simple
computationsfor morecomplex ones.As anexamplein ES-
OLID, qualitativeinformationcanbemaintainedwith points
to allow nearly instantaneousequality checking in certain
cases,as opposedto the rathertime-consumingexact alge-
braic numbercomparisonsusedotherwise. Algorithms can
make useof problem-speci�cinformationto avoid moregen-
eral,andthusmoretime-consuming,computation.For exam-
ple,curve-curve intersectionis greatlysimpli�ed if thecurves

arefound to behorizontalor vertical. Algorithmsdeveloped
for MAPC [33] useknowledgeaboutthe limited domainto
performmore ef�cient curve-curve intersectiontestsand to
determinecurvetopology. A third exampleof simpli�ed com-
putation in ESOLID is interval reductionfor intervals sur-
roundingalgebraicnumbers.If analgebraicnumberis a sim-
ple root, its de�ning polynomialwill benegative on oneside
of therootandpositive on theother(andwhich sideis which
is alreadyknown), thus allowing a simple polynomial sign
test(ratherthana full Sturmsequenceevaluation)to reduce
thewidth of theinterval.

� Lower-dimensionalformulation of severalpartsof thecom-
putationalso leadsto greatef�ciency improvements. With
exact computationespecially, the higher the dimensionof
the problem, the longer the computationtakes. It is often
muchfasterto replacea singlehigher-dimensionalcomputa-
tion by oneor morelower-dimensionalcomputations.Exam-
plesof this in ESOLID arepoint inversionandcurve corre-
spondence(seesection4.2), the overall boundaryevaluation
algorithm (all points, curves, and computationsare in only
two dimensions),andcurve-curve intersection(2D computa-
tion replacedby a resultantanda seriesof 1D computations
[33]).

� Floating-point evaluations arestill very usefulasa speedup
technique,even thoughthey might not be exact. Floating-
point �lter s [18, 19] area way of avoiding certainexpensive
exactcomputationsby computingin �oating-point hardware,
but maintaininganerrorbound. If theerror is smallenough,
a decisionis madebasedon the result of the computation,
but without exact arithmetic. This is usedto avoid certain
Sturmsequencecalculationsin ESOLID.Anothertechnique,
�oating-point guidedcomputationhasprovenevenmoreuse-
ful for dealingwith algebraicnumbers.This refersto mak-
ing a “guess”of a root using�oating-point techniques(with
no error bound),thenusingexact methodsto verify that the
guesswas close enoughto the real answer. For example,
rootsof apolynomialcanbeapproximatedusinganimprecise
method(e.g.Newton'smethod),thenSturmsequencescanbe
usedto verify that the right numberof rootswasfound,and
that a small interval aroundeachapproximateroot contains
the true root. Thusa tight, guaranteed, exact boundis gen-
eratedfasterthan by standardinterval bisectiontechniques.
Arbitrary-precision �oating-point computationscan also be
used.This meansthat �oating-point numbersarerepresented
using any numberof bits. Although slower than standard,
hardwaresupported,IEEE �oating-point computations,such
�oating-point numberscanprovide precisionfrom the IEEE
level (53 bits) all the way up to exact �oating-point calcula-
tions. This allows �oating-point �lters with varying levelsof
accuracy. The PRECISElibrary [37] implementsarbitrary-
precision�oating-point computation.It is anextensionof the
rangearithmeticpresentedby Aberth andSchaeferand im-
plementedin their rangelibrary [1]. ESOLID optionally in-
cludesPRECISEwithin MAPC aspartof a �lter for speeding
upSturmsequencecomputations.

5.2 Layering Speedups

ESOLIDappliesall of thespeedupslistedaboveinto amultilayered
approach.As an example,the processfor reducingthe sizeof an
interval surroundingan algebraicroot (in onedimension)will be
described.This interval reductioncomputationis in turn part of
morecomplex computationsthatincorporatemoreof thespeedups
listedabove.



� Themidpointof theinterval is determined(or anotherpoint is
provided).

� If theroot is simple,thede�ning polynomialwill bepositive
on oneside,negative on theother. Thesignsat theupperand
lower interval boundsareknown beforehand.Thus,only the
signat themidpointneedsto bedetermined:

1. Apply a �oating-point �lter to try to determinethesign
of thepolynomialat thepoint.

2. If that fails, evaluatethe polynomialusingexact com-
putation.

� Otherwise,aSturmsequencecalculationat themidpointmust
beperformed:

1. Use �oating-point �ltered computationto attempt to
evaluatetheSturmsequence.

2. If that is unsuccessful,usearbitrary-precision�oating-
point computation(PRECISElibrary) to determineand
evaluateanapproximateSturmsequence.

3. Determinepolynomialsfor Sturmsequenceexactly, and
evaluatesignsusinga multilevel approachasdescribed
above.

5.3 Effectiveness of Diff erent Techniques

Many of thespeeduptechniquesweusehavebeenusedindividually
in previousapplicationswith goodsuccess.Combiningtechniques,
however, doesnot necessarilycombinetheeffectivenessof the in-
dividual techniques.Therearetwo reasonsfor this.

First, certaintechniquestend to speedup the samecases.For
example,thecaseswhereexactaf�ne arithmetic[9] is mosteffec-
tive areoften the samecaseswhere�oating-point �lters aremost
effective. In mostcaseswe have found,thereis still a bene�t to be
realizedby usingbothtechniques,but in othercases,theincreased
overheadfrom applyingasecondmethodcanactuallyreduceover-
all ef�ciency.

Second,somespeeduptechniquestend to con�ict with each
other, in that they have differentgoals. For example,lazy evalua-
tion of pointcoordinatesencouragesintervalssurroundingthepoint
to bemaintainedaslargeaspossible,shrinkingthemonly asneces-
sary. Floating-pointguidedcomputation,ontheotherhand,encour-
agesintervalssurroundingpointsto bereducedto theprecisionof
the�oating-point estimate.In practice,a balanceis struckbetween
them—intervalsarereducedfartherthanlazyevaluationwoulddic-
tate,but lessthan�oating-point guidedcomputationwould recom-
mend. Although the optimum balancewould be dif�cult to �nd,
this combinationstill hasresultedin speedsthat are greaterthan
eithertechniqueemployedalone.

Eventhoughtechniquesoffseteachother, in total thesespeedups
provideseveral ordersof magnitudeimprovementin speedover the
straightforwardexactapproach.

6 Results

ESOLID hasbeenappliedto several test cases,both “synthetic”
and“real-world.” Syntheticcaseswerecreatedspeci�cally to test
or demonstratethecapabilitiesof ESOLID.Real-world caseswere
taken from a model developedin anothersolid modelingsystem
(BRL-CAD [14, 13]) in orderto determinetheeffectivenessof ES-
OLID on casesnotspeci�cally designedfor ESOLID.

ESOLID providestheoption of including thePRECISElibrary
[37]. PRECISEis an extensionof Aberth and Schaefer's range
arithmetic[1], basedon arbitraryprecision�oating-point compu-
tation. It is usedin ESOLID asa �lter to speedup calculationof

Sturmsequences,akey partof curve-curve intersectioncalculations
aswell asothercalculationsinvolving algebraicnumbers.Except
wherenoted,timingsbelow donot includePRECISE.

All timings presentedin this chapterare in secondson a 300
MHz R12000processor.

6.1 Synthetic Data

Figure4 shows examplesof simpleBooleancombinationson ba-
sic primitives supportedin ESOLID. This demonstratessomeof
the objectsthat ESOLID allows. Note that ESOLID can handle
caseswhereobjectshave multiple componentsandgenusgreater
thanone.Table1 givesperformancedatafor thesebasiccases.As
canbeseen,evenfor thesebasicexamples,severalcurve-curve in-
tersectiontestsmay be performed,andthe resultsmay needto be
foundto high precisions.

6.2 Real-World Data

Real-world sampleinput wastaken from theBradley FightingVe-
hiclemodel,providedcourtesyof theArmy ResearchLab. This is a
modelcreatedin theBRL-CAD system[14, 13], aCSG-basedsolid
modelingsystem. The Bradley is composedof over 5000solids.
Primitivesusedarepolyhedra(53%),generalizedconesincluding
cylinders(44%),ellipsoidsincludingspheres(2%), andtori (1%).
Althoughtheseprimitivesarelow-degree,they havebeencombined
to createa complex model.

ESOLID was appliedto several partsof the Bradley, someof
which areshown in �gure 5. Timing datawastakenbothwith and
without inclusionof the PRECISElibrary. The samepartswere
alsoprocessedby theBOOLE system[36, 35]. TheBOOLE sys-
temperforms(inexact)boundaryevaluationbasedonIEEEdouble-
precision�oating-point arithmetic. BOOLE usestolerancesto at-
temptto reducetheproblemsassociatedwith numericalerror. Ta-
ble 2 gives the numberof Booleansinvolved in eachpart, along
with timing datafor eachsystem.Note that thesepartssometimes
includea groupingoperation,which mayappearasa unionopera-
tion but doesnot requireany arithmeticcomputation(i.e.solidsare
mergedwithout concernfor potentialintersections).As is shown,
for casesthat BOOLE alsoworked on, ESOLID performswithin
two ordersof magnitudein time. With theinclusionof PRECISE,
thesetimesarewithin aboutoneorderof magnitude,althoughsome
of thefastercasesaresloweddown slightly by PRECISE.Notealso
thatBOOLE is unableto handleseveral cases(seesection6.3 for
moredetails).

A breakdown of the individual timings underESOLID (with-
out PRECISE)areshown in table3. Notice that curve-curve in-
tersectioncomputationsarethedominantfactorin theoverall time.
Thetwo majorpartsof curve-curve intersection(asimplementedin
MAPC)areresultantcomputationsand(univariate)Sturmsequence
computations.As thetableshows,theportionof thecurve-curve in-
tersectiontime spentin eachof thesevariesgreatly. In general,it
appearsthatfor longer-runningcases,thecurve-curve intersections
(speci�cally Sturmsequencecalculations),take a higherpercent-
ageof theoverall time. Therangearithmetic(following Aberthand
Schaefer'sdevelopment[1]) includedin thePRECISElibrary is in-
corporatedprimarily to speedup Sturmsequencecalculations,and
achievesits besteffectson caseswhereSturmcomputationsdomi-
natetherunningtime. Also noticethatall casesusea high level of
precisionto isolatealgebraicnumbers.Due to the lazy evaluation
proceduresusedin ESOLID,it is likely thatlevelsof precisionclose
to this would be requiredin orderto guaranteeaccuracy. While a
systemthatdoesnot provide this level of precisionmaystill work
(e.g.BOOLEoncasesa–d),it will beproneto failure.



Example a b c d e f g h i
Object1 box box cyl. ell. torus twist cyl. ell. ell.
Object2 box twist box box box cyl. cyl. cyl. twist

Degreeof ObjectSurfaces 1,1 1,2 2,1 2,1 4,1 2,2 2,2 2,2 2,2
Numberof IntersectingPatches 6 12 6 8 8 8 4 8 9

MaximumDegreeof IntersectionCurves 1 2 3 2 4 6 6 6 4
Numberof Curve-CurveIntersections 90 551 394 990 447 562 407 881 744

Numberof UnivariateRootsFound 0 240 353 1268 900 2004 607 2248 1753
Bitsof Precisionin Algebraic Numbers - 10 13 59 87 52 31 87 25

Total Time 0.39 1.35 0.90 4.62 8.25 22.05 5.50 49.41 28.83

Table1: Detailsof the differenceoperationsillustratedin Figure4. Object1 describesthe baseprimitive, while Object2 describesthe
primitive beingsubtracted.The primitives shown area box (polyhedron),twist (a box twisted so that somefacesare bilinear patches),
cylinder, ellipsoid,andtorus.Thedegreeof thesurfacesin thetwo objectsis given,followedby thenumberof pairsof patchesthatactually
intersect. The maximumdegree(in the parametricdomain)of the intersectioncurves is also shown. The total numberof curve-curve
intersectionoperationsperformedis given,alongwith thetotalnumberof univariaterootsfound(i.e. thenumberof algebraicnumbersfound
asarootof a univariatepolynomial).Themaximumnumberof bitsof precisionusedto representthesealgebraicnumbersis given,followed
by thetotal time takento performtheBooleanoperation.

Example Name Numberof ESOLIDTime ESOLIDTime BOOLE
Number Booleans withoutPRECISE with PRECISE Time

a Tow Hook 2 10.23 10.95 2.23
b WheelAssembly 4 12.57 12.69 2.81
c M16 Ri�e 6 633.42 42.99 6.68
d TrackLink 11 132.48 137.64 27.74
e RelayMechanism 1 250.74 73.86 -
f Crew Member3 2 26.37 28.14 -
g LauncherMountPart 3 63.15 61.26 -
h SupportAssemblyPart 6 213.72 105.99 -
i RearHatchHinge 7 58.92 63.48 -
j EngineAccessHatch 16 54.78 58.44 -

Table2: Overall timings for the examplesin �gure 5. Thenumberof Booleanoperationsperformedis shown, alongwith the timestaken
in ESOLID (bothwith andwithout thePRECISElibrary for arbitrary-precision�oating-point �lters of Sturmsequences)andin BOOLE (a
boundaryevaluationsystembasedondoubleprecisionIEEE�oating-point arithmeticandtolerances).A `-' indicatesthatboundaryevaluation
failedon thatobject.

Number Numberof Maximum % of Time % of Total % of Total
Example of Curve- Univariate Bits of Total in Curve- Time in Time in
Number Curve Roots Precision Time Curve Resultant Sturm

a 425 1831 42 10.23 68.0 54.3 5.0
b 637 1106 59 12.57 54.2 46.8 1.9
c 1003 3834 57 633.42 98.2 3.6 94.3
d 4444 13511 75 132.48 74.9 64.6 3.7
e 320 6311 41 250.74 95.1 15.6 76.0
f 315 2259 45 26.37 81.6 71.1 4.9
g 974 5227 65 63.15 81.7 63.6 13.2
h 1162 7116 66 213.72 92.5 35.8 54.7
i 1266 8191 87 58.92 69.1 57.4 5.3
j 1799 5334 69 54.78 64.2 55.0 3.8

Table3: Timing breakdown underESOLID,withoutPRECISE,for theexamplesin �gure 5. Thenumberof curve-curveintersectionsisgiven.
Thenumberof algebraicnumbersfoundasrootsof univariatepolynomialsis shown, alongwith themaximumnumberof bits of precision
usedto representthesealgebraicnumbers.Thetotal time is shown, alongwith thepercentageof time spentin curve-curve intersection,the
major componentof the boundaryevaluationalgorithm. The percentageof total time spentin the two major componentsof curve-curve
intersection,resultantcomputationsandSturmcomputations(generationandevaluationof Sturmsequences),is alsoshown.
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Figure4: Theresultof Booleanoperationsonpairsof primitivesin
ESOLID.Detailsof thevariousoperationsaregivenin table1.
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Figure5: Examplepartsfrom theBradley FightingVehiclemodel.
Detailsof themodelsandtimingsaregivenin tables2 and3.



Depthof Precision Total Sturm Resultant
Penetration Required Time Time Time

(10�

x) (bits) (s) (s) (s)
3 20 8.64 2.19 4.17
6 20 12.45 4.14 5.61
9 25 17.25 7.23 7.47

12 30 22.98 11.13 9.15
15 40 33.21 17.07 11.88
18 52 47.46 24.66 14.46
21 58 60.15 32.64 18.15
24 62 86.76 47.64 22.80
27 68 147.66 99.75 26.37
30 71 120.36 74.79 29.64
33 77 164.01 108.03 34.41
36 117 205.17 143.40 38.34
39 88 446.28 357.63 46.89
42 141 317.55 237.15 49.11
45 96 385.80 296.19 55.80

Table4: Timing resultsfor examplej from Figure4. Thedepthof
penetrationof thetwo cylindersisgivenin the�rst column.Follow-
ing thatis themaximumprecisionrequiredin theboundaryevalua-
tion algorithmto representthealgebraicnumbersexactly. n bits of
precisionrequiredmeansthatalgebraicnumbersweredetermined
to an interval of width no smallerthan2 �

n. Thetotal time to per-
form boundaryevaluationis listed, followed by the time spentin
Sturmcomputations(both generationandevaluationof Sturmse-
quences),andin resultantcomputations.

6.3 Impor tance of Precision

Considerexamplej in �gure 4. Two cylinders barely interpene-
trate.Table4 givesperformancedatafor this caseat varyinglevels
of interpenetration.As canbe seenthere,dependingon thedepth
of penetration,high levels of accuracy may be requiredin order
to achieve guaranteedcorrectness.For someof thesecases,it is
impossiblefor standard�oating-point datato provide theappropri-
atelevel of precision,sinceIEEE double-precisionarithmeticcan
provide at most53 bits of precision,underthemostideal circum-
stances.While it is unlikely thatany real-world examplewould be
arrangedlike this, this caseillustratesthat ESOLID cancorrectly
operateat thesehigh levelsof accuracy.

Figure6 shows two real-world exampleswherea�x edprecision
arithmeticbasedmodelercanhave problems.Example6(a)shows
oneBooleanoperationfrom theCrew Member3 example(5(f)). A
differenceoperationis performed,resultingin the solid shown in
�gure 6(b). BOOLE's failure in this caseis reportedasa “curves
did not close” error, indicatinga signi�cant problemwith the in-
tersectioncurve computation. Although thereare many possible
reasonsthis couldoccur, it is clearthat the two solidsmeetnearly
tangentially. Near-tangentialintersectionsarehighly proneto nu-
mericalerror, sincea slight modi�cation in eithersolid canhave a
major impacton the intersectioncurvesbetweenthem. It canbe
surmisedthatsucha problemled to BOOLE's failure.

A moredirect exampleis shown in �gure 6(c). This close-up
view of the Relay Mechanism(5(e)) shows two cylinders meet-
ing in a nearlydegeneratecon�guration. The intersectioncurve,
shown in thedomainof onepatchin �gure 6(d), evenappearssin-
gular. In fact, this curve is not singular(it hastwo separatecom-
ponents)andESOLIDcorrectlyresolvesthetopologyof thecurve.
BOOLE, however, exits with an error that a singularity hasbeen
found. Clearlytheexactcomputationof ESOLID allows anopera-
tion to beeasilyperformedthatwouldotherwisecauseproblems.
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Figure 6: Close-upviews of BooleanoperationswhereBOOLE
fails.

7 Conc lusion

We have presenteda descriptionof the ESOLID systemfor per-
forming exact boundaryevaluation of curved solids. ESOLID
hasbeenappliedto real-world examples,achieving timesthat are
within oneorderof magnitudeof thetime spentby aninexactsys-
temon thesecases.We have alsodemonstratedthatESOLID can
accuratelyevaluatea boundaryin casesthatareproneto numerical
error in inexactsystems.To our knowledge,no otherexactsystem
hasachievedsuchresults.

7.1 Implications for Fur ther Development

ESOLID hasdemonstratedthat exact boundaryevaluationis pos-
siblewith reasonableef�ciency for low-degreecurved solids. ES-
OLID wasdesignedbothasa proof-of-conceptandasa systemto
allow variousspeedupsandalgorithmsto be compared.We hope
thatshowing thatsuchanimplementationis possiblewill sparkfur-
therwork in exactcomputationwith curvedsolids,andthatknowl-
edgegainedfrom theimplementationof ESOLIDcanbetransferred
to aid futuresystems.Althoughexactcomputationmaystill betoo
slow for many applications,it is reasonableto expectthatwith fur-
therresearchanddevelopment,theef�ciency of exactcomputations
canfar exceedthelevel presentedhere.

7.2 Lessons Learned

Implementationof ESOLID was a considerableamountof work,
andseverallessonswerelearnedin theprocess.Amongthesewere
thefollowing:

� DesigningAlgorithms for Exact Computation: Substitut-
ing exact algorithmsfor inexact onesis likely to be far too
inef�cient for practicalapplication.For example,pointequal-
ity is very ef�cient in �oating-point, but may be extremely
slow in exact computation. In order to build an (ef�cient)
exact system,exactnessmust be consideredat all levels of
algorithmdesign.



� Layering Speedups:As mentionedin section5, a widevari-
ety of layeredspeedupsmustbeusedin orderto achieve the
overall ef�ciency desired.

� Testing: Although exact computationis meantto eliminate
numericalerrors,exactcomputationsarejust asprone(if not
moreso) to programmingerrorsasinexact ones.Sinceeach
exactroutineis assumedto bereliableandno toleranceswill
beusedat laterstages,thoroughtestingfor accuracy is impor-
tant.

� SpaceRequirements: Exact computationsand representa-
tions tendto usetremendousamountsof memory. Although
not a focusof thework on ESOLID, theimportanceof mem-
ory managementbecamevery apparentat later stagesof de-
velopment.

� Redundant Inf ormation: In a non-exact system,redundant
topologicalor geometricinformationis a potentialsourcefor
seriousrobustnessproblems.Onesourceof computation(us-
ing or modifying onesetof data)cancauseinconsistencies
which eventuallyyield seriousrobustnessproblems.For ex-
ample,storingboth vertex positionsandplaneequationsfor
polyhedracan yield inconsistencies(sincethe vertex might
not lie exactly on the plane of an adjacentface). Avoid-
ing redundantinformation often requirescareful construc-
tion of operators,and may result in non-optimalcode(e.g.
verticesspeci�ed only implicitly asthe intersectionof three
planes).With exactcomputation,however, no inconsistencies
will arise,soit is not necessaryto constantlyensurethatonly
a consistentsetof datais used.This leadsto easierprogram-
mingandallows operationsto bespeci�edmoreef�ciently .

7.3 Future Work

Thereareseveralavenuesopenfor futurework extendingfrom ES-
OLID. Amongtheseare:

� Higher-degreeSurfaces: Although ESOLID doesnot limit
thedegreesof input surfaces,higher-degreesurfacesarestill
far tooslow (morethana1–2ordersof magnitudedifference).
While low-degreesolidsaresuf�cient to handlethestandard
CSGprimitives,handlinghigher-degreesurfaceswould cer-
tainly beuseful.

� Degeneracies:ESOLID is restrictedin that it assumesthat
input will not be degenerate,preventing ESOLID from be-
ing consideredfully robust. Degeneraciesarea partof many
real-world examples,andit would beusefulto addressthem
directly. Exact computationis an importantprerequisiteto
truly handlingdegeneracies,however, so ESOLID canserve
asa basefor exploringnew approachesto degeneracies.

� Speedups: Besidesthose listed, numerousother speedup
techniquesmaybeapplied.

� Memory Issues: Besidestime-ef�ciency, memory-ef�cient
exactcomputationsareaworthwhilesubjectfor furtherstudy.

� ExtendedI/O and Integration: Thecurrentinputandoutput
capabilitiesof ESOLID, while useful for researchpurposes,
couldbeexpandedsigni�cantly.
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