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Figure 1: Interactive motion planning of hundreds of agents for crowd simulation:u¥éeour novel surface distance map computation
algorithm for interactive path computation and collision detection in a dynamicamment: (left and center) Two views of the environment
with dynamic 3D obstacles, including cars and ying drones. Each huagamt is represented as a cylinder and colored based on its goal.
(right) The nearest neighbor map of the obstacles and agents is cahysirig surface distance maps. Each colored region is closer to one of
the 3D obstacles than to any other. The path for one of the agents is semgrsalid black lines. Our algorithm can perform the simulation,
including distance computations and path planninglfid agents af Ofps on a high-end PC.

ABSTRACT collision detection, motion planning

We present a new parameterized representation called surface dis-1
tance maps for distance computations on piecewise 2-manifold
primitives. Given a set of orientable 2-manifold primitives, the )
surface distance magepresents the (non-zero) signed distance-to- Dl_stance elds are _s_calar_ eld3s that represent the close_st distances.
closest-primitive mapping at each point on a 2-manifold. The dis- Given a setof primitive§ in R”, the distance eld at a point equals
tance mapping is computed from each primitive to the set of re- the distance to the closest point 8n Distance elds are widely
maining primitives. We present an interactive algorithm for com- Studied in computer graphics, computational geometry, computer
puting the surface distance map of triangulated meshes using graphVision and robotics. They are used for several applications includ-
ics hardware. We precompute a surface parameterization and usé"d shape representation and sculpting [15], skeleton computation
the it to de ne an af ne transformation for each mesh primitive. [2]. collision and proximity computations [32], remeshing [21],
Our algorithm ef ciently computes the distance eld by applying ™Motion planning [18], implicit surface representation [16], non-
this af ne transformation to the distance functions of the primitives Photorealistic rendering [20], etc.

and evaluating these functions using texture mapping hardware. In

INTRODUCTION

Most of the prior techniques compute the distance eld along a vol-

practice, our algorithm can compute very high resolution surface
distance maps at interactive rates and provides tight error bounds o
their accuracy. We use surface distance maps for path planning an
proximity query computation among complex models in dynamic
environments. Our approach can perform planning and proximity
queries in a dynamic environment with hundreds of objects at inter-
active rates and offer signi cant speedups over prior algorithms.

CR Categories: 1.3.5 [Computing Methodologies]: Compu-
tational Geometry and Object Modeling—Geometric algorithms;
1.3.7 [Computing Methodologies]: Three-Dimensional Graphics
and Realism—Animation, virtual reality

Keywords: distance elds, parameterization, deformable models,

umetric grid or a voxelized representation of space. At a broad
evel, these algorithms can be classi ed into object space methods
hat perform direct scan conversion into 3D voxels or image space
methods that compute the closest primitive at each grid point. The
latter methods can be accelerated by rasterizing the distance func-
tions using the graphics hardware [19, 31, 30, 12]. These algo-
rithms compute the distance eld along each slice of a 3D grid and
the computation can be accelerated by using spatial bounds on the
Voronoi regions of the primitives [31, 27]. However, many appli-
cations require distance information on the surface boundary of a
mesh. The existing volumetric techniques are inef cient for such
computations due to high storage overhead and computation cost.
Moreover, their accuracy can be low as most of the grid vertices do
not exactly lie on the mesh surface.

In this paper, we consider the problem of computing the distance
map on triangulated meshesRi. Given a set of 2-manifold prim-
itives S, the surface distance magt each point on a primitive
represents the (non-zero) distance-to-closest-primitive from the set



S nfog. The distance function varies continuously along the sur- Organization: The rest of the paper is organized as follows. We
face and the distance map yields the direction vector to the closestbrie y survey prior work on distance eld computation and surface
primitive. As the surface distance map encodes closest primitive mapping in Section 2. Section 3 describes our algorithm to compute
mapping, it also provides the Voronoi diagram at each point on the distance maps for two-manifolds and we present a number of tech-

2-manifold primitives, or theéearest neighbor mamn the bound- niques to improve its performance in Section 4. We analyze our
ary. If the primitivesS are orientable, we can also associate a sign algorithm in Section 5 and highlight its performance on different
with the distance map. applications in Section 6.

Main Results: We present a new algorithm to compute sur-
face distance maps of triangulated models. Our algorithm uses
a simple texture representation and precomputes a piecewise pla- ) . . . .

nar parametrization of each mesh. The parameterization de nes In this section, we give a brief overview of related work on distance
an af ne transformation for each primitive of a mesh to the plane. €lds and surface mappings.

The 2D texture map is used as a discrete sampling of the mesh

for distance map computation. As a result, the resolution of dis- 2.1 Distance Fields

tance map is limited by the size of the texture memory. We apply

the af ne transformations to compute the distance functions of 3D Algorithms to compute distance elds are widely studied. At a
primitives using the texture mapping hardware. This formulation broad level, these algorithms can be broadly classi ed based on the
is also used to compute tinearest-neighbor majm terms of rst model representations such as images, volumes or polygonal repre-
order and second order Voronoi diagrams of the primitives. Finally, sentations. Good surveys of these algorithms are given in [8, 1].

we present tight error bounds on the discretization error in surface
distance map and nearest neighbor map computation.

2 RELATED WORK

The algorithms for image-based data sets perform exact or approx-

imate computations in a local neighborhood of the voxels [9, 29, 4,

We highlight two interactive applications of surface distance maps 25, 17]. Exact algorithms for handling 2-D and k-D images have

and nearest-neighbor maps computed on the surfaces. been proposed to compute the distance transforms in voxel data in
O(M) time, whereM is the number of voxels [4, 25].

1. Motion planning in dynamic environments: We use the ) ) .
nearest-neighbor maps to compute a collision free path for Many object-space methods based on adaptive subdivision are
robots or multiple agents moving in a dynamic environments. known for computing approximate Voronoi diagrams of polygonal
We update the position of all the robots and compute the sur- models [35, 34, 11, 28]. These algorithms can be used to compute
face distance map. We use our planner to compute collision distance elds and are limited to static models. The computation of

free path for human agents in a crowd simulation. a discrete Voronoi diagram on a uniform grid can be performed ef-
o ) ciently using graphics rasterization hardware [36, 19, 10, 31, 12].
2. Proximity queries between deformable models:The sur- These algorithms compute 3D distance elds along a uniform grid,

face distance map is used for collision and proximity queries and can compute them interactively for low resolution grids on cur-
between multiple deformable 3D models. We use the error rent GPUs.

bounds to perform conservative computation and the result- . . - .
ing algorithm has object-space precision. A class of exact distance computation and collision detection algo-

rithms based on external Voronoi diagrams are described in [23].
We have implemented our algorithm to compute the surface dis- A scan-conversion method to compute $® Euclidean distance
tance map on 8GHz Pentium D PC with an NVIDIA GeForce eld in a narrow band around manifold triangle meshes (CSC al-
7900 GTX GPU. We highlight its performance on complex bench- gorithm) is presented by Mauch [24]. The CSC algorithm uses the
marks composed of thousands of triangles. In practice, our algo- connectivity of the mesh to compute polyhedral bounding volumes
rithm is able to comput&12 512distance elds on triangulated  for the Voronoi cells. The distance function for each site is evalu-
meshes in a few hundred milli-seconds. The distance values areated only for the voxels lying inside this polyhedral bounding vol-
computed on a oating point buffer usir@@-bit oating point pre- ume. Sigg et al. [30] describe an ef cient GPU based implementa-
cision. We apply our surface distance map computation algorithm tion of the CSC algorithm. Peikert and Sigg [27] present algorithms
to perform proximity queries among deformable models consisting to compute optimized bounding polyhedra of the Voronoi cell for
of 6K primitives in 200ms. We use the nearest-neighbor map com- GPU-based distance computation algorithms. Lefohn et al. [22] de-
putation for interactive motion planning @d0agents in a complex  scribe an algorithm for interactive deformation and visualization of
environment a0 fps. level set surfaces using graphics hardware.

As compared to prior distance eld based approaches, our algo-

rithm offers the following advantages: 2.2 Surface Mapping

« Generality: Our algorithm is applicable to all triangulated  Surface distance maps can be regardedmsgppingcomputed on
models. The only requirement is the computation of the piece- the surface. In some ways, this problem is related to other surface
wise af ne parameterization of the mesh. mapping problems such as texture mapping [5], which is used to

) i i de ne the color on the surface; displacement mapping [7], which

* Accuracy: We can compute very high resolution distance ¢onsists of perturbations of the surface positions; bump mapping
maps, e.g.1K 1K at32-bit oating point precision. On [3], which give perturbations to the surface normals; and normal
the other hand, previous interactive techniques based on volu-maps [14], which contains the actual normals instead of the per-

metric approaches are typically restricted to lower resolution ¢, hations. All these mapping are supported by current graphics
(64° or 128%) distance elds. hardware.

» Performance: Our algorithm can compute surface distance
elds of deformable models with thousands of polygons at 3 SURFACE DISTANCE MAPS
interactive rates. We obsere 10times speedup in the per-
formance of resulting proximity queries and motion planning In this section, we present our notation and de nitions used in the
algorithms over prior approaches. paper. We introduce surface distance maps and list some of their



properties.
3.1 Notation and De nitions

LetS =
manifold objects or meshes in 3D. Furthermore, each olgeist
decomposed into vertices, open edges and open faces, also know
assites A site is denoted ap;. LetT; R? represent the 2D
parametric domain for object. The mapping of a primitive to the

2D domainT is represented with an overline. Vectors and matrices
are represented using boldface. For example, a goamtd triangle

t in 3D map toq andt, respectively, oT.

Figure 2: Af ne map and surface distance map computatiofhe

af ne mapM maps the trianglé on objecto; to the trianglet in
domainT. The distance vectors fromto a point sitep on object
0, are computed at the vertices tf Then the distance vector of
a pointq on the trianglet is a convex combination of the distance
vectors at the vertices.

The Euclidean distance function of a sfieat a pointq 2 R® is

denotedd (q; pi). The closest vector from to p; is known as the
distance vector, denoté@t{q; pi). The distance of a poirg to an

objecto; is the minimum distancd (q; p; ) for all sitesp; in o;.

The surface distance mg () : S ! R, at a pointg on object

0 is de ned as the distance to the closest object (excluding itself).
The surface distance map is closely related to the nearest neighbo
map on the surface, denotdl) : S!S , and is de ned as the
closest object (excluding ) at the pointg. Formally,

D(qjS)=min (d(a;0));q2 01,0 2S
j6i

N(qjS) = fo jd(q;0)= D(q)g

Lemma 1 implies that the nearest neighbor map on the surface of
oi is given by the intersection af with the ' order Voronoi di-
agramVD (S n foig), or equivalently with the ' order Voronoi
diagramVD?(S). Later, we use these properties in order to use
surface distance elds for interactive motion planning and proxim-
ity computations.

n

3.2 Surface Parameterization

We de ne an af ne mappingM .1 : ti ! T 1 to transform the
sampled points on the trianglgsono; into the 2D domai;. For

ease of notation, when the objecf it implicit j =1 in this case),
we shall drop the object id subscript frdvh;;; and denote the af ne

algorithm transforms each triangle into a trianglety by applying
an af ne mappingM ¢ (see Fig. 2). The matri¥ « is constructed
to satisfy the following constraints:

¢ There is a one-to-one mapping from a paint2 t¢ to the
pointM ¢ q 2 tk.

* No two transformed trianglel = Mty andt; = Mt
share a common interior point in the 2D domain

These constraints are satis ed using piece-wise planar parameter-
izations of the surface in 3D space and the mapped triangles can
be represented in a 2D texture atlas. Sihteis af ne, it can be
written as a composition of a scale, shear, translation and rotation
matrices.

3.3 Linear Interpolation

In this section, we show that the surface distance eld at a point
in the triangle can be represented as linear interpolant of distance
vectors of the vertices of that triangle. We shall present this property
for point,in nite lines and planes, and then extend it to nite edges
and triangles. Given atriangle 2 o; with verticesxa;a=1;2;3,

for a given point, in nite line or plane sitg, on objecto; (j 6 i),

we use the linear interpolation property of distance vectors [31] to
express the distance vector at any point on triahgle sitep, as a
convex combination of the distance vectors at the vertiges

a=1; 2 0 (1)

3 3
d(o;p) = . al(Xa;pr);q 2 tk;a:1

Given thatty = M gty it impliesD (tx) = D(M ¢ tk). Since the
'convex combination is invariant under af ne transfolvhy , from
equation (1) we have,
3
) d@p)=d@p)= _ ad(xap)ig= Mg (2)
Thus the distance vector at a poin2 tx (in objecto; ) is computed
by performing linear interpolation of distance vectors on the 2D

For ease of notation, when the surface distance map and the neargomainT, as shown in equation (2). Thus the surface distance map
est neighbor maps are computed with respect to all the objects, weat pointq is computed as the minimum of the length of distance

do not explicitly denoteS, i.e. D(q) = D(qjS) andN(q) =
N (gjS). For a set of paints, the surface distance map provides the
distance eld to closest objects (excluding itself).

vectors,
D(q)= D(Mkq) =min( d(q;p));8p 2 0;;] 6 i

The nearest neighbor map on the surface is closely related to theWe now extend the linear interpolation property to nite sites (edge,

Euclidean Voronoi diagram in 3D. Assuming each ob@db be a
\Voronoi site, letVD ¥ (S) denote the k-th order Euclidean Voronoi
diagram of the set of objects, a@bv* (q; S) denote the k-th order
governor set of a poirg. The k-th order governor set of a poipt

is the set ok closest sites a. (see [26] for standard de nitions).
Then, the following result relates the nearest neighbor map on the
surface and the 3D Voronoi diagram.

Lemma 1. Letq 2 o. Then (a)Gov'(q; S nfaig) = N(q), and

(b) Gov?(q; S) = foi;N(q)g.

triangle). For a nite site, the linear interpolation is valid inside a
convex region de ned by the boundary of the site [31].

4 INTERACTIVE DISTANCE MAP COMPUTATION

In this section, we present our algorithm to ef ciently compute sur-
face distance maps. We make use of the bilinear formulation of

distance computation and evaluate it ef ciently using GPUs. We
also describe many techniques to accelerate the computation.



4.1 GPU Based Computation

We compute a discrete approximation of surface distance maps
at interactive rates using bilinear vertex attribute interpolators in
graphis hardware (for eg. texture coordinate interpolation). Dis-

Clipping: Surface distance maps require an ef cient clipping al-
gorithm for each triangle-site pair. Given a sieand a triangle

ty, we restrict the computation on the 2D domain to the interior of
tx using stencil tests. As a result, each triangle-site pair requires a
valid stencil to be set in the region correspondingo We rst

crete surface distance maps compute the distance-to-closest-objeciet the stencil value of the triangle 1y renderingfx on T. We

mapping at a nite set of point samples on each 2-manifold mesh.

We rst compute the af ne mappingsyl ¢ for each trianglgy in

the 3D mesh. We sample the domdimuniformly using a 2D tex-
ture. This de nes a sampling on each trianglein 3D space by
sampling the projected triangtg in the 2D domainT. Instead of
computing distances along a volumetric grid, our algorithm com-
putes the distance map on each triangldy computing the dis-
tance vectors at the verticestpf and computing the distance vec-
tors at the point samples @g using equation (2).

In order to accelerate distance computations, prior algorithms con-
struct a convex polytop&; which bounds the Voronoi region of a
sitepi and reduces the Il requirements [31, 27]. We use similar

techniques to accelerate the computation of surface distance maps.

For each sitg;, we compute a convex bounding polytoBe. To
compute the surface distance maps on triangjeve intersecG;
with the triangletk in the 3D mesh. The distance vector computa-
tions are performed in the texture domdainly for the points that
lie inside the transformed domai « (tx \ Gi).

Surface distance maps can be computed on the rasterization hard
ware by using transformations, clipping and interpolation capabili-
ties of the GPUs. The main stages of the pipeline are as follows:

Bound Computation and Intersection: We compute the
bounding polytop&; of sitep;, and intersect it with the plane

k containing trianglety on the CPU. This gives a convex
polygongi = Gi \ .

Distance Vector Computation and Transform: We com-
pute the distance vectors at each vertegofind project the
vertices ofg; to the 2D domairT using the af ne magM .
This per vertex computation is ef ciently performed in paral-
lel using thevertex processoon the GPU.

Clipping: We restrict the computation of distance vectors to
the domain given by \ gi. In the 2D domainT. this is
equivalent to clipping the projectia againsty . We use the
stencil functionality of GPUs to perform this clipping.

Bilinear Interpolation: The convex combination of distance
vectors is equivalent to linear interpolation of texture co-
ordinates assigned to the vertices of the polygaonand is
performed by théexture unitof the GPU.

Distance Computation: The distance value at a texel in the
texture atlas is the norm of the distance vector and computed
using thefragment processaof the GPU.

Distance Comparison: The distance value is returned as
depth and compared with the current minimum distance value
using the depth test functionality in thraster processoof
GPUs. The minimum distance value is stored in the depth
buffer.

The overall algorithm to compute the surface distance map of ob-
ject o; using sites in a set of objec& is given in Algorithm 1.

The algorithm requires computing of intersections between bound-
ing polytopes of sites and the triangles in the 3D mesh, and clipping
of polygons in 2D. We present details of stencil-based clipping and

hierarchical culling techniques that are used to accelerate the per-

formance of the algorithm.

then compute the distance vectors by rendegingnto the portions

of the surface distance map where the stencil value is skt Ve

then reset the stencil values by rendertpgand setting the sten-

cil value to0 on the triangle. For a set of triangles, we reduce the
state change overhead by associating a unique stencil id with each
triangle. Since the stencil buffer is limited to 8 bit precision, we
use a buffer that maintains a set of available stencil ids, which are
replaced using a least-recently-used replacement policy.

Input: Objecto;, Set of objectss. Parameterization from
01 t0T1.
Output: The Surface Distance Mdp(o:) of objecto; .

1 Initialize D (0,) to 1 for all pointsq in Ty
2 Update AABB hierarchy 0b;
3 foreachtriangletx ino; do M.;  UpdateAf ne (tx)
4 foreach objecto, in' S contributing to SDM ob; do
foreachsitepi in 0, do
OBB(Gi) ComputeOBB (pi)
Intersect OBBG; ) against AABB hierarchy o6,
foreachtrianglety in oy intersectingG; do
o] IntersectPolytope(G;i; tk)
foreachvertexx; in g do
Compute distance vectai(x; ; pi)
Transformx; toXj usingM ;1
Assign texture coordinates &f
(rsit)  d(xj;pi)
end
Draw textured polygow; on domainTy
end
end
end
Read-backry
foreachtrianglety in T, do
Map distance values from to tk

5
6
7
8

9
10

11
12
13

14
15

16
17
18
19
20
21
22 end

Algorithm 1: Pseudo-code to compute the surface distance
map ofo; using sites irS. Line 1 initializes the depth val-
ues in the texture atlas for the trianglesan. We compute
the af ne transform for each triangle i (Line 3). We
rst perform a broad-phase culling to compute objects that
contribute to SDM ofb;. For each site in these objects,
we compute the potentially overlapping triangle®inwith

the distance function of sif@ (Lines 6-8). We then clip the
bounding polytope enclosing the distance functiop;ab

the overlapping triangles in; (Line 9). Each clipped poly-
gon corresponds to a triangle im. and we map the clipped
polygons onto the texture atlas using the af ne transforma-
tions of the corresponding triangles (Lines 10-15).

4.2 Hierarchical Culling

We use a hierarchical distance culling algorithm to reduce the num-
ber of triangle-site pairs in the surface distance map computation.
The distance functions are computed from a gitéo a trianglety

in 3D mesh only when the intersection of the bounding polytope
with the triangle is non empty (i.65; \ tx 6 ;). We use an axis-
aligned bounding box (AABB)-hierarchy of each object to quickly



Figure 3: Surface Distance map computation on deforming letters "3d20@&forming dynamic simulation on letters falling on an
uneven terrain, §K triangles total). (a)-(b) Two frames from the simulation. (c) The surfastadce maps between two letters show the
direction of the closest point on the other letter. Our algorithm can perfawrimity queries using high resolution surface distance maps of
resolution512 512in 100 200ms per frame.

cull away sites whose bounding polytopes do not overlap with the ef ciency achieved by our hierarchical culling algorithm and is typ-
triangles in the 3D mesh. ically close tol, especially when we perform distance computations
in a localized region or narrow bands. Hence the total computa-

Our algorithm initially constructs an AABB hierarchy for each tjon cost of computing the surface distance map for each object is
object. Each leaf of the hierarchy stores a triangle of the ob- o(rm 2 + mlogm).

ject. At run-time, we update the AABB-hierarchy and use it for

culling bounding polytopes that do not intersect with the AABB-  Error Bounds:  Our algorithm, described in Section 4, computes
hierarchy. The hierarchy nodes are updated in a bottom-up mannera discrete surface distance map at the sample points on the mesh.
The update cost of a hierarchy is linear in the number of leaves The accuracy at these samples is governed by the precision of the
in the AABB-hierarchy. For each sitg, we compute a bound-  texture mapping hardware that performs bilinear interpolation. Cur-
ing polytopeG; and compute a tight- tting oriented bounding box  rent GPUs offeB2-bit oating arithmetic to perform these compu-
OBB (Gj) that enclose;. We perform overlap tests between tations. We also present an error bound on the computed distance
OBB (Gi) and the nodes of the AABB hierarchy. For each leaf forany pointon the surface, as the object undergoes non-rigieaf n
with trianglety that overlaps wittOBB (G;), we perform distance transformations, including scaling and shearing. Given a sampling
computations oiG; \ t as described in Section 4. The OBBs are  0n the parametric domain, we rst derive a function that computes
constructed only once per frame for each site, and therefore, thethe sampling density on the surface in 3D using the inverse of the
time taken to update the OBBs is linear in the number of sites in the af ne map. The 3D sampling density is used to compute discretiza-
scene. The AABB hierarchy and OBBs are updated each frame for tion error bounds on the surface distance map.

deforming models. The af ne transform for each triangle can be decomposed into a

We further improve the performance of our surface distance map al- combination of scale, shear, translation and rotation transforms.
gorithm by reducing the number of distance function rasterization 1he distances are preserved under rigid transformations. In this
operations using distance bounds computed using the AABB hier- €8S€, scqllng and shear transforms change the distance values be-
archy. For each node in the AABB hierarchy, we maintain a lower tWeen adjacent samples. Next, we present a lemma that relates the
bound on the maximum distance from the AABB of a triangle sample density on the parametric domain Wlt_h that on the 3D mesh.
to the AABB of the sites. Initially, the maximum distance bound of Lemma 2. Let the af ne transformM « map triangletx on object

each node in the hierarchy is setlta We do not perform distance O {0 trianglety in texture domaifT. Lets,; sy andsy, respectively,
evaluation of a site; for trianglety if the distance bound stored for ~ D€ the scale alonlg( -axis, scale alongr -axis and shear induced

a node in the hierarchy is less than the minimum distance from the Py the inverseM , =. Further, let the base length of the triandle
AABB of the node to the AABB ofy. This culling test based on ~ P€b and spacing between adjacent samplegibe . Then the
distance bounds is used to reject sites whose distance functions dgnaximum distance between two adjacent samplég @ngiven by

not contribute to the distance map ) as there exists some other q

sites that are closer fb . fi() (sx + dyx)2 + s 3)

If a site is not culled away, we intersect the bounding polytGpe

of the site withty and compute the distance vectors at the vertices
of Gi \ tk. We then perform distance function computation on |t has been shown that the error introduced by a distance distance
Gi\ tk. eld is bounded by the sample density [32]. Hence from Lemma 2,
the maximum error in the continuous surface distance map com-
puted on objecb is given bye( ) = max k (f«( )), for all trian-
glesty 2 o. Furthermore, it follows from equation (3) as! 0,

) . . . . d« ! 0, and the maximum errog( ) ! 0 as expected.
In this section, we analyze the time complexity of our algorithm.

We also derive error bounds on the distance computation as a func-Moreover, the error in the surface distance map is bounded as the
tion of 2D grid resolution in the parametric domain. objecto undergoes bounded deformations. We assume the initial

mappingM ¢ has unit scale and zero shear. Then, we can derive the
Time Complexity: Let there bam sites in each object. The cost  error bound as the object undergoes deformations by the following
of performing hierarchical culling i©®(m logm). The rasterization lemma:
cost of computing the surface distance map of resoldlon M is Lemma 3. Let the maximum motion of a vertex on triangke
O(rM 2),wherel r m. The value of depends on the culling modulo any rigid body transformation, be boundeddhy, and the

wheredy = max(jsnj (<2 +1);0).

Sx

5 ANALYSIS



base and height of trianglg on domainT bebandh, respectively. 800
Then the discretization error in surface distance map is bounded by 200 Vo
h b 600
+ — —+ :
() 2dn +max dm > 1 ;0 .
E
© 400 1
£
Surface Distance Map Resolution: By de nition, the transform = 300
M  is always invertible. Conversely, one can also use the inverse of 200 4
the function to compute the sampling required in the texture domain SDM
to achieve a desired precision in the computed surface distance map. 1001
In particular, leter, denote the maximum error in the surface dis- o
tance map. Then the sampling densityn the texture domaif is 1 101 2001 301 401 501
given byminy (f, *(em)), for all tx 2 o, wheref, 'x is given by Frame Number

the scale and shear transformawbf . The resolution of the texture
used to sampl@ isM M, whereM = %. We use these error
bounds to perform proximity computations at object-space preci-
sion in Section 6.2

Figure 4: Timing comparison for proximity computation between
our algorithm (labele®&DM) and a GPU-based volumetric distance
eld algorithm [Sud et al. 06b] (labele®VD), respectively:Our
algorithm is able to achieve 5-10 times speedup in proximity com-
6 |IMPLEMENTATION AND PERFORMANCE putation between two deforming alphabets. The scene is composed

of 6K polygons. The surface distance eld is computed at a reso-
In this section we brie y describe our implementation of surface lution of512  512and the volumetric distance eld is computed
distance map computation and highlight its application to motion at250 42 250. Our algorithm is able to obtain higher accu-
planning and proximity computations between deformable models. racy in distance eld computation on the surface and achieves an
We also compare our algorithm with prior distance eld computa- interactive performance of 5-10 frames per second.

tion algorithms. Then the discretization error in the distance eldgpk% In compar-

ison, for a surface distance map of sMe M 8 the storage cost
6.1 Implementation is O(M ?), and the error in the distance eld igZ in absence of

any scale and shear. As the model undergoes deformation, the er-
We have implemented our algorithm on a PC witB:@GHz Pen- ror bound for surface distance map is given by the funcf[i()ﬁ),

tium D CPU, 2GB of memory and an NVIDIA7900 GTX GPU presented in Section 5. Typically, the maximum amount of defor-
connected via a PCI-Express bus, running Windows XP operating mationdn in interactive applications is small, and the error in the
system. We used OpenGL as the graphics APl and the Cg program-distance eld is given a®© (). As a result, surface distance maps
ming language to implement the fragment programs. The initial provide a more compact representation of the distance eld with
mapping from the manifold objects to the texture atlas is computed tighter error bounds. Conversely, our approach results in higher
using NVIDIAs Melody * software. The surface distance map of resolution distance elds. Current GPUs hév&2MB or 1GB of
each object is computed on a oating point buffer using 32-bit oat- video memory. It may not be possible to store or compute a volu-
ing point precision. The distance vectors are passed as texture pametric distance eld at a high resolution (e.gLK )*) as it would
rameters to the fragment program. require8GB of memory. Furthermore, the cost of reading back a
) . . 3D distance eld of(1K )® and scanning could be rather high, i.e.

Our algorithm can compute high-resoluti@i@ 512to1K 1K) about16 seconds using a readback bandwidtls00MB/sec. As a
surface distance map of objects with tens of thousands of polygonsegyit, prior applications of interactive distance eld computations
in a fraction of a second. We also compute the gradient of the dis- gre |imited to low resolution distance elds. On the other hand, we

tance eld which gives the direction to the closest primitive for a can compute surface distance maps at high resolution on current
point on the surface of an object. As compared to prior approachesgpys.

based on volumetric techniques, our surface distance map compu-

tation algorithm is abouwt 10 times faster. Let there bem sites in each object. Then the computation cost
to compute the global distance eld using a volumetric approach
varies betwee®(mM ®) andO(M ). Fornarrow bandsthe cost

is O(m + rM 3) wherer depends on the relative con guration of
sites. On the other hand, the cost of computing the global sur-
face distance map on the GPUQ$rM 2 + m log m). Fornarrow
®ands the cost is close t®(M 2 + m logm). A quantitative com-
parison of average time to compute the distance elds and perform
proximity queries on deformable models is shown in Figure 4.

6.2 Comparison with Prior Distance Field Computation Algo-
rithms

We compare the features and performance of our surface distanc
map algorithm with prior approaches that compute the distance eld
on a uniform volumetric grid using GPUs. These include linear
factorization [31] and ef cient GPU implementations of CSC algo-
rithm [30, 27]. All the prior approaches compute the distance eld
along a uniform 3D grid. Since the GPU computes the distance eld
along one slice, these algorithm perform the computations along
different slices and exploit spatial coherence between the slices to
speed up the computation.

6.3 Proximity Queries between Deformable Models

We use surface distance maps and nearest-neighbor maps to per-
form different proximity queries among 3D deformable models.
The set of queries include separation distance, collision detection,
The precision of the distance eld computed using a volumetric ap- contact normal and local penetration depth computation. As shown
proach is governed by the cell size in the grid. Let the number of in Lemma 1, the nearest neighbor map also provides therdler
cellsinthe gridbéM M M, and storage overhead@(M 2). governor set, and we use the algorithm presented in [32]. We
rst use AABB hierarchies to localize the computation by com-
Ihttp://developer.nvidia.com/object/melatipme.html puting the region of overlap or compute a potentially neighboring



set (PNS) for the primitives. Next, we compute the surface distance Voronoi diagram consists of 2D Voronoi faces, 1D Voronoi edges
map for all triangles of each object that lie inside the localized re- and Voronoi vertices. Since the motion of the robots is constrained
gion or the PNS. We use the error bounds on distance elds, pre- to Sy, we compute the intersection of the 3D Voronoi diagram
sented in Section 5, to perform conservative computations and re-VD( S,) with the ground surfaceSy. In this caseVD(S,) \'S ¢
duce the size of PNS based on properties of nearest-neighbor mapsgives paths of maximal clearance aldbg

Finally, we perform exact collision, distance or penetration queries .
between the primitives lying in the PNS. For each ground surfaag 2 Sq, we compute the surface distance

mapD (04jS,) and the nearest neighbor mi0gjSo). SinceS,
We used our algorithm for proximity queries on a scenarios con- andSy are disjoint, it follows from Lemma 1 that the nearest neigh-
sisting of deforming objects. The rstis a sequencé& afeforming bor mapN (04jS,) is equivalent tovD(S,) \ 04. We extract the
alphabets falling on a bumpy terrain as shown in gure 3. The let- discrete Voronoi graph fromN (04jS,) and assign the edge weights
ters are at different scales allowing us to vary resolution of surface based on edge length and maximum clearance along the edge, as
distance map. The entire environment consistskopolygons. At described in [18]. The Voronoi vertices closest to the robot and
each frame, we compute a surface distance map on each letter at ¢he goal position are classi ed as source and destination, respec-
resolution512 512 The average time to perform all proximity tively, and the minimum weight path is computed using Dijkstra's
queries varies betweetD0 200ms. As compared to [32], our  shortest-path algorithm.
surface distance algorithm results in a speedup tifnes. Since . .
we are computing the distance map at a much higher resolution, the?V& combine the roadmap computed from the nearest-neighbor map
image-space error using our algorithm is much lower as comparedw'th a potential eld planner for local planning. For each robot,

to prior approaches, giving us signi cantly smaller error bounds. the potential eld planner takes into account the proximity to the
nearest obstacle. Hence, for each robot olge& S,, we compute

The use of surface distance maps and nearest-neighbor maps corthe surface distance m&p(o; jS,) and use that map to compute the
siderably improve the performance of the proximity query algo- proximity information. The surface distance map is sampled at a
rithm. There are two main reasons. nite set of points and we use that sampling to compute an average

. . . force and torque to simulate the robot dynamics.
» Faster computation: The underlying distance eld compu-

tation algorithm is much faster. This is due to the fact that We demonstrate the application of surface distance maps for in-
we are only computing distance elds on the boundary of the teractive motion planning of a large number of human agents in
objects (i.e. a 2D manifold) as opposed to a 3D volumetric an urban environment with dynamic 3D obstacles (see Figure 1).
grid. The set of obstacles consists of buildings, cars, ying drones and
humans. The set of ground surfaces consists of roads, sidewalks
and lawns. The humans enter the scene from the buildings and
exit through another building or the sidewalks. Each human is
an individual robot and has an independent goal. The cars and
drones, along with other humans, are treated as dynamic obstacles,
while the buildings, benches, fountains are treated as static obsta-
cles. In our implementation, a higher weight is assigned to Voronoi
edges corresponding to the cars and ying drones. As the ying
« Adaptive resolution : Using surface distance maps, we can drones approach the ground, the humans update the paths to evade
select a unique resolution for each object, providing us with them. The nearest-neighbor map is computed on a grid of reso-
adaptive resolution in large environments with variation in Iution 1K~ 1K pixels. The environment has 15 static obstacles,
scale. and up to 8 dynamic obstacles, abh@0 dynamically moving hu-
man agents. The complete motion planning tak&3ns per frame,
which includes cost of computing the nearest neighbor map, ex-
tracting the discrete Voronoi graph and performing graph search.
The time spent on nearest neighbor map computation is approxi-
mately30ms per frame.

» Higher accuracy : We compute the surface distance elds
at a higher resolution (e.g512® or 1K 1K) as opposed
to volumetric approaches, which would typically compute at
64° or 128° grid resolutions. As a result, our distance error
bounds are much tighter and the Voronoi-based culling results
in a smaller PNS and we perform signi cantly fewer exact
tests in the primitives.

6.4 Motion Planning in Dynamic Environments

We use our distance eld computation algorithm for interactive mo-
tion planning of multiple 3D agents or robots moving along a 2D
manifold, but the environment consists of 3D obstacles. Some of
the driving applications include crowd simulation in urban environ- 7 LIMITATIONS AND CONCLUSIONS
ments or architectural models, vehicles moving along a terrain, etc.

We represent the environment as a set of objegtsnd partition Our approach has certain limitations. We compute a 2D domain
it into two disjoint sets: a set of obstacl8s and a set of 'ground’ triangle for each triangle in the 3D mesh. We pack all these 2D do-
surfacesSy. A ground surface is a 2-manifold along which robots main triangles in the texture atlas and our current packing algorithm
are constrained to move. may not be optimal. Our current approach is limited to deforming

. . . ) . triangles with xed connectivity. If the underlying simulation con-
Our goal is to perform motion planning for multiple moving robots  gjsts of objects with changing topologies, we may need to update
or agents with no assumptions about their motion. In this case, the planar parameterization and recompute the spatial hierarchies.
each robot is treated as a dynamic obstacle for the other robots.Tpe accuracy of our proximity computation algorithm is governed
As a result, prior motion planning algorithms based on sampling- py the resolution of the distance map. It is possible to compute
based techniques and pre-computation of a roadmap are notdirectlynigher resolution distance elds using GPUs, but then the cost of

applicable. readback to CPU goes up, especially for interactive applications.

Voronoi diagrams have been widely used for motion planning, in-

cluding roadmap computation [6], sample generation [13] or com- 7.1 Conclusions and Future Work

bined with potential eld methods for 2D robots [18]. It is well

known that the Voronoi diagram of the obstacd(S,) repre- We present a new algorithm to compute surface distance maps for
sents the connectivity of the free space of the robot, and can pro-triangulated models using the texture mapping hardware. We com-
vide paths of maximal clearance between the obstacles. The 3Dpute a planar parameterization of the mesh and use the af ne map-



ping to ef cient evaluate the distance maps. We also present culling [16]
and clipping techniques to speed up the computations. We highlight
the performance of our algorithm on complex models and use it to
perform interactive proximity queries between deformable models. [17]

There are many avenues for future work. We could further improve [1g]
the performance of our algorithm by using spatial and temporal co-
herence between successive frames. It may be possible to extend
our algorithm to objects with changing topologies, where we in-
crementally recompute the af ne transformation to the parametric [19]
domain. We would like to use proximity computation algorithm

to perform self-proximity queries including self-collisions or self-
penetrations in cloth simulation. Surface distance maps could also

be useful to accelerate ray tracing dynamic scenes [33]. [20]
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