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Abstract
Thebeautiful,branchingstructureof ice is oneof themoststrikingvisualphenomenaof thewinter landscape. Yet
there is little studyaboutmodelingthis effect in computergraphics.In this paper, we presenta novel approach
for visual simulationof ice growth. We usea numericalsimulationtechniquefrom computationalphysics,the
“phase�eld method,” andmodifyit to allow aestheticmanipulationof icecrystalgrowth.Wepresentacceleration
techniquesto achieve interactive simulationperformance, as well as a novel geometricsharpeningalgorithm
that removessomeof thesmoothingartifacts fromthe implicit representation.We havesuccessfullyappliedthis
approach to generateicecrystalgrowthon3D objectsurfacesin several scenes.

Categories and Subject Descriptors (according to ACM
CCS): I.3.7 [Computer Graphics]: Three-Dimensional
GraphicsandRealism

1. Intr oduction

Thegeometricallyandoptically complex structureof ice is
oneof themoststriking visualphenomenain winter. These
beautiful,branchingpatternsof ice canbe found on many
exposedsurfaces,such as sidewalks, panesof glass,and
hoodsof cars.Together, thesesurfacescomprisea unique
aspectof thefrozen,wintery landscape.

While there exists some work that models this visual
complexity 26; 28, therehasbeenrelatively little researchin
computergraphicsthat attemptsto physically simulatethe
growthof icepatterns.In addition,noneof thepreviouswork
presentsa mechanismthat allows an artist to automatically
adjustthesimulationparametersto achieve a speci�c visual
effect. However, thereis a largebodyof knowledgein both
crystalgrowth andcomputationalphysicsthataddressesthe
computationof theliquid to solidphasetransition.Thereex-
istsa wide morphologyof ice patterns,andin this paperwe
presenta modelthat cansimulateseveraldifferenttypesof
solidi�cation, mostnotablydendriticsolidi�cation, which is
the mostgeometricallycomplex andvisually interestingof
all icestructures.

Main Contrib utions: We presenta novel approachfor the
visual simulationand renderingof ice crystal growth. We
chooseasimpleandpowerful simulationtechniquefrom the
crystalgrowth literature,known asthe phase�eld method.
Wepresenttechniquesto simplify thecomputationandmake
theproblemof simulatingmodest-scaledendriticice crystal

growth more tractable.We also show how the phase�eld
methodallows a userparameterizationthat a visual effects
artistcanuseto manipulatetheicecrystalgrowth.Thephase
�eld methodoften hassmoothingartifactsasa resultof its
implicit representation,and it canonly computethe outer-
most ice-water boundary. Therefore,a novel intermediate
geometricprocessingstepis introducedto addsharpedges
andmedialridgesto theinteriorof theice.Finally, thesimu-
latedimagesarerenderedusingphotonmapping14. In com-
parisonto theexisting work in this area,our methodoffers
thefollowing advantages:

� Physically-basedicegrowth basedonrigorousmathemat-
ical formulationsandsoundphysicalobservations;

� Simpleandnaturalaestheticcontrolof simulationparam-
etersfor generatingdesiredvisualeffects;

� A physically-inspired,novel geometricprocessingstep
that introducesinternalstructureto the ice andenhances
thevisualrealismof the�nal renderedimage;

� Acceleratedand simpli�ed computationsfor interactive
simulationof modest-scaleicecrystalgrowth.

The basicsimulationandrenderingframework hasbeen
appliedto severaldifferentscenarios.Fig. 1 showsanexam-
ple imagegeneratedby ourmethod.

Organization: Therestof thepaperis organizedasfollows.
A brief survey of relatedwork is presentedin section2. Sec-
tion 3 gives an overview of our approach.We presentthe
numericalmethodand accelerationtechniqueswe usedto
simulatethe ice growth in section4. Section5 introduces
our aestheticcontrolparameters,which canbeusedto drive
thesimulationtowardintendedvisualeffects.Wedescribea
novel geometricmethodto createcrestsandridgesin theice
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Figure 1: Detail of ice grown on a stainedglasswindow.
Theinsetshows thefull window.

in section6. Theresultsof our implementationareshown in
section7.

2. PreviousWork

In thissection,webrie�y survey relatedsimulationandren-
deringtechniquesfrom thecomputergraphicsandcomputa-
tionalphysicsliterature.

2.1. Visual Simulation Methods for Water in Differ ent
States

The visual simulationand modelingof the other statesof
H2O have beenwell-studiedin the past.The dynamicsof
waterandsteamhave beenimpressively capturedin general
�uid simulations7; 9. Recently, Fearing8 examinedthesolid
stateof waterwhensimulatingthedynamicsof fallensnow.
However, theanalysisin his paperfocusedon thephenom-
enathatarisein depositionanddrift of snow, not thosethat
arise in the liquid to solid phasetransition.Instead,it as-
sumedthat all phasetransitionshadalreadytaken placein
thesky. Consequently, the lack of ice in Fearing's scenesis
noticeable.

A famousempiricalalgorithmthatattemptsto capturethe
structureof dendritic ice is the Koch snow�ak e. First de-
scribedby Helge von Koch in 1904 26, it de�nes simple
productionrules that, when applied recursively, produces
a structurethat is in closevisual agreementwith that of a
snow�ak e.Thereaderis referredto TheFractalGeometryof
Nature17 for furtherdetails.While it rendersvisuallyplausi-
ble results,the Koch snow�ak e hasno clearphysical basis
andcertainlydoesnot allow for an aestheticparameteriza-
tion.

Diffusion Limited Aggregation, or DLA,2; 28 is a tech-
nique from physics that attemptsto capturesimilar effects
to the oneswe describehere.Notably, this techniquedeals
with solidi�cation in thecontext of vapordeposition, theag-
gregationof watermoleculesin theair ontoa cold surface.
Instead,wepresentamethodthatmodelstheaggregationof
liquid moleculesonacrystalin anundercooledmelt.

2.2. Simulation Techniquesin Computational Physics

Ice cantake many geometricforms, from the uninteresting
structureof ice cubesto thedendriticgrowth we examinein
this paper. For an introductionto the morphologyof possi-
ble ice crystalshapes,the readeris referredto thepaperby
YokoyamaandKuroda29.

In additionto thevisualappealof dendriticcrystals,their
simulationis alsoof considerablepracticalinterest.During
the creationof alloys, a liquid to solid phasetransitionoc-
curs,and if an dendriteforms in the melt during this pro-
cess,the alloy canbe drasticallyweakened.Consequently,
thereis a considerablebody of work in the computational
physics and crystal growth literatureaddressingthis prob-
lem, andoneof the most interestingsimulationtechniques
thathasemergedis thephase�eld method16.

In its simplestform, the phase�eld methodcanbe very
computationallyexpensive. Therefore,variousacceleration
techniqueshave recentlybeendevelopedto make the com-
putationmoretractable.Theseincludeadaptivemeshre�ne-
ment 20 and diffusion Monte Carlo 19 techniques.We will
insteadproposeboth a simpler schemeand a mappingto
graphicshardware. Both techniquesacceleratesimulation
performanceandmake it suitablefor modelingmodestscale
icegrowth.

At its core,the problemof dendriticsolidi�cation is one
of trackinganevolving interface.Thus,thelevel setmethod
18; 22, an approachthat hasbeenwidely usedin computer
graphicsrecently, canalsobeappliedto theproblem.While
traditionallytherehavebeenproblemsin theuseof level set
methodsto simulatedendriticsolidi�cation, many of them
havebeenaddressedin recentwork 10. Thelevel setmethod
is alsocapableof providing a solutionof higherorderaccu-
racy thanthephase�eld method.However, we feel thatthis
level of precisionis unnecessary. Both the phase�eld and
the level set methodscan supportan aestheticparameteri-
zation,but we have chosento usephase�elds becauseit is
simplerto implementandoptimize,particularlyongraphics
hardware.Notably, the level setmethodis alsoan implicit
simulationtechnique,andsuffers from thesamesmoothing
artifactsasthephase�eld method.Consequently, if level set
methodswereusedin placeof the phase�eld method,our
geometricsharpeningstepwouldstill benecessary.

3. Overview

Wegiveabrief overview of theoverallcomputationalframe-
work andthebasicdesignof eachstepinvolved.

We choosea simple and powerful implicit simulation
techniquefrom the crystalgrowth literature,known as the
phase�eld method.ThismethodcantakeO(N3) time,where
N is theresolutionof asinglegrid dimension.To obtainrea-
sonableaccuracy, N mustbe fairly large,makingthe com-
putationquite expensive. We reducethe computationtime
signi�cantly by usingtwo accelerationtechniques.The�rst
is basedon the observation that most ice crystalsarevery
thin. We cansimulategrowth in 2D andadd3D detail later,
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Figure2: Theoverall systempipeline.

reducingthecomputationtime from O(N3) to O(N2). Sec-
ond,we further improve the performanceof the simulation
by performingbandedcomputationaroundthe“front” of the
iceandwaterinterface,insteadof over theentiregrid.

We then adapt the phase�eld method to include aes-
theticcontrolsfor a visualeffectsartist to manipulate.This
is achieved by usercontrol of the seedcrystalandfreezing
temperaturesinput into thephase�eld simulation.

For the seedcrystal,we usethe visually salientfeatures
of our target object.The featuresareextractedusingedge
detectionandusedto settheinitial conditionsof thesimula-
tion. In additionto seedingthesimulation,wealsoin�uence
thesimulationthroughoutby manipulatingthefreezingtem-
perature.

Due to thesmoothingartifactsof thephase�eld method
and the lack of internaldetail given by the evolving inter-
face,anovel intermediategeometricprocessingstepis intro-
ducedto addsharpfeaturesprior to rendering.This is per-
formedby �rst computingtheborderandmedialaxisof the
icewith morphologicaloperators.Giventheresultingmedial
axis and boundaryedges,we generatea constrainedcon-
forming Delaunaytriangulationupon which a subdivision
stepis performedto introducecreasesandedges6. Finally,
thetrianglesarerenderedusingphotonmapping.

Fig. 2 shows theoverall systempipelineof our computa-
tionalframework.Next, wewill describeeachstepin greater
detail.

4. The PhaseField Method

In this section,we describethe phase�eld method,a nu-
mericaltechniqueusedto simulateundercooledice growth.
Subsections[4.1] - [4.3] give an overview of the method,
andpresentKobayashi's formulation16. In subsections[4.4]
- [4.7] wewill presentourown analysisandoptimizations.

4.1. UndercooledSolidi�cation

An undercooledliquid is a liquid that hasbeencooledbe-
low its freezingtemperature,but hasbeencooledsuf�ciently
slowly for it to remain in its liquid state.When a small
amountof solid material, known as the seedcrystal, en-
ters a container�lled with undercooledliquid, the liquid

transitionsto solid radially outwardsfrom the initial seed
in a rapid andunstablereaction.Due to this instability, the
growth of the crystalcanbe in�uenced by small perturba-
tions, suchas surface tensionor minute impurities in the
liquid. Thesefactorscanleadto thecomplex branching,or
“dendritic”, behavior weseein ice.

4.2. The PhaseField

In the phase�eld method,the undercooledliquid is repre-
sentedimplicitly asa two or three-dimensionalgrid. This is
alsoknown asan`Eulerian'representation.Severalgraphics
papersdescribeEuleriansimulationin detail 11; 27, asdoes
any generalappliedlinearalgebratext 5. For simplicity and
tractability, we limit oursimulationsto two dimensions.

Two separate�elds aretracked usingthis discreterepre-
sentation:A temperature�eld T, recordstheamountof heat
in a givencell, anda phase�eld p recordsthecurrentphase
of a givencell. For a givengrid coordinate(x;y), we de�ne
Txy and pxy asthe correspondingvaluesin the temperature
andphase�elds.

For a given(x;y), if pxy = 0, thecell is �lled with water,
andif pxy = 1, thecell containsice. If pxy is between[0;1],
then it is at an intermediatestagebetweenthe two states.
While weusuallythink of phaseasabinarystate,eitherwa-
ter or ice, on the microscopiclevel thereis a continuumof
statesalongtheice front. Thephase�eld methodmakesthe
computationof solidi�cation tractableby magnifying this
microscopiccontinuumsothatit is visiblemacroscopically.

Fig. 3(a) is anexampleof a partially reactedphase�eld,
andFig. 3(b) is a crosssectionfrom Fig. 3(a).Thehorizon-
tal axisof Fig. 3(b) is thespatialdimension,andthevertical
axis is thephasedimension.In actuality, thetransitionfrom
p = 1 (ice) to p = 0 (water) shouldbe a microscopically
thin, virtually instantaneousstepfunction. Instead,the mi-
croscopictransitionhasbeenmagni�ed, andwe canseea
region of quick but �nite transition.Oncethe interfacehas
beenmagni�ed to a resolutionwherenon-integral valuesof
pxy appearonthegrid, wecanevolvetheinterfaceby apply-
ing apairof partialdifferentialequations.
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(a) (b)

Figure 3: (a) A phase�eld in which white is p = 1 (ice),
andblack is p = 0 (water).The gray bandin the middle is
thesectionshown in pro�le in (b). (b) Crosssectionfrom (a)
in pro�le. Notethatwhile thetransitionfrom waterto ice is
abrupt,it is not instantaneous.

4.3. The KobayashiFormulation

The�rst paperto reportsuccessfulsimulationof awidevari-
etyof icegrowth patternsusingphase�elds is by Kobayashi
16. His formulationis similar to thereaction-diffusionequa-
tions 27; 25 for texture synthesisin computergraphics.In
reaction-diffusion, the propagation of chemicalsthrougha
mediumis describedusingapairof PDEsof theform:

¶C
¶t

= a2r 2C+ R:

On the right handside,a2r 2C representsdiffusion,and
R representsan arbitrary reaction function. The a2 is a
spatially-variantanisotropy term.ThePDEfor Kobayashi's
temperature�eld �ts this form:

¶T
¶t

= a2r 2T + K
¶p
¶t

: (1)

Thediffusiontermremainsthesame,sincewe arein fact
simulatingheatdiffusion.In this case,R= K ¶p

¶t , whereK is
alatentheatconstant.ThisRtermmodelstheprocesswhere,
aswatertransitionsto ice, it producesheat.

Thephase�eld termin Kobayashi's formulationis signif-
icantlymorecomplex thanthepreviousequations:

t
¶p
¶t

= r � (e2r p) � ¶
¶x
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e¶e
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The�rst portionis adiffusionterm:
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�

that is signi�cantly morecomplex thanthestandardLapla-
cian. The standardLaplaciandiffusion term (r 2C) is the
sumof thediagonalelementsof theHessianmatrix:

2

4
¶2p
¶x2

¶2p
¶x¶y

¶2p
¶y¶x

¶2p
¶y2

3

5 : (3)

TheKobayashidiffusiontermis alsothesumof elements
from theHessian,but it takesinto accountall thematrixen-
tries.Theplacementof theanisotropy termis alsodifferent,
betweenthe �rst andsecondpartials.As a result,the diag-
onal termsareabbreviatedasa gradientanddivergenceop-
erator(r � (e2r p)) insteadof a pureLaplacian.This differ-
enceissigni�cant,becauser � (e2r p) = e2r 2p+ r e2 � r p.
As a result,this differentanisotropy placementaccountsfor
boththeLaplacianof thephasetermandthegradientof the
anisotropy term.

Kobayashialsopresentsa complex andgeneralmodelof
anisotropy. First,wede�ne q astheorientationof thefront at
agivengrid cell, q = �r p. In two dimensions,this reduces

to q = � cos� 1(
¶p
¶x

jr pj ). Theanisotropy termis then:

e(q) = e(1+ dcos( j(q0 � q)) (4)

wheree, d, j, and q0 are constants.The constantj is the
degreeof anisotropy, which de�nes preferreddirectionsof
growth. d is the strengthof anisotropy, which de�nes the
speedof growth in thepreferreddirections.q0 is a �x edref-
erencedirection,ande is thescalingfactorthatdetermines
how muchthemicroscopicfront is magni�ed.Thevalueswe
usedfor theseandotherconstantsis givenin Table1.The ¶e

¶q
termis alsonecessaryin Eqn.2, but this canbeobtainedby
takingtheanalyticalderivativeof Eqn.4.

a g Te j q0 e t a

0.9 10.0 1.0 4.0 p
2 0.01 0.0003 1.0

Table 1: Simulation Constants.Top: Equation symbols;
Bottom: Valuesused

Next weexaminethereactiontermin Eqn.2.

p(1� p)
�

p�
1
2

+ m(T)
�

; (5)

wherethemtermis de�ned as:

m(T) =
a
p

arctan(g(Te � T))) : (6)

Eqn.5 modelstheenergy potentialsin thesystem.Thede-
tails of this equationareprobablyof limited useto a graph-
icsaudience,sowewill insteadpresentsomebasicintuition.
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Whenm = 0, Eqn.5 is positive over 0:5 < p < 1 andneg-
ative between0 < p < 0:5. So, the energy is in a “meta-
stable”statewherevaluesof p areencouragedto stay the
same.Conversely, whenm = 0:5, Eqn.5 is positive for all
0 < p < 1. So, if a grid cell hasm = 0:5, no matterwhat
its p value,it is encouragedto transitiontowardsice.As the
temperatureof a grid cell increases,its m increasestowards
0:5, andit becomesmorelikely to transitionto ice.

Despitethe complexity of the above discussion,Eqns.1
and2 areall that arenecessaryto simulateice growth. We
will notpresentamethodof synthesizingiceonto3D objects
here,becausethe 2D texture synthesismethodspresented
by Witkin et al. 27 andTurk 25 canbothbeappliedwithout
modi�cation.

4.4. Impr ovedAnisotropy

Eqn. 4 affords both simpler and richer controls for gen-
eral texturesynthesisthantheanisotropy termdescribedby
Witkin andKass27. Witkin andKass' formulationlimits the
numberof preferredgrowth directionsto 0, 2, or 4, andall
the directionsmust be either parallel or orthogonal.Addi-
tionally, thestrengthof anisotropy in paralleldirectionsmust
bethesame.For example,if wepreferfastgrowth alongthe
x axis, we cannotspecify different speedsfor the positive
andnegativedirections.

Usingtheconstantj in Eqn.4, wecanspecifyanarbitrar-
ily highdegreeof anisotropy, andwith aslightmodi�cation,
specifya differentspeedfor eachdirection.This is accom-
plishedby de�ning aseparatedi for eachith cosinelobe,and
limiting thein�uenceof di to therangei� 2p

j � q < (i+ 1)� 2p
j .

4.5. PossibleIce Crystal Shapes

In Fig.4,weshow theresultsof oursimulation,startingfrom
a point sourceof ice in the center. By varying the K andd
simulationparameters,wecanproducethe“isotropic”, “sec-
toredplate”,and“dendritic” typesfrom theicemorphology.
For comparison,we provide photosof snow�ak esthatillus-
tratethesesametypes.Althoughsnow�ak esform from va-
por, not undercooledmelts, the processof solidi�cation is
similar, andserve to show thatour resultsarein closeagree-
mentwith naturallyoccurringstructures.

4.6. BandedOptimization

A gooddealof thecomputationin thesimulationis extrane-
ous,becausein many casesa largeportionof thephase�eld
grid is homogeneouslyice or water. Eqn.1 and2 areonly
nonzeroin regionswherethe phase�eld is heterogeneous,
so any computationtime spentin homogeneousregions is
wasted.

Someof theoptimizationtechniquesthathave beenpro-
posedfor phase�eld methodsincludeadaptive meshesfor
representingthe phaseandtemperature�elds 20 andDiffu-
sionMonteCarlo (DMC) methods19. However, thesetech-
niquesalsodealwith the accuratesimulationof solidi�ca-
tion at scalesmuchsmallerthanthemeshresolution.Since

we areonly concernedwith visualsimulation,thesesmaller
scalesarenotof interestto us.

The optimization that is of interest to us in the adap-
tive meshand DMC methodsis the localization of com-
putationto the grid cells alongthe interface.This goal can
be achieved usinga simplemethod,similar to the “narrow
band” optimization methodusedfor level set methods1.
Sinceall computationtakesplaceusing�nite differencing,
weknow thattheinterfacecanmoveamaximumof onegrid
cell periteration.If werestrictcomputationto grid cellsthat
hada nonzeroderivative on theprevious iterationandtheir
correspondingneighbors,thenwe will restrictcomputation
of Eqn. 1 and 2 to only thosegrid cells that could poten-
tially change.This simpleandeffective optimizationoffers
the samecomputationallocalizationas the adaptive mesh
andDMC methods,while addingminimal implementation
complexity.

Table2 comparesbandedandunbandedperformance.We
usedvariousresolutionsof the stainedglasswindow from
Fig. 1 asour input.Althoughtheperformanceis very input-
sensitive, we believe Fig. 1 is a realistic input, sinceit ini-
tially coversabouthalf thesimulationdomain.

Grid Size Unbanded(Hz) Banded(Hz) Speedup

128x 128 25 125 5.0x

256x 256 8 20 2.5x

512x 512 3.5 5 1.4x

Table2: Bandedvs.UnbandedPerformance

4.7. Hardware Implementation

Recently, theef�cient solutionof PDEshasbecomepractical
onprogrammablegraphicshardware.Kobayashi'sequations
canbepluggeddirectly into thegeneralsolutionframework
presentedby Harris et al 11. On a GeForceFX,we experi-
encedasmuchasa factorof 9 speedup,makinginteractive
simulationpossibleon non-trivial grid resolutions.Table3
comparesthe two implementations.The timings areall for
anunbandedimplementation.

Grid Size CPU(Hz) GPU(Hz) Speedup

64x 64 250 624 2.50x

128x 128 25 236 9.44x

256x 256 8 67.47 8.43x

512x 512 3.5 17.67 5.05x

1024x 1024 1.08 3.77 3.49x

Table3: CPUvs.GPUperformance.CPU:1.8GhzPentium
4; GPU:GeForceFX5800Ultra
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(a) (b) (c)

Figure 4: Top: Differentsimulatedstructuresfrom the ice morphology. Bottom: Photographsfor comparison.(a) Dendritic
growth (b) SectoredPlategrowth (c) Isotropicgrowth. Isotropicgrowth is notusuallyfoundin nature,becauseit is rarethatno
biasactsongrowth. However, it canbeproducedin a laboratoryusinganelectric�eld, asin thisphotofrom Buka 3.

Bandedoptimizationcan also be implementedon hard-
wareby terminatingthefragmentprogramassoonastheho-
mogeneousphasecaseis detected.However, currentGPUs
donotyetsupportthis functionality, soweareunableto ob-
tain timing informationthatleveragesthisoptimization.

5. UserControl

Oneof our goalsis to introducea userparametrizationinto
the simulation,so that a visual effectsartist cansuggesta
generalshapeandthesimulationcanthengrow an`icy' ver-
sion of the shape.The phase�eld methodsupportssucha
parameterizationthroughthemanipulationof its seedcrys-
tal andfreezingtemperature.

Theseedcrystalallows theuserto guaranteethatprimary
shapefeaturesarepresentin the �nal ice, andthe freezing
temperatureallows the user to provide further simulation
hints by rating the importanceof secondaryfeatures.The
settingsfor theseparameterscanbegeneratedautomatically
usingthemethodssuggestedbelow, or interactively to give
the usergreatercontrol over the �nal result.In order to il-
lustratehow this works, we will grow ice in the shapeof
Fig. 5(a)asanexample.

5.1. SeedCrystal Mapping

First, the userselectsthe most visually importantfeatures
andmapsthemto theseedcrystal.In this case,we decided
that the edgesof Fig. 5(a) were the most importantvisual
feature.However, theuseris freeto selectany arbitraryfea-
tureasthemostimportant.

Fig. 5(b)wasextractedusingCanny edgedetection4. We
mapthesevisually importantfeaturesto the seedcrystalto
guaranteethatthesefeaturesarepresentin the�nal ice,pre-
servingthegeneralshapeof theoriginal image.However, if
wethenrunthesimulationonthisseedcrystalcon�guration,
asshown in Fig. 5(c), thedesiredshapeis quickly lost.

Theseedcrystalmappingonly in�uencesthe initial con-
dition of thesimulation,soanadditionalparameterthat in-
�uencesthesimulationatevery timestepis alsonecessaryin
orderfor thegoalshapeto bepreserved.The freezingtem-
peratureprovidessuchaparameter.

5.2. FreezingTemperatureMapping

By varying the freezingtemperatureover the temperature
�eld, we can model the presenceof impurities in the un-
dercooledliquid. Recallthatsaltcausesice to melt because
it lowersthe freezingtemperatureof theH2O, andice then
transitionsbackto water if the surroundingenvironmentis
no longer cold enoughto freezeit. Similarly, if salt were
presentin a undercooledliquid asit wasfreezing,theH2O
would be more reluctantto freezein salty regions than in
regionsof purewater.

If we want to promoteice growth in a speci�c region of
the phase�eld, we set the freezingtemperatureof that re-
gionashighaspossible,to Te. If wewantto suppressall ice
growth in a region, we setthe temperatureof that region to
zero.To ratethe importanceof regionswith respectto one
other, wesettheir freezingtemperaturesbetween0 andTe.
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(a) (b)

(c) (d)

(e) (f)

Figure5: Left to right, top to bottom:(a)Thesourceimage;
(b) theseedcrystaltexture; (c) simulationresultsafterseed
crystalmapping;(d) freezingtemperaturemapping:White
regions are the original Te value,while darker regions are
lesservalues;(e) the ice grown with a mappedseedcrystal
andfreezingtemperature;(f) thebumpmappedice.

For example, in Fig. 5(d), white regions representTe,
while greyer regions representprogressively lower freez-
ing temperatures.Thehair, eyes,andcollar in Fig. 5(d) are
whiterthantheirsurroundingregions,sotheseregionsfreeze
over �rst beforethesimulationstartsbranchingout into the
greyer regions.

We automaticallygeneratedthefreezingtemperaturetex-
ture in Fig. 5(d) by �rst populatingthe texture uniformly
with thedefault Te values,andthensubtracteda scaledver-
sion of the original image.This methodratesdark regions
higher thanlight regionsandproducedgoodresults.How-
ever, this is only oneratingmethod,andsincethesimulation
canuseany arbitrary texture, the usercan imposeany de-
siredratingmethod.

6. Intr oducing Inter nal Structur e

In thissection,weintroduceinteresting,physically-inspired,
internalstructureto theresultsof thephysically-basedsim-
ulation. In the process,we will producetrianglesfrom the
resultsof the simulationthat canbe sentto a photonmap
renderer. This way we cancaptureoneof themoststriking
featuresof ice, thecaustics.Additionally, we will producea
subdivisionsurfacerepresentationthatis capableof meeting
thedensepolygonalrequirementsof high-endvisualeffects
work.

Thephase�eld methodprovidesthepositionof agrowing
ice border. However, thereis alsoa gooddealof interesting
detailsthat resideson the interior of ice aswell. Thesede-
tails areapparentin the`snow�ak e' imagesandsimulations
presentedin Fig. 4. However, aswe increasethescaleof the
simulation,thesedetailsare quickly lost, creatingunnatu-
rally �at ice.

6.1. Naïvebump mapping

In orderto capturethis internaldetail,we�rst bumpmapped
the ice accordingto the ¶p

¶t of the ice. As watertransitions
to ice, it expandsslightly, andthis degreeof expansionwas
approximatedat eachtime stepby increasingthe heightof
the ice by the amountof phasetransition.This is how the
internalstructuresin Fig. 4 wereproduced.

However, this is a coarseapproximationof the actual
freezingprocess.The bumpsin actualice arisebecauseof
theexpansioncoef�cient of water, which causesH2O to in-
creaseslightly in volumeasit freezes.Thisexpansioncoef�-
cientarisesdueto forcesat thewater/airinterface,notat the
ice/waterinterfacethat ¶p

¶t is derived from. However, mod-
eling the expansioncoef�cient is still an openproblemin
chemistry21, andin our literaturesearchwecouldnot �nd a
scienti�c modelsuitablefor visualsimulationandrendering.
Consequently, weaddaphenomenologicalstepto introduce
theseadditionalfeatures.

6.2. Adding Subdivision Creases

Oncethesimulationhasrunto completion,wecanintroduce
sharpinternalstructuresby insertingcreasesinto the ice at
visuallyexpectedlocations.Theintroductionof creasesinto
a surfaceis a well-studiedtechniquein modeling,speci�-
cally usingsubdivisionsurfaces6. We introducecreasesinto
the ice by stretchinga subdivision surfaceover the ice and
thenrepeatedlysubdividing to introducecreasesbothat the
borderandalongthemedialaxis.

Theborderisanobviouslocationto introducedetail,since
it accentuatesthebordergeneratedby thesimulation.Wein-
troducecreasesat themedialaxisbecausewe expectice to
have sharplyfaceted,crystallinefeatures.Phenomenologi-
cally, the medialaxis is a goodcandidatelocation for this
creasebecauseit is the locationof visually interestingfea-
turesin othernaturalgrowth phenomena,suchasthe veins
in leaves.More formally, themedialaxisis guaranteedto be
distantfrom theborder, soweareassuredagooddistribution
of creases.
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Figure6: Borderextractionoperation

(a) (b)

Figure 7: (a) 3 x 3 structuringelementfor morphological
erosion;(b) Thesparseroperatorweuse

6.3. Mor phologicalOperators

We isolateboth theborderandmedialaxis throughtheuse
of morphologicaloperators.This is a simpleway to isolate
bothof thesefeatures,given thatour �nal ice is storedasa
nearlybinaryrasterimage.We caneasilyconvert theimage
to a purely binary imageby thresholdingall (p � 0:5) to
1 and(p < 0:5) to 0. In addition,morphologicaloperators
guaranteeconnectivity propertiesthat greatly simplify the
constructionof asubdivisioncontrolmesh.

Morphologicaloperationscanbeviewedasbinaryconvo-
lution. In placeof the multiplicationsandadditionsof nor-
malconvolution,werespectively performlogicalANDs and
ORs.The convolution kernelsin morphologicaloperations
arereferredto as“structuringelements”.SeeJahne13 for a
moredetaileddescription.

We useerosion,oneof thesimplestmorphologicaloper-
ations,to isolatethe borderof the ice. If we run a single
iterationof erosiononanimage,thenasinglelayerof white
pixels aroundall white regions is deleted.If we thensub-
tract this erodedimagefrom our original image,we areleft
with theborderpixelsof all thewhite regionsin theoriginal
image.Thisprocessis shown in Fig. 6.

The usual structuring element for erosion is given in
Fig. 7(a). However, we use a sparserversion, given in
Fig. 7(b). As shown in Fig. 8, the useof the sparserstruc-
turing elementdoesnot give usthethick bandof pixelsthat
arepresentusingthe traditionalelement.Instead,we get a
sparsersetof pixelswith simplerconnectivity, which aswe
will seelater, leadsto asimplersubdivisioncontrolmesh.

We alsousemorphologicaloperatorsto extract the me-
dial axisof the ice. While thereexist many waysto extract
themedialaxis,usingmorphologicaloperatorsis very sim-
ple andguaranteesthesameconnectivity propertiesasero-
sion,resultingin asimplesubdivisioncontrolmesh.Theuse
of morphologicaloperatorsis slower thanothermedialaxis
algorithms,but thedifferenceis negligible comparedto the

Figure8: Resultsof modi�ed erosionoperator

runningtimeof thephase�eld simulation.Therefore,theex-
traoverheadis insigni�cant in theoverall computationtime.

In morphologicalterms,the isolationof the medialaxis
is known as the “skeletonization”.The skeletonizationop-
eratorsin Fig. 9 areslightly morecomplex thantheerosion
operator. In addition to convolving by all eight structuring
elements,the �nal valueof the pixel is determinedby OR-
ing theresultsof all eightconvolutions.Theskeletonization
operatorsalsoinclude“don't care”pixels.Theimagepixels
that fall underthe “don't care” pixels are ignoredin all of
the logical operations.In Fig. 9, the “don't care”pixelsare
denotedwith emptypixels.

Figure9: Skeletonizationstructuringelements

Thestructuringelementsin Fig. 9 areeachrunrepeatedly
until no further changestake place.When this occurs,the
pixelsthatremainarethosealongthemedialaxis.Notethat
the “thick” formationsin Fig. 8 arealsoguaranteednot to
occurin theskeletonizedimage.WeobtainedFig. 10(a)and

(a) (b)

Figure 10: (a) Ice with skeletonizationapplied;(b) Ice with
borderoperationapplied
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Figure 11: Creasepixel types(left to right): dart, crease,
corner

(a) (b)

Figure 12: (a) The original bump mappedsurface,(b) The
sharpenedicesurfaceaftersubdivision

(b) from our ice image,usingtheborderandskeletonization
morphologicaloperators.

6.4. Control MeshSegmentGeneration

To constructthe control meshfor the subdivision surface,
we �rst extract a setof line segmentsfrom the borderand
medialaxis images.Theseline segmentswill be thecrease
edgesin the subdivision surface,andtheir extractionis ac-
complishedby performinga depth-�rst searchof the white
pixels in theimages.Accordingto Hoppe12, therearethree
differentvertex typesattheendpointsof subdivisioncreases:
“dart”, “crease”and“corner” vertices.Wecanautomatically
tag our verticesto the correct type during the depth �rst
search.

For themedialaxisimage,wecancreateaminimally con-
nectedmeshby exploiting thepropertiesgivenby themor-
phologicaloperators,asshown in Fig. 11. Any white pixel
with only onewhite neighboris a “dart” vertex, any white
pixel with two whiteneighborsis a “crease”vertex, andany
white pixel with morethantwo neighborsis a “corner” ver-
tex. We run a similar algorithm on the border image,but
sincewe arenot guaranteedto have any dartpixels,we can
startthe traversalfrom any white pixel. Sincetherearenot
many dartsor corners,we insertnew verticeseverysooften,
accordingto a “stride” length.

Note that if any of the“thick” structuresfrom Fig. 8 had
beenpresent,thenboth dart andcreasepixels would have
two neighbors,andwe would needa morecomplex search
scheme.If we want to addmoredetail to the skeletonseg-
mentsor avoid intersectionswith the bordersegments,we
canadda “stride” to its tree traversalaswell. In practice,
settingthe skeletonstride to the sameas the borderstride
producedgoodresults.

6.5. Triangulation Generation

Subdivision algorithmscanonly berun over tessellatedsur-
faces,althoughthe baseprimitive of the tessellationcan
vary. Several schemescan easily supportcreases,but we
choseLoopsubdivisionbecauseits baseprimitivesaretrian-
gles,andthereis a clearerpathto generatingtrianglesfrom
theice thangeneratingotherprimitives.

A Delaunaytriangulationalgorithmtakesa setof points
andgeneratesa setof trianglesthatcontaintheinput points
asvertices.In our case,we would alsolike to input a setof
linesegments,andgenerateatriangulationthatcontainsboth
thepointsandlines.A speci�c varietyof Delaunaytriangu-
lation, known as the “constrainedDelaunaytriangulation,”
accomplishesthistask.In practice,thebasicconstrainedDe-
launaytriangulationgeneratedmany “needle” triangles,so
we usedtheconstrainedconformingDelaunaytriangulation
instead.

6.6. Height Field Generation

Oncewehaveatwo dimensionaltriangulationof theice,we
mustassignheightvaluesto theverticesin thetriangulation.
The obvious choice is to samplevaluesfrom the original
bump map.However, sincethe original bump map is very
smooth,thelimit surfaceof a subdivision meshbasedon its
valuescanalsobeverysmooth.

In orderto guaranteetheappearanceof creasesin thelimit
surface,we assignthe height valuesaccordingto a linear
interpolationthat approximatesa facetedsurface.We gen-
eratethis approximationby �rst calculatingthe distanceto
the nearestborderandmedialaxis pixels for all pixels.We
thenassigna heightvalueto thepixel by linearly weighting
theheightsof thenearestborderandmedialpixelsby their
relative distancefrom the currentpixel. The heightsof the
borderandmedialpixels aretaken from the original bump
map.Thisapproximationis verymuchlike thecontourcon-
nectionapproachin 15 and is simply a linear interpolation
betweenthemedialaxisandbordercontours.

Notethatfor moreperformance-drivenapplications,such
asgames,this height�eld canbe usedasa normalmapin
placeof themoreexpensive subdivision surfacerepresenta-
tion.

6.7. CreaseGeneration

If the linear interpolationis usedto settheheightvaluesof
thetriangulation,thenthecreasesarepresentin theice from
thevery beginning,andcanbe further re�ned throughsub-
division.As speci�edin 6, thecreasescanbemadein�nitely
sharpor madearbitrarily smooth.If themeshis alreadytoo
densefor furthersubdivisions,thentheverticesof thetrian-
gulationcanbepositioneddirectly to thelimit surface,using
themasksgivenin 12. Theresultsof our creaseintroduction
stepareshown in Fig. 12.

6.8. Rendering

Muchof theinterestingvisualdetailof iceis containedin the
causticsgeneratedby therefractingmedium.To capturethis
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detail,we usedphotonmappingfor rendering14 themeshes
generatedby ourdetailreconstructionalgorithm.

7. Implementation and Results

In this section,we give implementationdetailsandpresent
resultsgeneratedondifferentscenesusingourapproach.

7.1. Implementation

All thepipelinestageswereimplementedin lessthan5000
lines of C++ code,excluding the third party librariescited
below. Excluding the runtime library infrastructure,the
hardware implementationtook less than 100 lines of Cg
code.

For our ConstrainedDelaunayTriangulations,we used
JonathanShewchuk'sTrianglepackage23, a freelyavailable
Delaunaytriangulationlibrary that proved to be very well
documented,easyto use,andhighly optimized.

For rendering,we usedPOV-Ray 3.5, a freely available
renderingapplicationthatsupportsa largeshadinglanguage
in additionto anicephotonmapimplementation.

7.2. Simulation Parameters

Asmentionedearlier, thephase�eld simulationwasrunwith
thesettingsgivenin Table1.Thesimulationransuccessfully
at theresolutionsup to andincluding2048x 2048.

The time stepwas�x ed to 0.0002at all times.At larger
steps,the numericalnoise in the simulationquickly com-
pounded.Otherhigher-ordermethods,suchasMidpoint and
Runga-KuttaFourintegration,wereattemptedaswell. How-
ever, they wereunableto reliably increasethetimestepsize
by a factorthatwouldhave justi�ed their cost.

7.3. Results

We successfullysimulatedice growth in severalscenes.All
simulationstook placeon a 512x 512grid with theexcep-
tions of Fig. 14, which was512 x 800.Our graphicshard-
ware implementationruns at practically interactive rates,
thoughits performancevarieswith thegrid resolution.The
�rst sceneis a stainedglasswindow, with ice growing in-
wardsfrom theleadframe.Sincetheleadwould cool faster
thanthe glass,this seemedlike a logical placeto seedthe
ice. We ran the simulationfor 600 iterations,taking a to-
tal of 34 secondson a GeForceFX5800Ultra. Theconstant
K wassetto 1.2, andd wassetto 0.04.We alsoinserteda
smallamountof randomnoiseinto thefreezingtemperature
mapto promotenon-uniformgrowth.Fig.1 showsadetailed
view on a portionof thestainedglasswith ice grown on it.
SeeFig.15and16for asequenceof snapshotsfrom thesim-
ulation.

Thesecondsceneis apondwith icegrowing onalily pad,
asshown in Fig. 13 (a).We ranthis simulationfor 800iter-
ations,taking a total of 45 secondson the sameGPU.The
constantK wassetto1.2anddwassetto0.1.Theringexam-
ple,shown in Fig. 13(b),wasrun on thesameprocessor, for
2300iterations,takinga total of 130seconds.Theconstant

K wassetto 1.2andd wassetto 0.1.A largerstainedglass
window with a morecomplex patternis shown in Fig. 14.
Weranthissimulationfor 500iterations,takingatotalof 50
secondson the sameprocessor. The constantK wasset to
1.2andd wassetto 0.1.

7.4. Discussionsand Limitations

Validatingtheresultsof our simulationis very challenging,
asthesimulationis very sensitive to noise.In fact, it is this
sensitivity thatgivesriseto suchinterestingstructures.Very
specializedequipmentis necessaryto run any meaningful
experiments,which we unfortunatelydo not have accessto.
However, thephysicalvalidity of thephase�eld methodshas
beenprovenrepeatedlyby researchersin thecomputational
physicsandcrystalgrowth communitieswhohave accessto
suchequipment.

Our techniqueand Diffusion Limited Aggregation 28; 2

both dealwith the samebasicproblemof solidi�cation. In
practicewe have found that our methodcan producethe
samestructuresasDLA, andthat thesestructuresonly rep-
resenta subsetof thosepossiblewith our method.DLA
alsodoesnot provide any clearway to introducea userpa-
rameterization,andcannotachieve the simulationrateswe
achieve throughgraphicshardware.Giventhesefactors,our
methodis amorepracticaltechniquefor visualeffects.

Finally, our reconstructionof the lost internal detail is
only physically plausible, not physically based.Further
studyis necessaryto validateandre�ne thisprocess.

8. Summary and Futur e Work

We have presenteda simulationtechniquefrom computa-
tional physics for the growth ice crystalsand introduced
optimizationsto make the techniquepracticaland interac-
tive for computergraphics.We have alsointroduceda novel
geometricsharpeningoperationto dealwith the smoothing
artifactsof the implicit simulationtechnique.Becauseice
growth hasnot beenstudiedmuchin computergraphicsin
the past,thereare many interestingfuture researchdirec-
tions.

The userparameterizationwe have presentedis capable
of preservinga desiredshape,but thephase�eld modelcan
supportadditionalparametersfor greaterusercontrol.The
latentheatconstantK, andthestrengthof anisotropy d, both
in�uence the growth speedand the �nal shapeof the ice,
and their spatialmappingcould be usedto achieve differ-
enteffects.Mappingtheq0 parametercouldalsobeusedto
suggestshapes,suchasice growth in a spiral.Theeffect of
externalforces,suchasgravity, wind,and�uid �o w, arecur-
rentlyunderinvestigation,andhave thepotentialto produce
moreinterestingresults.

With respectto rendering,we assumedhomogeneousice
whenin fact ice canexhibit subsurfacescattering,spatially
variantdensities,andcontainpocketsof air in the form of
bubblesor cracks.Theseissuesneedto beaddressedfor the
accuraterenderingof ice.

The phase�eld methodsimulatesseveral, but not all,
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forms of ice crystalgrowth. Theseother typesof ice crys-
tal growth remain to be explored. Finally, the phase�eld
methodcanbeappliedto fully 3D icegrowth,capturingsuch
phenomenaasicicles.Weplanto investigateotheroptimiza-
tion techniques,suchasparallelcomputationon a clusterof
PCs,for ef�cient 3D simulation.
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(a) (b)

Figure 13: Ice crystalsgrown on a lily padand in a ring. (a) Theentiresimulationfor the lily padtook 45 seconds.(b) The
entiresimulationfor thering took130seconds.

Figure 14: Ice crystalsgrown on a window panel.(Pleaseview sideways.)Growth wasstartedalongthemetalframeof the
window. Theentiresimulationtook50seconds.
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(a)

(b)

(c)
Figure 15: Ice growing on a stainedglasswindow. Top to
bottom: (a) The original stainedglass;(b) After 340 itera-
tions(c) After 540iterations.Notehow theicecrystalsform
startingfrom theleadframes.Theentiresimulationtook 34
seconds.

(a)

(b)

(c)
Figure 16: Light refracting through a stainedglasswin-
dow. Top to bottom: (a) The original scene;(b) After 250
iterations (c) After 600 iterations.Note how the caustic
changesasthe refractive surfaceof th e ice becomesmore
complex.
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