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Abstract

We introducea novel “sensationpreserving”simpli�cation algo-
rithm for fastercollision queriesbetweentwo polyhedralobjects
in hapticrendering.Givenapolyhedralmodel,weconstructamul-
tiresolutionhierarchy using“�ltered edgecollapse”,subjectto con-
straintsimposedby collision detection.The resultinghierarchy is
thenusedto computefastcontactresponsefor hapticdisplay. The
computationmodelis inspiredby humantactualperceptionof con-
tact information. We have successfullyappliedanddemonstrated
thealgorithmon a time-criticalcollisionqueryframework for hap-
tically displayingcomplex object-objectinteraction.Comparedto
existingexactcontactqueryalgorithms,weobservenoticeableper-
formanceimprovementin updaterateswith little degradationin the
hapticperceptionof contacts.

CR Categories: I.3.5 [Computer Graphics]: Computa-
tional Geometryand Object Modeling—Hierarchy and Geomet-
ric Transformations;I.3.6 [ComputerGraphics]:Methodologyand
Techniques—InteractionTechniquesI.3.7 [Computer Graphics]:
Three-DimensionalGraphicsandRealism—Virtual Reality

Keywords: Level-of-DetailAlgorithms,Haptics,CollisionDetec-
tion

1 Intr oduction

Haptic rendering, or force display, is emerging as an alternative
form or an augmentationfor informationpresentation,in addition
to visualandauditoryrendering.Thesenseof touchis oneof the
mostimportantsensorychannels,yet it is relatively poorly under-
stoodasa form of human-machineinterface.Coupledwith graph-
ical rendering,forcefeedbackcanenhancetheuser's ability to in-
teractintuitively with complex syntheticenvironmentsandincrease
thesenseof presencein exploring virtual worlds[Brooks,Jr. et al.
1990;Mark etal. 1996;Hollerbachetal. 1997;Salisbury 1999].

The �rst stepin displayingforce and torquebetweentwo 3D
virtual objectsis collision queryandcontacthandling. Collision
detectionhasbeenwell studied,andmany practicaltechniquesand
theoreticaladvanceshave beendeveloped(seesurveys by Lin and
Gottschalk[1998] andKlosowski et al. [1998]). Yet, despitethe
hugebodyof literaturein this area,theexisting algorithmscannot
run at the desiredforce updaterates(at leasthundredsof Hz but
preferablyseveral kHz) for haptic renderingof complex models.

Figure1: Adaptive Resolution Selection. Top: Moving jaws in
contact,rendered at their highestresolution;Bottom: Theappro-
priate resolution(shownin blue and green)is selectedadaptively
for each contactlocation,while the�nest resolutionis displayedin
wireframe.

This is mainly dueto thefact that theoptimal runningtime of any
collisiondetectionalgorithmintrinsicallydependsonboththeinput
and output sizesof the problem. Thosein turn dependon both
the combinatorialcomplexity andthe contactcon�guration of the
objectsinvolved in the queries. While we canrendermillions of
polygonsat interactive rates,we canbarelycreatea force display
of anenvironmentconsistingof just tensof thousandsof polygons
at thedesiredupdaterates.

Inspiredby the large body of researchin digital geometrypro-
cessingand meshsimpli�cation, we proposean algorithm based
on multiresolutionhierarchiesof objectgeometryto performtime-
critical collision queriesfor haptic rendering. In addition, our
methodis in�uenced by �ndings from tactualperceptionandspa-
tial recognitionto preservepertinentcontactinformationfor haptic
display.

Main Contrib ution: We introducethe notion of sensationpre-
servingsimpli�cation to acceleratecollision queriesbetweentwo



complex 3D polyhedralmodelsin hapticrendering.Givena poly-
hedralrepresentationof anobject,we generatea seriesof approxi-
mationsfor theobjectusing�lter ededgecollapseoperations,which
smoothaway high-frequency detail in low-resolutionapproxima-
tions while respectingthe convexity constraintsimposedby colli-
sionqueries.Ourgoalis togenerateamultiresolutionhierarchy that
canalsobe usedasa boundingvolumehierarchy for time-critical
contactforce computationin haptic rendering. Our computation
modelis basedonacriterionthatpreservesperceivablecontactde-
tails, effectively making the simpli�ed model feel practically the
sameas the original. The resultingmultiresolutionhierarchy en-
ablesuseof varying resolutionapproximationsin contactqueries
at differentlocationsacrossthe surfacesof the objectsin contact,
dependingon eachcontactcon�guration,asshown in Fig. 1. The
key resultsin thispaperinclude:

� A novel simpli�cation algorithm,basedonaformalde�nition
of resolution,to generaterepresentationsfor contactqueries;

� A collision detection framework that dynamically selects
adaptive levelsof detailat eachcontactlocation;

� Applicationof thisframework to real-timehapticrenderingof
complex object-objectinteraction.

Thisapproachallowsusto boundboththeinputandoutputsizes
of the problem, thus achieving the desiredcontactquery perfor-
mancefor force display. We have appliedour approachto haptic
renderingof complex modelsin contactcon�gurationsthatarepar-
ticularly challengingto collision detectionalgorithms. Compared
to existing exact contactqueryalgorithms,we areableto achieve
upto two ordersof magnitudeperformanceimprovementwith little
degradationin thehapticperceptionof contacts.

Organization: The restof the paperis organizedasfollows. In
Section2,wegiveabrief survey of relatedwork. Section3 presents
the haptic perceptioncharacteristicscentral to the designof our
computationalmodeland the overview of our approach.We de-
scribethe constructionof the multiresolutionhierarchy in Section
4 andsensationpreservingcontactqueriesusing the hierarchy in
Section5. We addressimplementationissuesandpresentresults
in Section6. We concludewith a discussionandanalysisof our
approachandimplementation,aswell asfutureresearchdirections.

2 Previous Work

Ourresearchdrawsonalargecollectionof knowledgein meshsim-
pli�cation, signalprocessingfor digital geometry, collision detec-
tion, andhapticdisplay. Webrie�y survey relatedwork here.

2.1 Polygonal Simplification

Polygonalsimpli�cation hasbeenan active researchtopic for the
last decade. Numerousapproacheshave beenproposed. We re-
fer readersto anexcellentnew bookon this subject[Luebke et al.
2002].However, notethatthegrowing interestin perception-based
simpli�cation for interactive rendering,e.g. [Luebke and Hallen
2001],hasbeenbasedonhumanvisualperceptualmetrics.Ourap-
proachdiffersin many waysfrom existingwork in thisarea,andour
targetapplication,hapticrendering,hasamuchhigherperformance
requirementthanvisualdisplay. Althoughweprecomputethelevel
of detail (LOD) hierarchy of�ine, the way we selectthe appropri-
ateLOD on the�y is “contact-dependent”at eachcontactlocation
acrosstheobjectsurfaces.Ourapproachbearsacloserresemblance
to view-dependentsimpli�cation [Luebke et al. 2002],which uses
higherresolutionrepresentationsonthesilhouetteof theobjectand
muchcoarserapproximationson therestof theobjectthatis notas
noticeableto theviewpoint.

2.2 Signal Processing for Digital Geometry

Much of the work presentedin this papertakesadvantageof ob-
servationsmadein signalprocessingof meshes,sincemany con-
ceptsin multiresolutionrepresentationscanbeanalyzedusingfre-
quency domainanalysis.By generalizingdiscreteFourieranalysis
to meshes,Taubin[1995] introduceda novel linear-time low-pass
�ltering algorithmfor surfacesmoothing. This algorithmcanbe
extendedto accommodatedifferenttypesof geometricconstraints
as well. Through a non-uniform relaxation procedure,whose
weightsdependon the geometryinsteadof connectivity, Guskov
et al. [1999] generalizedsignal processingtools to irregular tri-
anglemeshes.Our work borrows someideasfrom the relaxation
techniquesproposedin thispaper.

2.3 Collision Detection

Hierarchicaldatastructureshave beenwidely usedto designef�-
cientalgorithmsfor interferencedetectionbetweengeometricmod-
els (seesurveys by Lin and Gottschalk[1998] and Klosowski et
al. [1998]). Typical examplesof boundingvolumesincludeaxis-
alignedboxesandspheres,chosenfor their simplicity in perform-
ing overlaptestsbetweentwo suchvolumes.Otherhierarchiesin-
cludek-d treesandoctrees,OBBTree,cone-trees,R-treesandtheir
variants,treesbasedon S-bounds,etc. [Lin andGottschalk1998;
Klosowski etal.1998].Additionalspatialrepresentationsarebased
onBSP's andtheir extensionsto multi-spacepartitions,space-time
boundsor four-dimensionaltests(seeabrief survey by Redonetal.
[2002]),andmany more.

Hubbard[1994] �rst introducedtheconceptof time-criticalcol-
lision detectionusingsphere-trees.Collision queriescanbe per-
formedasfardown thesphere-treesastimeallows,without travers-
ing theentirehierarchy. This conceptcanbeappliedto any typeof
boundingvolumehierarchy (BVH). However, notight errorbounds
havebeenprovidedusingthisapproach.An errormetricis oftende-
sirablefor interactiveapplicationsto formally andrigorouslyquan-
tify theamountof errorintroduced.Approachesthatexploit motion
coherenceandhierarchicalrepresentationsfor fastdistancecompu-
tationbetweenconvex polytopeshavebeenproposed[Guibasetal.
1999;EhmannandLin 2000]. However, thesetechniquesareonly
applicableto convex polyhedra.

O'Sullivan and Dingliana [2001] studiedLOD techniquesfor
collision simulationsand investigated different factorsaffecting
collision perception,includingeccentricity, separation,distractors,
causality, andaccuracy of simulationresults.Basedon a modelof
humanvisualperceptionvalidatedby psychophysicalexperiments,
thefeasibilityof usingthesefactorsfor schedulinginterruptiblecol-
lision detectionamonglargenumbersof visuallyhomogeneousob-
jectsis demonstrated.Insteadof addressingtheschedulingof mul-
tiple collisioneventsamongmany objects,wefocusontheproblem
of contactqueriesbetweentwo highly complex objects. Our ap-
proach,guidedby acompletelydifferenttactualperceptionfor hap-
tic rendering,hasdistinctgoalsdifferingsigni�cantly from theirs.

Recently, GPUacceleratedtechniqueshave alsobeenproposed
for collision queries[Lombardo et al. 1999; Hoff et al. 2001].
Thoughfast, theseapproachesarenot currentlysuitablefor hap-
tic rendering,sincethereadbackfrom framebuffer anddepthbuffer
cannotbe done fast enoughto perform queriesat haptic update
rates.

2.4 Haptics

Over the last few years,hapticrenderingof geometricmodelshas
receivedmuchattention.Most previouswork addressesissuesre-
lated to renderingthe interactionbetweena probepoint and 3D
objects[Ruspini et al. 1997]. This problem is characterizedby
high spatialcoherence,andits computationcanbe localized. By



contrast,we attacktheproblemof forcerenderingfor arbitrary3D
polyhedralobject-objectinteraction,which involvesasubstantially
highercomputationalcomplexity. Forcerenderingof object-object
interactionalsomakesit muchmorechallengingto correctlycache
resultsfrom previouscomputations.

McNeelyet al. [1999] proposed“point-voxel sampling”,a dis-
cretizedapproximationtechniquefor contactqueriesthatgenerates
pointson moving objectsandvoxels on staticgeometry. This ap-
proximationalgorithmis the�rst to offer run-timeperformancein-
dependentof the environment's input sizeby samplingthe object
geometryat a resolutionthatthegivenprocessorcanhandle.A re-
centapproachproposedby Gregory et al. [2000] is limited to hap-
tic displayof object-objectinteractionfor relatively simplemodels
thatcanbeeasilyrepresentedasunionsof convex pieces.Kim etal.
[2002] attemptto increasethestability of theforcefeedbackusing
contactclustering,but their algorithm for contactqueriessuffers
from thesamecomputationalcomplexity.

Theideaof usingmultiresolutionrepresentationsfor hapticren-
deringhasbeenrecentlyinvestigatedby several researchers.Pai
and Reissel[1997] investigatedthe useof multiresolutionimage
curvesfor 2D hapticinteraction.El-SanaandVarsheny [2000]pro-
posedtheconstructionof a multiresolutionhierarchy of themodel
during preprocessing.At run-time,a high-detailrepresentationis
usedfor regionsaroundthe probepointeranda coarserrepresen-
tation fartheraway. Theproposedapproachonly appliesto haptic
renderingusingapointprobeexploringa3D model.It doesnotex-
tendnaturallyto forcedisplayof two interacting3D objects,since
multipledisjointcontactscanoccursimultaneouslyatwidely vary-
ing locationswithoutmuchspatialcoherence.Thelatterproblemis
thefocusof ourpaper.

3 Overview

In this section,we �rst presentimportant�ndings from studieson
tactualperceptionthat guideour computationalmodel. Then,we
describetherequirementsfor hapticrenderingandourdesigngoals.

3.1 Haptic Perception of Surface Detail

Froma perceptualperspective,bothformal studiesandexperimen-
tal observationshave beenmaderegarding the impact of contact
areasandrelative size(or curvature)of featuresto the sizeof the
contactprobe(or �nger) on identifying �ne surfacefeatures.

Klatzky andLederman[1995] conductedanddocumentedstud-
ies on identi�cation of objectsusing“haptic glance”,a brief hap-
tic exposurethatplacedseveraltemporalandspatialconstraintson
stimulusprocessing.They showedthata largercontactsurfacearea
helpedin theidenti�cation of texturesor patterns,thoughit wasbet-
ter to haveastimulusof thesizecomparableor justslightly smaller
thanthatof thecontactareawhenexploringgeometricsurfacefea-
tures.

Okamuraand Cutkosky [1999] de�ned a �ne (geometric)sur-
facefeaturebasedon the ratio of its curvatureto the radiusof the
�ngertip acquiringthesurfacedata.Their papergivesexampleson
how a larger �ngertip, andthusa larger surfacecontactarea,can
misssomesurfacedetail.

In thispaper, wemainly focusongeometricsurfacefeatures,not
microscopicsurfaceroughnessor friction. We draw the following
key observation from thesestudiesrelevant to our computational
model:

Humanhaptic perceptionof the existenceof geometric
surfacefeaturesdependson the ratio betweenthe con-
tactareaandthesizeof thefeature, not theabsolutesize
of thefeature itself.

Herewebroadlyde�ne thesizeof agivenfeaturein all threedi-
mensions,namelywidth, length,andheight.Thewidth andlength
of a featurecanbe intuitively consideredas the “inverseof reso-
lution” (formally de�ned in Sec.4) of the simpli�ed model. That
is, higherresolutionarounda local areaimpliesthat thewidth and
lengthof the geometricsurfacefeaturesin that neighborhoodare
smaller, andvice versa. We extendthe conceptof “height” to in-
cludea perceivableamountof surfacedeviation introducedin the
simpli�cation process,accordingto hapticperception.

Figure2: Contact areaand resolution: (a) highresolutionmodel
with largecontactarea; (b) low resolutionmodelwith largecontact
area; (c) high resolutionmodelwith smallcontactarea.

As illustratedin Fig. 2, theobservationdrawn by Okamuraand
Cutkosky [1999] for tactilefeedbackcanextendto hapticrendering
of contactforcesbetweenrigid bodies.Theresolutionatwhich the
modelsarerepresentedaffects the numberof contactpointsused
to describeobject interaction. However, increasingthe resolution
beyonda suf�ciently largevaluedoesnot affect thecomputednet
forcemuch,asshown in Fig. 2(a)and(b).

Our proposedmodelof acceptableerrormetricsdiffersnotably
from thatof humanvisualperceptionin boththecurrentmeshsim-
pli�cation literatureandvisualcollision perception.In visual ren-
dering,a combinationof surfacedeviation (or Hausdorff distance)
and the viewing distancefrom the object is usedto determineif
therepresentationof theobjectsrequireshigherresolution.In hap-
tic rendering,ontheotherhand,this is governedby therelationship
amongthesurfacedeviation,theresolutionof thesimpli�ed model,
andthecontactsurfacearea.We will latershow how this relation-
shiplaysthefoundationof ouralgorithmicdesignandcontactquery
processfor hapticrenderingin Sec.4 andSec.5.

3.2 Requirements and Design Desiderata

We aim to createmultiresolutionrepresentationswheregeometric
surfacedetailis �ltered whenit cannotbeperceivedby thesenseof
touch.Theresultingmultiresolutionhierarchiescanbeusedto per-
form time-criticalcontactqueriesthatstopwhenthereportedresult
is accurateup to sometolerancevalue.This helpsto automatically
speedup thecontactquerycomputationfor hapticrendering.

In our haptic renderingframework, we have chosenBVHs of
convex hulls, becauseoverlap testsbetweenconvex hulls can be
executedrapidly in expectedconstanttime with motioncoherence
[Guibaset al. 1999]. Furthermore,convex hulls provide at least
equallygood,if not superior, �tting to theunderlyinggeometryas
OBBs[Gottschalketal. 1996]or k-dops[Klosowski etal. 1998].

We integrateBVHs of convex hulls with multiresolutionrepre-
sentationssothatthehierarchies,while beingusedfor effectivecol-
lision detection,can themselves be usedto report contactpoints
andnormalswith boundederrorsat different levels of resolution.
To summarize,our goal is to designmultir esolution hierarchies
that:

1. Minimize perceptible surface deviation. We achieve this
goal by �ltering the detail at appropriateresolutionsandby
usinganovel sensationpreservingre�nementtestfor collision
detection;



2. Reducethe polygonal complexity of low resolutionrepre-
sentations.This objective is achievedby incorporatingmesh
decimationduringthecreationof thehierarchy;

3. Ar e themselvesBVHs of convex hulls. We performa sur-
faceconvex decompositionon thegiven triangularmeshand
maintainit acrossthehierarchy. Theconvex surfacedecom-
positionplacesbothlocalandglobalconvexity constraintson
themeshdecimationprocess.

Ouralgorithmassumesthattheinputmodelscanberepresented
asoriented2-manifoldtriangularmesheswith boundaries.

3.3 Notation and Terminology

Weusebold-faceletterstodistinguishavector(e.g.apoint,normal,
etc.) from a scalarvalue. In Table1, we enumeratethe notations
weusethroughoutthepaper.

Notation Meaning
r, ri, r j Differentresolutions

Mk An LOD of ameshM with a resolutionrk
ci A convex surfacepatch
Ci A convex piececonstructedasthe

convex hull of apatchci
e(v1,v2) An edgebetweentwo verticesv1 andv2
s,sa,sb Surfacedeviations

D,Da,Db Contactareas
q A distancequerybetweentwo convex pieces
Q A contactquerybetweentwo objectsthat

consistsof multipledistancequeriesq
Table1: Notation Table

4 Multiresolution Hierar chy

In this sectionwe describethe hierarchicalrepresentationsof tri-
angulatedmodels used to perform sensationpreservingcontact
queriesfor hapticrendering.

Wecreateahierarchy of staticlevelsof detail(LOD), eachlevel
representinganapproximationto the original triangularmeshat a
differentresolution(i.e. spatialscale),to beformally de�ned next.
Becauseour goal is to provide anerrorboundarisingfrom contact
queriesusingsimpli�ed models,we mustdesigna multiresolution
hierarchy that computeserror metricsbetweeneachLOD andthe
originalmodel.

Conceptually, an LOD at resolutionr j of a meshM, M j, can

be obtainedfrom an LOD at a lower resolutionr i, Mi, by adding
detail at resolutionsin the range[r i, r j]. Our approachfor gener-
atingLODs reversesthis de�nition, soLODs at low resolutionare
obtainedby removing detailat high resolution.While thedetail is
beingremoved,wequantifyit andcomputethesurfacedeviation.

Following theLOD generation,we obtaina hierarchy wherean
LOD at resolutionr j preservesthe lower resolutiongeometricin-
formation,while thehigherresolutiondetailmighthavebeenculled
away.

We generateeachLOD by a sequenceof �lter ed edge
collapseoperations(to bede�ned in Sec.4.2) thatper-
form �ltering andmeshdecimation,

subjectto both local and global convexity constraints
imposedby thecollision detectionmoduleof thehaptic
renderingframework.

4.1 Definition and Computation of Resolution

Beforewe explain how we generateeachLOD, we must�rst for-
mally de�ne what we considerasa resolutionin our hierarchical
representation.We follow the framework of signalprocessingfor
irregularmeshes.Our de�nition of resolutionfor irregularmeshes
assumesthata triangularmeshM canbeconsideredasa sampled
versionof a smoothsurfaceS, which hasbeenlater reconstructed
via linearinterpolation.Theverticesof themesharesamplesof the
original surface,while edgesandfacesaretheresultof the recon-
struction.

Ourformalde�nition of samplingresolutionfor irregularmeshes
is basedon the 1D setting. For a 1D function F(x), the sampling
resolutionr is the inverseof thedistancebetweentwo subsequent
sampleson the real line. This distancecanalsobe interpretedas
the projectionof the segmentbetweentwo samplesv1 and v2 of
the function on the averagevalue. The averagevalue is the low
resolutionrepresentationof thefunctionitself, andcanbeobtained
by lowpass�ltering.

Extrapolatingthis ideato irregularmeshes,thesamplingresolu-
tion of anedge(v1,v2) of themeshM at resolutionr j, M j, canbe
estimatedasthe inverseof theprojectedlengthof theedgeontoa
low resolutionrepresentationof themesh,Mi.

We locally computethe low resolutionmeshMi by �ltering the
meshM j, applyingthe�ltered edgecollapseoperationto theedge
(v1,v2). Thenwe computethenormalN of theresultingvertex ṽ3
by averagingthenormalsof incidenttriangles.Finally, we project
theedgeon the tangentplaneΠ de�ned by N. Theresolutionr is
computedastheinverseof thelengthof theprojectededge.

r =
1

‖(v1−v2)− ((v1−v2) ·N) ·N‖
(1)

4.2 Filtered Edge Collapse

As stated,our multiresolutionhierarchy is obtainedthroughmesh
simpli�cation. We have selectededgecollapseastheatomicdeci-
mationoperationfor two mainreasons:

1. Under the requiredself-intersectiontests,edgecollapsecan
guaranteepreservation of topology, a requirementfor main-
taining a surfaceconvex decompositionof the objectduring
thehierarchy construction.

2. Topologically, an edgecollapsecan be regardedas a local
downsamplingoperation,where two samples(i.e. vertices)
aremergedinto asingleone.

In theconstructionof thehierarchy, weaim to:

1. Generatemultiresolutionrepresentationswith low polygonal
complexity at low resolutionfor acceleratingcontactqueries;

2. Filter detail aswe computelow resolutionLODs. This ap-
proach allows more aggressive simpli�cation and enables
fastermergingof convex piecesto build thehierarchy.

Thesetwo goalsareachievedby mergingdownsamplingand�l-
tering operationsin one atomic operation,which we call �lter ed
edgecollapse.

In the �ltered edgecollapseoperation,an edge(v1,v2) is �rst
topologicallycollapsedto avertex v̂3. Thisstepprovidesthedown-
sampling.Then,given its connectivity, v̂3 is relaxed to a position
ṽ3, which providesthe �ltering. In our implementation,we used
a relaxationoperationbasedon the minimizationof secondorder
divided differences[Guskov et al. 1999]. Intuitively, this resem-
bles the minimizationof dihedralangles,without muchaffecting
theshapeof thetriangles.We alsotried other�ltering techniques,
suchasthoseproposedby Taubin[1995],with verysimilar results.
However, linear functionsareinvariantunderthe minimizationof
secondorderdifferences.This is consistentwith the selectionof



the tangentplaneof the �ltered meshasthe low resolutionrepre-
sentationfor thecomputationof resolutions.

In orderto apply therelaxationto v̂3, we needto computea lo-
calparameterization.This localparameterizationrequiresaninitial
positionof v̂3, which is computedusingquadricerrormetrics,pro-
posedby GarlandandHeckbert[1997].

To sumup, thegoalof our simpli�cation and�ltering processis
to createmultiresolutionhierarchiesfor contactqueries.As men-
tioned earlier, the collision detectionmodule imposesconvexity
constraintson �ltered edgecollapse.Next, we will describehow
theconvexity constraintsaresatis�ed.

4.3 Convexity Constraints

Due to the requirementsof haptic rendering,we have chosento
performcollision detectionusingthe Voronoi marchingalgorithm
andsurfaceconvex decompositionasdescribedby EhmannandLin
[2001], for this approachprovides us with both the distanceand
contactinformationneededfor forcedisplayandits implementation
is availableto thepublic. A surfaceconvex decompositionis �rst
computedfor the original mesh,and then a hierarchy of convex
piecesis created.

The surfaceconvex decompositionyields a set of convex sur-
facepatches{c1,c2, ...,cn} [Chazelleet al. 1997;EhmannandLin
2001]. For thecorrectnessof thecollision detectionalgorithm,the
convex hulls of thesepatchesare computed,resulting in convex
pieces{C1,C2, ...,Cn}.

The initial convex decompositioncan be createdusing tech-
niquespresentedby Chazelleetal. [1997]. However, ourhierarchy
is createdin a novel way. Insteadof creatingconvex hulls of pairs
of convex piecesandjoining theminto a singleconvex piece,we
mergeneighboringsetsof convex patchesaslongasthey represent
a singlevalid convex patch.Theimplicationsof this procedurefor
thecollisiondetectionalgorithmareexplainedin Sec.5.

Let c1 andc2 betwo convex patchesof LOD M j. Let c= c1∪c2
be a surfacepatchof M j. After a �ltered edgecollapseoperation
is appliedto M j, c1 andc2 will be mergedif c constitutesa valid
convex patch. The convex hull of c, C, becomesthe parentof C1
andC2 in thehierarchy of convex piecesfor collisiondetection.

When a �ltered edgecollapsetakes place,the convex patches
in theneighborhoodof thecollapsededgemaybeaffected. Their
boundaryhasto beupdatedaccordingly.

A surfaceconvex decompositionfor thecollisiondetectionalgo-
rithm mustmeetseveralconstraints:

1. All the interior edgesof a convex patchmustthemselvesbe
convex.

2. No vertex in a convex patchmaybevisible from any facein
thepatch,excepttheonesincidenton it.

3. The virtual facesaddedto completethe convex hulls of the
convex patchescannotintersectthemesh.

Weconsiderthe�rst constraintasalocalconstraintandtheother
two asglobalconstraints.Beforea �ltered edgecollapseoperation
is applied,we must checkthat the convexity constraintsare pre-
served for all the convex pieces.Local andglobal convexity con-
straintsaretreatedseparately.

4.3.1 Local Convexity Constraints

Let e≡ (v1,v2) be a candidateedgethat will be testedfor a �l-
terededgecollapse.Let v3 representthevertex resultingfrom the
edgecollapse,aswell asits associatedposition. The edgesin the
1-ringneighborhoodof v3 aresusceptibleto changingfrom convex
to re�ex andvice versa.Interior edgesof convex patchesarecon-
vex beforethe�ltered edgecollapseandmustremainconvex after

Figure3: Local Convexity Constraints.

it. Theseconstraintscanbe expressedaslinear constraintsin the
positionof v3.

Givene, theedgeto becollapsed,two possibletypesof interior
edgesof convex patchesexist: edgesincidentto v3 andedgesop-
positeto v3, asshown in Fig. 3. However, bothcasescanbetreated
equally. Assigningva, vb, vc andvd verticesasin Fig. 3, thecon-
vexity constraintof anedgecanbeexpressedasa negative volume
for theparallelepipedde�ned by theadjacenttriangles:

((vb −va)× (vc−va)) · (vd −va) ≤ 0 (2)

To satisfy the convexity constraints,we have optedfor formu-
latinganoptimizationprogram,wherev3 is constrainedto theseg-
mentbetweenv̂3 andṽ3, andtheobjective functionis thedistance
to ṽ3. This optimizationprogramis unidimensional.Becausedis-
tancein onedimensionis linear, it is asimplelinearprogramin one
dimension.

Thepositionof theresultof theconstrained�ltered edgecollapse
canbewritten asa linear interpolationbetweenthe initial position
andthegoalposition:

v3 = u· v̂3 +(1−u) · ṽ3 (3)

Thelimit constraintscanbeexpressedasu≥ 0 andu≤ 1.
Theconvexity constraintsin Eq. 2 canberewrittenas:

A ·u+B≥ 0, where (4)

A = ((vd −va)× (vc−va)) · (v̂3− ṽ3)

B = ((vd −va)× (vc−va)) · (ṽ3−va)

v3 is computedfor theminimumvalueof u thatmeetsall thecon-
straints.Whenṽ3 is nota feasiblesolutionbut asolutionexists,the
constrained�ltered edgecollapsecanberegardedasapartial�lter .

4.3.2 Global Convexity Constraints

The global convexity constraintsare too complicatedto be ex-
pressedexplicitly, so they cannotbe incorporatedinto the �ltering
process.Instead,they haveto beveri�ed afterthe�ltering hasbeen
performed.We conductthis veri�cation by computingtheaffected
convex piecesafter theedgecollapseandperformingthe required
intersectiontests,usingOBBs [Gottschalket al. 1996]andspatial
partitioning.

If a position v3 that meetsthe local convexity constraintshas
beenfound, we checkthe global constraints.If they aremet, the
edgecollapseis valid. If they arenot met, thenwe checkthemat
v̂3. If they arenot metat v̂3 either, theedgecollapseis considered
invalid andwe disallow it. If v̂3 meetsthe global constraints,we
performa bisectionsearchbetweenv̂3 andv3 of up to K iterations
(in our currentimplementationK = 3), searchingfor the position
closestto ṽ3 thatmeetstheglobalconvexity constraints,asshown
in Fig. 4. v3 is reassignedto thisposition.



Figure 4: Filter ed Edge Collapse with Convexity Constraints.
The �gur e showsa �lter ed edge collapsewhere bisectionsearch
is required to �nd a positionthat meetsthe convexity constraints.
G andL representfeasibleregionsof global and local constraints
respectively.

4.4 Multiresolution Hierarchy Generation

The hierarchy of LODs is createdby applyingsuccessive �ltered
edgecollapseson thegivenmesh,while performinga surfacecon-
vex decompositionandmerging convex pieces.First we compute
theconvex decompositionof theinitial mesh.Wethencomputethe
valueof resolutionfor all edges,andsetthemasvalid for collapse.
Theedgesareinsertedin apriority queue,whereedgeswith higher
resolutionhavehigherpriority.

Themainprocessingloop alwaystries to �lter andcollapsethe
edgewith highestpriority. If the�ltered edgecollapseis successful,
theaffectededgesupdatetheir resolutionandpriority, andthey are
resetasvalid for collapse.Moreover, the�ltering andsimpli�cation
mayhave relaxedsomeconvexity constraintsin theneighborhood
of thecollapsededge,sowe attemptto mergeconvex piecesin the
processaswell. If the�ltered edgecollapsefails, theedgeis setas
invalid for collapse.Theprocesscontinuesuntil no edgesarevalid
for collapse.

This processmust yield a hierarchy of staticLODs. We have
decidedto generatea new LOD every time the numberof convex
piecesis halved. All the piecesin LOD M j that aremergedto a
commonpieceC∈ M j+1 duringtheprocessingwill haveC astheir
parentin theBVH.

Ideally, theprocesswill endwith onesingleconvex piece,which
servesasthe root for the hierarchy to be usedin the collision de-
tection. However, this result is rarely achieved in practice,dueto
topologicalandgeometricconstraintsthatcannotberemovedby a
local operationsuchas �ltered edgecollapse. In suchcases,the
hierarchy is completedusinga pairwiseconvex hull merging step.
Wecall theseremainingcompletingLODs“free” LODs.

Duringtheprocess,weassignto eachLOD M j anassociatedres-
olution r j. This resolutionis thesmallestresolutionof anedgethat

hasbeencollapsedbeforetheLOD M j is generated.Geometrically
it meansthat the LOD M j preservesall the detail of the original
meshataresolutionlower thanr j. In oursensationpreservingsim-
pli�cation for hapticrendering,wewishto maximizetheresolution
at which LODs aregenerated.As will beexplainedin Sec.5, the
perceptualerrorfor hapticrenderingis measuredby takinginto ac-
counttheresolutionof thesurfacedetailculledaway. By maximiz-
ing theresolutionatwhichLODsaregenerated,thecontactqueries
canbecompletedfaster. This is thebasisfor selectingedgeresolu-
tion asthepriority for �ltered edgecollapses.Thepseudocodefor
theentireprocessof hierarchy constructionis givenin AppendixA
on theconferenceproceedingsCD.

Fig. 5 shows several of the LODs obtainedwhenprocessinga
modelof a lower jaw (seeSec.6 for statisticson this model). The
LODs 3 and6 shown in the �gure areobtainedfrom the original
modelby our simpli�cation process.Theconvex piecesshown for
theoriginal modelaresuccessively mergedto createtheBVH dur-
ing theprocessof simpli�cation. Thus,themultiresolutionhierar-
chy itself servesasBVH for collisiondetection.Unlikeothertypes

of BVHs, with our simpli�cation processingthedifferentlevelsof
theBVH only boundtheirassociatedLOD; they donotnecessarily
boundtheoriginal surface.This facthassomeimplicationsfor the
contactqueries,describedin Sec.5.3. ThefreeLODs 11 and14 in
the �gure areobtainedthroughpairwisemerging of convex hulls.
They servetocompletetheBVH, but cannotbeconsideredasLODs
of amultiresolutionhierarchy. Fig.6 showsamoredetailedview of
thesimpli�cation andmerging process.Noticehow in thecreation
of the�rst LOD, mostof thesimpli�cation andmergingtakesplace
at thegums.Thegumsare,indeed,the locationswith detailat the
highestresolution.WhentheprocessingreachesLOD 7, onetooth
in particularis coveredby a singleconvex patch,thusshowing the
successof theprocessing.

Figure 5: Hierar chy of the Lower Jaw. From left to right and
top to bottom,original mesh,LOD0, andconvex decompositionsof
LOD0, LOD3, LOD6, LOD11 andLOD14.

Figure6: Detail View of the Hierar chy. From left to right and
top to bottom,original mesh,LOD0, andconvex decompositionsof
LOD0, LOD1, LOD2, LOD4 andLOD7.

4.5 Error Metrics

In this section,we presentthe parametersthat mustbe computed
afterthehierarchy is created,in orderto quantifytheerrorfor sen-
sationpreservinghapticrendering.Theutilization of theseparam-
etersduringthecontactqueriesis explainedin Sec.5. To perform
sensationpreservinghapticrenderingusinga multiresolutionhier-
archy, we mustmeasurethe error that is introducedin the contact
query and force computationand re�ne the query if the error is
aboveagiventolerance.Oncethehierarchiesof LODsarecreated,
with the resolutionr computedfor eachLOD, we mustcompute
severaladditionalparametersfor measuringtheerror:



1. The surfacedeviation, s, betweenevery convex patchc and
theoriginal mesh.This is anupperboundon thesizeof the
geometricsurfacedetail lost duringthesimpli�cation and�l-
teringprocess.

2. A supportarea,D, for everyvertex in thehierarchy. Thisvalue
is usedto calculatecontactareaat run-time.Thesupportarea
D is computedfor every vertex v of theinitial meshM asthe
projectedareaontothetangentplaneof v of thefacesincident
to v, suchthat they are within a distancetolerancefrom v
along the direction of the normal N of v, and their normal
lies inside the normalconeof N. Whenan edge(v1,v2) is
collapsedto a vertex v3, we assignto v3 theminimumof the
two supportareasof v1 andv2. We have typically usedthe
sametoleranceusedin thecontactqueries(seeSec.5) asthe
distancetolerancefor thiscomputationaswell.

3. The maximumdirectedHausdorff distance,h, computedfor
everyconvex pieceC, from thedescendantpiecesof C.

The use of the surface deviation s, the supportareaD, and
the resolutionr of the LODs (whosecomputationis explainedin
Sec.4.4) during the contactqueriesis describedin Sec.5.4. And
therun-timeuseof theHausdorff distanceh is describedin Sec.5.3.

5 Contact Computation for Haptics

In this section,we describehow our collision detectionalgorithm
usesthenew multiresolutionhierarchy describedin Sec.4 to com-
putecontactresponsefor hapticrendering.First, we describethe
requirementsof our collision detectionsystem.Then,we present
andanalyzethe datastructuresandalgorithms. Finally, we show
how to performsensationpreservingcontactqueriesfor forcedis-
play.

5.1 Basic Haptic Rendering Framework

Our hapticrenderingsystemusesa penalty-basedforce computa-
tion model,in which theamountof forcedisplayedis proportional
to the penetrationdepthor separationdistance. Contactfeatures
within a given tolerancevalueareall consideredas“contacts”for
thepurposeof forcedisplay. For moreinformationaboutour hap-
tic renderingframework, we refer readersto Appendix B on the
conferenceproceedingsCD.

We de�ne the contactquery betweentwo objectsA and B as
Q(A,B,δ ). From Q(A,B,δ ), we obtain all local minima of the
distacefunction betweenA and B that are closerthan a distance
toleranceδ , aswell astheassociatedcontactinformation(i.e. dis-
tance,contactnormal,etc.).Q(A,B,δ ) is performedby recursively
traversingtheboundingvolumehierarchies(BVH) of A andB and
performing“distancequeries”for pairsof convex pieces.We de-
�ne thedistancequerybetweentwo convex piecesa∈ A andb∈ B,
q(a,b,δ ), asabooleanquerythatreturnswhethera andb arecloser
thanδ .

5.2 The Bounding Volume Test Tree

We use the conceptof the BoundingVolume Test Tree (BVTT)
[Larsenet al. 2000] to describethe algorithmanddatastructures
usedin our collisiondetectionsystem.A nodeab in theBVTT en-
capsulatesa pair of piecesa∈ A andb∈ B, which might betested
with a queryq(a,b,δ ). Performinga contactqueryQ(A,B,δ ) can
be understoodasdescendingalong the BVTT as long as the dis-
tancequery q returns“true”. In the actual implementation,the
BVTT is constructeddynamicallywhile the contactquery is per-
formed. If thedistancequeryresultis “true” for a givenpair, then
the piecewhosechildrenhave the lowestresolutionis split. This

splittingpolicy yieldsaBVTT wherethelevelsof thetreearesorted
accordingto their resolution,as shown in Fig. 7. Nodesof the
BVTT at coarserresolutionare closerto the root. This is a key
issuefor optimizingour sensationpreservinghapticrendering,be-
causewe obtaina BVTT whereLODs with lower resolutionand
largererrorarestoredcloserto theroot. DescendingtheBVTT has
theeffectof selecting�ner LODs.

As pointedout in Sec.4.4,thetop levelsof theBVHs are“free”
LODs, which arenot obtainedusingour simpli�cation algorithm,
but pairwiseconvex hull merging. Therefore,the top levelsof the
BVTT have no associatedmetricof resolution.Theboundarybe-
tween“free” and regular LODs is indicatedin Fig. 8 by the line
λ .

Figure7: Bounding VolumeTestTree.

Insteadof startingthecontactqueryQ at the root of theBVTT
everytime,temporalcoherencecanbeexploitedusing“generalized
front tracking” [EhmannandLin 2001].Westorethe“front” of the
BVTT, F , wherethe resultof thedistancequeryq switchesfrom
“true” to “f alse”,asshown in Fig.8. Thefront is recordedattheend
of acontactqueryQi, andthenext queryQi+1 proceedsby starting
recursivedistancequeriesq ateverynodein thefront F .

Figure8: GeneralizedFront Tracking of the BVTT. Thefront of
BVTTfor theoriginal model,F , is raisedup to thenew front F ′

usingmeshsimpli�cation, sincethe contactqueriescan stopear-
lier usingthesensationpreservingselectivere�nementcriterion. λ
indicatesthe portion of the hierarchy constructedusing the pair-
wiseconvex piecemerging strategy, insteadof meshsimpli�cation,
to formboundingvolumesin thehierarchy.

5.3 Distance Query for Convex Pieces

In a contactquery Q using BVHs, we needto ensurethat if the
distancequeryq is “true” for any nodeof the BVTT, thenit must
be “true” for all its ancestors.To guaranteethis result with our
multiresolutionhierarchy, givenadistancetoleranceδ for acontact
query Q(A,B,δ ), the distancetoleranceδab for a distancequery
q(a,b,δab) mustbecomputedas:

δab = δ +h(ai
,a)+h(bj

,b) (5)



whereh(ai,a) andh(bj,b) aremaximumdirectedHausdorff dis-
tancesfrom the descendantpiecesof a and b to a and b respec-
tively. As explainedin Sec.4.5, theseHausdorff distancesarepre-
computed.

5.4 Sensation Preserving Selective Refinement

Thetimespentby acollisionqueryQ dependsdirectlyonthenum-
berof nodesvisited in theBVTT. Generalizedfront trackingcon-
siderablyreducestherunningtime of Q whentemporalcoherence
is high,which is thecasein hapticrendering.Then,thetime spent
by Q is proportionalto thesizeof the front F . However, thecost
is still O(nm) in theworst case,wheren andm arethenumberof
convex piecesof theobjects.

In our system,we further take advantageof themultiresolution
hierarchiesto acceleratethe performanceof the query. The core
idea of our sensationpreservingselective re�nement is that the
nodesof the BVTT are only re�ned if the missingdetail is per-
ceptible. Note that the selective re�nementdoesnot apply to the
“free” levelsof the BVTT. Thoselevelsmustalwaysbe re�ned if
thedistancequeryq returns“true”.

As discussedin Sec.3, theperceptibilityof surfacefeaturesde-
pendson their sizeandthe contactarea.We have formalizedthis
principleby devising a heuristicthatassignsa functionalφ to sur-
facefeatureswhich is averagedover thecontactarea.

Givena nodeab of theBVTT for which thedistancequeryre-
sult q is “true”, wedetermineif themissingdetail is perceptibleby
computingthefunctionalof themissingdetailandaveragingit over
thecontactareaof thatnode.For a convex piecea of thenodeab,
with resolutionra andsurfacedeviation from its descendentleaves
sa, wede�ne thefunctionalφ as:

φa =
sa

r2
a

(6)

Thisde�nition of thefunctionalcanberegardedasameasureof
themaximumvolumeof featuresthathavebeenculledaway in the
convex piecea.

Theonlinecomputationof thecontactareafor a pair of convex
piecesis tooexpensive,giventhetimeconstraintsof hapticrender-
ing. Therefore,we have estimatedthecontactareaby selectingthe
maximumsupportareasof thecontactprimitives(i.e. vertex, edge
or triangle). As explainedin Sec.4.5, thesupportareaD is stored
for all verticesin thehierarchy. For edgeor trianglecontactprimi-
tives,we interpolatethesupportareasof theendvertices,usingthe
baricentriccoordinatesof thecontactpoint.

Given functional valuesof φa and φb for the convex piecesa
andb, aswell assupportareasDa andDb, we computea weighted
surfacedeviation,s∗ab, as:

s∗ab =
max(φa,φb)

max(Da,Db)
(7)

Notethats∗ab canbeconsideredasthesurfacedeviationweighted
by a constantthat dependsboth on the resolutionandthe contact
area. If s∗ab is above a thresholds0, thenodeab hasto be re�ned.
Otherwise,themissingdetailis consideredtobeimperceptible.The
selectionof the value of s0 is discussedin Sec.6. As described
in Sec.4.4 andSec.4.5, the resolutionr, the surfacedeviation s,
and the supportareasD are parameterscomputedas part of the
preprocessing.

By using the describedsensationpreservingselective re�ne-
mentof nodesof theBVTT, weachievevaryingcontactresolutions
acrossthe surfacesof the interactingobjects,asshown in Fig. 1.
In otherwords,every contactis treatedindependently, andits res-
olution is selectedto cull away imperceptiblelocal surfacedetail.
As aconsequenceof theselectivere�nement,theactivefront of the

BVTT, F ′, is above theoriginal front F thatseparatesnodeswith
“true” resultfor distancequeriesq from nodeswith “f alse” result.
The front doesnot needto reachthe leavesof the BVTT aslong
as the misseddetail is imperceptible,asdepictedin Fig. 8. This
approachresultsin amuchfasterprocessingof contactqueries.

5.5 LOD Interpolation

A majorissuein systemsthatusemultiresolutionhierarchiesis the
discontinuitythatariseswhenthealgorithmswitchesbetweendif-
ferentLODs. This problemis known as“popping” in multiresolu-
tion (visual) rendering.In hapticrenderingits effectsaredisconti-
nuitiesin thedeliveredforceandtorque,whichareperceivedby the
user.

We have addressedthe problemsof discontinuitiesby interpo-
lating contactinformation(e.g. contactnormalanddistance)from
different LODs. When the sensationpreservingselective re�ne-
mentdeterminesthat no morere�ning is necessary, we performa
conservative re�nement and computecontactinformation for the
childrenof thecurrentnodeof theBVTT. Thecontactinformation
is interpolatedbetweenthetwo levels.

Naturally, LOD interpolationincreasesthe numberof nodesof
the BVTT that arevisited. However, for complex modelsand/or
complex contactscenarios,the gain obtainedfrom the selective
re�nement still makessensationpreservingsimpli�cation signi�-
cantlyoutperformtheexacttechnique,aspresentedin Sec.6.

6 Implementation and Results

In this sectionwe describesomeof the modelsand experiments
wehaveusedto validateoursensationpreservingsimpli�cation for
hapticrendering.

6.1 System Demonstration

We have appliedour sensationpreservingsimpli�cation for hap-
tic renderingon themodelslisted in Table2. Thecomplexity and
surfacedetailof thesemodelscanbeseenin Fig. 9.

Models Lower Upper Ball Golf Golf
Jaw Jaw Joint Club Ball

Orig. Tris 40180 47339 137060 104888 177876
Orig. Pcs 11323 14240 41913 27586 67704
Simp.Tris 386 1038 122 1468 826
Simp.Pcs 64 222 8 256 64

r1 144.49 117.5 169.9 157.63 216.3
rλ 12.23 19.21 6.75 8.31 7.16

FreeLODs 6 8 3 8 6
LODs 15 15 17 16 18

Table2: Models and AssociatedHierar chies.Thenumberof tri-
angles(Orig. Tris) andthenumberof convex pieces(Orig. Pcs)of
theinitial meshof themodels;thenumberof triangles(Simp.Tris)
and thenumberof convex pieces(Simp.Pcs)of thecoarsestLOD
obtainedthroughsimpli�cation; resolution(r1 andrλ ) of the�nest
and coarsestLOD obtained through simpli�cation; and “fr ee”
LODs and total numberof LODs. Theresolutionsare computed
for a radiusof 1 for all theobjects.

As seenfrom theresultsin Table2, we areableto simplify the
modelsto LODs with only a couplehundredconvex piecesor less.
In otherwords,thesensationpreservingselectivere�nementcanbe
appliedat earlierstagesin thecontactquery, andthis allows more
aggressive culling of partsof theBVTT whenever theperceivable
erroris small.



Figure9: Benchmark Models. Fromleft to right, movingupperandlower jaws,interlocking ball jointsandinteractinggolf clubandball.

With theaforementionedmodels,wehaveperformedthefollow-
ing proof-of-conceptdemonstrations:

� Moving upperandlower jaws.

� Golf club tappingagolf ball.

� Interlockingball joints.

Thesedemonstrationshave beenperformedusingour sensation
preservinghapticrendering,a six-DOFPhantomT M hapticdevice,
a dual Pentium-42.4GHz processorPC with 2.0 GB of memory
andaNVidia GeForce-4graphicscard,andWindows2000OS.Our
implementation,both for preprocessingandfor the hapticrender-
ing, hasbeendevelopedusingC++. For the forcecomputationof
the haptic renderingwe have usedpenaltymethodsbasedon the
contacttoleranceδ [Kim et al. 2002]. We choosethe valueof δ
so that the maximumforce of the hapticdevice is exertedfor a 0
contactdistancewith theoptimalvalueof stiffness.

6.2 Studies on Perceivable Contact Information

The performanceof the sensationpreservinghaptic renderingis
heavily determinedby the selectionof the thresholdof weighted
surfacedeviation s0. If thechosenvalueis too high, theperceived
contactinformationwill deviate too muchfrom the exact contact
information. On the other hand, if the value is too low and the
simpli�ed modelsusedaremoderatelycomplex consistingof more
thana thousandconvex pieces,thecontactquerywill no longerbe
executableat therequiredrate.This severelyaffectstherealismof
hapticperception.

We have designeda scenariowherewe could test the �delity
of the sensationpreservingselective re�nement. In this scenario,
userscantouchthe modelof the golf ball with an ellipsoid. The
ellipsoid hasvarying curvature,implying the existenceof a wide
rangeof contactscenarios,wheretheselective re�nementwill stop
at varyingLODs.

12 usersexperimentedwith this scenarioandreportedthat the
perceptionof contactinformationhardlyvariedfor valuesof s0 in
the rangebetween0.025 and0.05 timesthe radiusof the models.
(For readersinterestedin the detail of experimentaldata,please
referto AppendixC on theconferenceproceedingsCD).

6.3 Performance Demonstration

Basedon the valueof s0 obtainedfrom the studies,we have suc-
cessfullyappliedouralgorithmto hapticrenderingof object-object
interactionon the benchmarkslisted in Sec 6.1. We have also
performedan analysison contactforcesandrunningtime for the
demonstrationspreviously mentioned. We have comparedforce
pro�les and statisticsof the contactquery of interactive haptic
demonstrationswith of�ine executions,using smallererror toler-
ancesandan exact method. By exact, we meanthat the distance
computationfor forcedisplayis accurate[EhmannandLin 2001].
In particular, Fig. 10 shows thecontactpro�le, includingtheforce

pro�le, the querytime andthe sizeof the front of the BVTT, for
200framesof themoving jaws simulation.Fig. 11 shows thecon-
tactpro�le for 300framesof thesimulationon thegolf scene.The
contactpro�le of interlockingjoints is quite similar to that of the
interactinggolf clubandgolf ball, thusomittedhere.

For both scenarios,the simulationwith s0 < 5% of the radii of
themodelshasbeenperformedin realtime,usingahapticdeviceto
control themotionof theupperjaw andthegolf club respectively,
andto displaythecontactforcesto theuser. Thetrajectoriesof the
upperjaw andthe golf club arerecordedandplayedbackto per-
form therestof thesimulationsof�ine, sincetheexactmethodwas
too slow to beusedto keepup with theforceupdate.As shown in
the �gure, we observed a gain of two ordersof magnitudein the
querytime betweenthe interactive hapticrenderingusingour ap-
proachandtheexactof�ine simulation.Notethatthespikesin the
contactquerytimepresentin Fig.10andFig.11resultfrom lackof
coherencein thetraversalof theBVTT. As re�ected in thegraphs,
the querytime is moresusceptibleto lack of coherencewhenthe
errortoleranceis lower.

Usingour approach,theforcepro�les of simulationswith vary-
ing error toleranceslessthan5% of theradii of themodelsexhibit
similarandsometimesnearlyidenticalpatternsasthatof theorigi-
nalmodels.Thisresemblancevalidatesourhypothesisonthehaptic
perceptionof contacts,inferredfrom humantactualperception.
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Figure10: Contact Pro�le for Moving Jaws.Top: Thepro�les of
thecontactforcesdisplayedusingsimpli�cation, with varyingerror
tolerancesupto 2.5% of theradii of thejaws,all showverysimilar
patterns. This similarity impliesthat the sensationsof shapepro-
videdto theuserarenearlyidentical.Middle: A log plot of contact
querytimeusingsimpli�cation with variouserror tolerancesshows
up to two orders of performanceimprovement.Bottom: Thenum-
ber of nodesin thefront of theBVTTis alsoreducedby more than
a factorof 10.
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Figure11: Contact Pro�le for Golf Scene.Top: Thepro�les of
thecontactforcesdisplayedusingsimpli�cation, with varyingerror
tolerancesup to 3% of theradiusof theball, shownearlyidentical
patterns.Middle: A log plot of contactquerytime usingsimpli�-
cation with variouserror tolerancesshowsmore than two orders
of performanceimprovement.Bottom:Thenumberof nodesin the
frontof theBVTTis reducedbynearlya factorof 100.

7 Discussion and Anal ysis

In this section,we compareour approachwith previous work in
relatedareasandanalyzethevariousalgorithmicandperformance
issues.

7.1 Comparison with Related Work

Mesh Decimation and Filtering: The constructionof our mul-
tiresolutionhierarchy canbecomparedwith bothmeshdecimation
techniquesandmesh�ltering techniques.Representationsobtained
throughthesetechniquesmight presentbetterresultsthanour hier-
archiesin certainaspects.

LODs createdusing our �ltered edgecollapseoperationwill
have a largersurfacedeviation thanLODs of traditionalmeshdec-
imation. This deviation inevitably resultsfrom combiningdecima-
tion and�ltering. In our framework, the detail at high resolution
is �ltered independentlyof its magnitude,while meshdecimation
techniqueswill preserve detail to minimize the surfacedeviation.
The elimination of the detail hasbene�cial consequencesin the
creationof the BVH and doesnot re�ect on the output quality
of the haptic rendering,sincethe �ltered detail is quanti�ed and
takeninto accountin thesensationpreservingre�nement.Besides,
multiresolutionrepresentationsobtainedthroughmeshdecimation
techniquesarenot valid by themselvesto performef�cient contact
queries.

Representationsobtainedthrough�ltering appearsmootherthan
our representations.Thereductionin visualsmoothnessoccursbe-
causeweusefewersamples(i.e. vertices)to representmesheswith
thesamefrequency content.Thisapproachis advantageousfor our
application,becauseit acceleratesthecontactqueries.In addition,
wehavealsopresentedade�nition thatallowscomparingthereso-
lution of thedetailof theobjectsin contact.

Contact Queries for Haptic Rendering: As mentionedearlier,
the runningtime of any contactqueryalgorithmdependson both
the input and output size of the problem. Given two polyhedra,
characterizedby their combinatorialcomplexity of n andm poly-
gons,the contactquery algorithm can have an output size and a
run-timecomplexity ashighasO(nm).

The discretizedapproximationpresentedby McNeely et al.
[1999]canavoid directdependency ontheinputsizeof theproblem
by limiting thenumberof pointssampledandthenumberof voxels
generated.However, its performanceon complex contactscenar-
ios with many collisionsis unknown. Both approachesby Gregory
et al. [2000] andKim et al. [2002] are limited to relatively sim-
plemodelsor modestlycomplex contactscenariosanddonotscale
well to highly complex object-objectinteraction.

In contrast,our approach,by reducingthe combinatorialcom-
plexity of theinputbasedon thecontactcon�gurationateachlocal
neighborhoodof (potential)collisions,automaticallydecreasesthe
outputsizeaswell. In addition,its selectionof LODs is contact-
dependentto minimize the perceived differencein force display,
while maximizing the amountof simpli�cation and performance
gain possible.This methodis perhapsthe �rst “contact-dependent
simpli�cation” algorithmfor collisionqueriesaswell.

7.2 Generalization of the Algorithmic Framework

Dueto thehardtime constraintsof hapticrendering,we have cho-
senacollisiondetectionalgorithmusingBVHs of convex hullsand
automaticconvex surfacedecomposition.The choiceof collision
detectionalgorithmimposesconvexity constraintson thesimpli�-
cationprocessandthehierarchy construction

Theseconstraintsareratherspeci�c. However, the algorithmic
framework for generatingthe multiresolutionhierarchy for sensa-
tion preservingcontactqueriesthat we have developedand pre-
sentedin this paperis generalandapplicableto othercollision de-
tectionalgorithms.

Furthermore,althoughwe focus on contactdeterminationfor
hapticrenderingin this paper, our approachfor sensationpreserv-
ing simpli�cation canalsobe appliedto other typesof proximity
queries,suchaspenetrationdepthestimation. Our approachcan
be generalizedto multiresolutioncollision detectionby automati-
cally identifying super�uousproximity informationandthusclev-
erly selectingtheappropriateresolutionsfor performingthequeries
atdifferentlocationsacrosstheobjects'surfaces.This key concept
cansigni�cantly acceleratetheperformanceof any proximity query
algorithm,aswehavedemonstratedin thispaper.

A further analysisof the applicability of sensationpreserving
simpli�cation to multiresolutioncollision detectionfor rigid body
simulationhasbeenconducted[OtaduyandLin 2003].Morestudy
is neededontherelationshipbetweenoursensationpreservingerror
metricsandcontactforcemodelsof rigid bodysimulations,but the
preliminaryresultsarepromising.

7.3 Integration with Graphic Rendering

TheLODsselectedfor hapticrenderingaredecoupledfrom therep-
resentationof theobjectsusedfor visualrendering.Thisdifference
in representationscan potentially lead to someinconsistency be-
tweenvisualandhapticdisplay, suchastheexistenceof visualgaps
whenthe displayedforcesindicatethat the objectsarein contact.
Future investigation is requiredfor a better integration of multi-
sensorycuesin amultimediaenvironment.

7.4 Other Limitations

Ourapproachcanhandletriangularmesheswith two-manifoldsand
boundaries. The current implementationis limited to polygonal
modelswith connectivity information. As with all simpli�cation
algorithmsthat generatelevels of detail of�ine, our approachhas
thesimilarmemoryrequirement.



8 Summar y and Future Work

We have presenteda novel sensationpreservingsimpli�cation to
acceleratecollision queriesfor force display of complex object-
object interaction. The resulting multiresolutionhierarchy con-
structedwith a formal de�nition of resolutionenablesus to com-
putecontactinformationat varying resolutionsindependentlyfor
differentlocationsacrosstheobjectsurfaces.By selectingthemost
aggressive simpli�cation possibleon the �y basedon the contact
con�guration, this approachconsiderablyimproves the run-time
performanceof contactqueries. It makeshaptic renderingof the
interactionbetweenhighly complex modelspossible,while pro-
ducingonly relatively imperceptiblechangesin the force display.
Our approachcanalsobe easilyextendedto performtime-critical
hapticrenderingwhile optimizing the �delity of the forcedisplay,
usingthetechniquedescribedin [OtaduyandLin 2003].

This new ability to perform force display of complex 3D ob-
ject interactionenablesmany exciting applications,wherehaptic
renderingof point-objectinteractionis insuf�cient. In additionto
furtheroptimizingandincreasingtheperformanceof sensationpre-
servinghapticrendering,this researchmaybeextendedin several
possibledirections. Theseinclude haptic display of friction and
texturesexploiting our currentframework, applicationsof 6-DOF
haptic renderingto scienti�c visualization,engineeringprototyp-
ing, andmedicaltraining, aswell asformal userstudiesandtask
performanceanalysis.
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APPENDIX A: Pseudo Code for Multireso-
lution Hierar chy Generation

Computesurfaceconvex decomposition
Dumpinitial LOD
n = numberof convex pieces
Computeresolutionof edges
Initialize edgesasvalid
Createpriority queue
while Valid(Top(queue)),

if FilteredEdgeCollapse(Top(queue)) then
PopTop(queue)
Recomputeresolutionof affectededges
Resetaffectededgesasvalid
Updatepriority of affectededges
Attemptmergeof convex pieces

else
SetTop(queue) asinvalid
Updatepriority of Top(queue)

endif
if Numberof pieces≤ n=2 then

Dumpnew LOD
n = numberof convex pieces

endif
endwhile
while Numberof pieces> 1,

Binarymergeof pieces
endwhile

ALGORITHM 0.1: Creation of the Hierarchy

APPENDIX B: Overview of the Haptic Ren-
dering Framework

In thisappendix,wegiveanoverview of oursix-degree-of-freedom
haptic renderingframework for displaying force and torque be-
tweentwoobjectsin contact.Wecomputethedisplayedforcebased
on thefollowing steps:

1. Performacontactquerybetweentwo objectsA andB, collect-
ing thesetSof nodesof thefront of theBVTT thatareinside
adistancetoleranced, at theappropriateresolution.

2. For all nodesab∈ S, computethecontactinformation:

(a) If thepair ab is disjoint,computethedistance,thecon-
tactnormalandtheclosestpointsandfeatures(i.e. ver-
tex, edgeor face).

(b) If the pair ab is intersecting,computethe penetration
depth, the penetrationdirection, and penetrationfea-
tures1.

3. Clusterall contactsbasedon theirproximity.

4. Computea representative contactfor eachcluster, averaging
contactinformationweightedby thecontactdistance.

5. Computeapenalty-basedrestoringforceat therepresentative
contactof eachcluster.

6. Apply thenetforceandtorqueto thehapticprobe.

1By the penetration features, we mean a pair of features on both objects
whose supporting planes realize the penetration depth.

APPENDIX C: Studies on Perceiv able Con-
tact Details

In this appendixwe brie�y describean informal userstudy that
hasbeenconductedto testthe �delity of the sensationpreserving
simpli�cation for hapticrendering,andalsoto helpusidentify what
aretheerror tolerancesfor which themissingsurfacedetail is not
perceptibleto theusers.

The scenarioof our experimentconsistsof a golf ball (please
referto thepaperfor statisticsof themodel)thatis exploredwith an
ellipsoidasshown in Fig.1. Theellipsoidconsistsof 2000triangles
andonesingleconvex piece.For simplicity, we have only applied
the simpli�cation to the golf ball and left the ellipsoid invariant.
Thus, the �delity of the sensationpreservingsimpli�cation relies
on theadequacy of theresolutionof thegolf ball that is selectedat
eachcontact.

Figure1: Scenario of the User Study.

12usershaveexperimentedwith thisscenario.They wereasked
to identify at what valueof the thresholds0 of the sensationpre-
servingselective re�nement they startedperceiving a deviation in
theperceptionof thesurfacedetailof thegolf ball. Thevaluesof s0
werein the rangefrom 0:05%to 20%of the radiusof theball. In
Table1 we indicatehow many userspicked eachthresholdvalue.
The usersalso reportedthat the main characteristicthat they ex-
ploredwastheperceptibilityof thedimplesof thegolf ball.

s0 ≥ 10% 5% 2:5% 1% ≤ 0:5%
no. users 0 4 7 1 0

Table1: Results of the User Study.
Basedon the resultsfrom this informal userstudy, we selected

valuesof s0 in the rangeof 2:5% to 5% of the radii of themodels
for thedemonstrationspresentedin thepaper.


