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Abstract— We presentan ef�cient algorithm for complete mo-
tion planning that combines approximate cell decomposition
(ACD) with probabilistic roadmaps (PRM). Our approach
usesACD to subdivide the con�guration spaceinto cells and
computes localized roadmaps by generating samples within
these cells. We augment the connectivity graph for adjacent
cells in ACD with pseudo-free edgesthat are computed based
on localizedroadmaps.Theseroadmapsare usedto capture the
connectivity of fr ee spaceand guide the adaptive subdivision
algorithm. At the sametime, we usecell decompositionto check
for path non-existenceand generate samples in narr ow pas-
sages.Overall, our hybrid algorithm combinesthe ef�ciency of
PRM methodswith the completenessof ACD-basedalgorithms.
We have implemented our algorithm on 3-DOF and 4-DOF
robots. We demonstrate its performance on planning scenarios
with narr ow passagesor no collision-freepaths. In practice, we
observe up to 10 times impr ovement in performanceover prior
complete motion planning algorithms.

I . INTRODUCTION

Motion planning is a well-studiedproblemin roboticsand
related areas. In this paper, we addressthe problem of
complete motion planning of rigid or articulated robots
amongstatic obstacles.A completemotion plannereither
computesa collision-freepath from the initial con�guration
to the goal con�guration or concludesthat no such path
exists.

Many approacheshave beendevelopedfor motion planning
among static obstacles.An important concept for motion
planning is the con�guration space,namely C, where the
robot is representedasa point, andtheobstaclesin thescene
aremappedto con�guration spaceobstaclesor C-obstacles,
O. The problemof �nding a collision-freepath for a robot
canbe mappedto computinga pathfor the point in the free
spaceF =CnO. Mostprior approachescanbeclassi�edbased
on how they representor computethe free spaceF .

Someof the earlier exact algorithmsfor completemotion
planninginclude criticality-basedalgorithms,exact cell de-
compositionand roadmapcomputation[6], [18]. However,
due to the dif�culty of computingthe exact representation
of F , most implementationsof thesealgorithmsare limited
to low-DOF robotsor specialshapes.

Most practicalalgorithmsfor completemotion planningof
generalrobotsarebasedon approximatecell decomposition
(ACD) [4], [18]. ACD algorithmsare resolution-complete:
they can either �nd a collision-free path or concludethat
no such path exists provided the number of subdivisions
is high or small resolution parametersare chosen. The
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Fig. 1. Bene�ts of our hybrid algorithm: Thisexamplehighlightsthatour
hybrid algorithm can combineboth bene�ts of ACD and PRM. First row:
(a) In ACD, to capture the connectivityof the freespacewithin this mixed
cell, manysubdivisionsare required; (b) A localizedroadmapwithin this
cell canwell capture its connectivityby only a few samples,andtherebycan
improve theoverall performanceof theplanningalgorithmof ACD. Second
row: (c) It is dif�cult for PRM methodsto samplein the narrow passage;
(d) The structure of the cell decompositioncan be usedto generate more
samplesin the narrow passage.

basic ACD method subdivides C into rectangularcells in
a hierarchicalmanner. By using cell labelling algorithms
[31], eachgeneratedcell is labelledas one of three types:
empty if it lies completely in F , full if it lies completely
in O, or mixed otherwise.Then ACD algorithmsconstruct
a connectivity graphto representthe adjacency amongcells
andutilize it for �nding a collision-freepathor checkingfor
path non-existence[18], [31]. In practice,thesealgorithms
can generatea large numberof mixed cells. Moreover, the
complexity of the subdivision algorithm increasesexponen-
tially with the dimensionof C. As a result,mostprior ACD
implementationsare limited to 3-DOF robots.

The practical motion planning algorithms for high-DOF
robots are basedon sampling-basedapproaches,including
the probabilistic roadmap(PRM) methodand its variants.
Becauseof their simplicity and ef�ciency, thesealgorithms
have beensuccessfullyusedto solve many high-DOFmotion
planningproblems.However, thesealgorithmsmay not ter-
minatewhen no collision-freepath exists in the free space.
Their performancecandegradewhenthecon�gurationspace
hasnarrow passages.

Main Results: We presenta novel approachthat combines
the completenessof ACD with the ef�ciency of PRM for
motionplanningamongstaticobstacles.We computea local-
ized roadmapwithin eachmixed cell of ACD by generating
randomsamples.Our algorithm augmentsthe connectivity
graphof ACD by using pseudo-freeedgesto representthe
inter-connectivity of localized roadmapsbetweenadjacent



cells. The localized roadmapsalong with the augmented
connectivity graphprovide aneffective representationfor ap-
proximatingthe free space.This approximaterepresentation
is incrementallyre�ned by using either spatial subdivision
or sampling,and is useful for both path computationand
checkingfor pathnon-existence.

Thecombinationof ACD andPRM resultsin many bene�ts.
We usethe knowledgeof mixed cells to guidethe sampling
in narrow passagesin C, andtherebyimprove the ef�ciency
of thesamplingalgorithm.Similarly, we usetheconnectivity
of localizedroadmapsto perform adaptive subdivision and
reducethe numberof generatedcells. Overall, the combi-
nation of localizedroadmapsand ACD provides us with a
compactrepresentationof Cthatis usedfor pathcomputation
aswell aspathnon-existencequeries.

We have implementedthis algorithmandappliedit to many
3-DOF and4-DOF motion planningscenarios.Comparedto
prior PRM algorithms,ourhybrid approachcaneasilyhandle
narrow passagesandcheckfor pathnon-existence.Moreover,
comparedto prior ACD algorithms,we performmuchfewer
subdivisions.This can reducethe overall memoryoverhead
and improve the runtimeperformanceby up to ten times in
our benchmarks.Themain limitation of our approachcomes
from the underlyingcomplexity of ACD, and our approach
may not be practicalfor high-DOFrobots.

Organization: Therestof thepaperis organizedasfollows.
In Section II, we brie�y survey related work on motion
planning.In sectionIII, we give an overview of our hybrid
approachand introduce the key data structures.Section
IV gives the detailsof localizedroadmapcomputationand
subdivision algorithms.We describeour implementationin
Section V and highlight its performanceon many bench-
marks. In Section VI, we discussthe limitations of our
methodandcompareits performancewith prior approaches.

I I . PREVIOUS WORK

Motion planning has been extensively studied for several
decades.A detailedsurvey of thesealgorithmscanbe found
in [6], [18], [19].

A. CompleteMotion Planning

Someof theearlieralgorithmsfor completemotionplanning
computean exact representationof the free spaceF . These
includecriticality-basedalgorithmssuchasexact free-space
computationfor a classof robots [2], [7], [10], [16], [21],
roadmapmethods[5], andexactcell decompositionmethods
[25]. Recently, a star-shapedroadmaprepresentationof F
has been proposedand applied to low-DOF robots [29].
However, due to the dif�culty of exact geometriccompu-
tation, no practical and ef�cient implementationsof these
algorithmsareknown for high-DOFrobots[11].

B. Probabilistic RoadmapMethods

The probabilistic roadmapapproach(PRM) [15] and its
variantsare the most widely usedpath planningalgorithms
for many practical applications.A good summaryof this

topic aswell asits analysiscanbe found in [13]. ThePRM-
basedalgorithmsattemptto capturethe connectivity of F
by randomly sampling F and connectingthe samplesto
form a roadmap.Thesealgorithmsare relatively simple to
implementandhave beensuccessfullyappliedto high-DOF
robots.However, PRM methodsmay not terminatewhenno
collision-free path exists. Moreover, due to the nature of
probabilistic sampling,thesealgorithmsmay fail to �nd a
path,especiallywhenthe freespacehasnarrow passages.In
order to addressthe issueof the narrow passages,a number
of samplingstrategies have beenproposed,including dense
samplingalong obstacleboundaries[1], medial axis-based
sampling [9], [24], [30], visibility-based techniques[26],
usingworkspaceinformation[17], [28], dilationof freespace
[12], and using �ltering strategies [3], [27]. However, all
thesemethodsare probabilistically complete: if a solution
exists, the planner �nds one in boundedtime with high
probability; otherwise,the plannermay not terminate.

C. ApproximateCell Decomposition

A number of algorithms basedon Approximate Cell De-
composition(ACD) have beenproposed[4], [32]. The ACD
algorithmsattemptto partition C into a collection of cells
similar to exact cell decomposition.Unlike exact cell de-
composition,the cells in ACD have a simple shape(e.g.
rectangoloids)and each cell is labelled as empty, full or
mixed. The ACD algorithmscomputea collision-free path
using a conservative approximationof F , i.e. a subsetof
F , or checkfor pathnon-existenceusinga representationof
a supersetof F . In order to reducethe numberof cells in
ACD, techniquessuchas �r st graph cut method[18] have
beendevised,in which only themixedcellsalongthecurrent
searchingpath insteadof all mixed cells are subdivided. In
[20], a lazy cell labelingmethodis presentedto improve the
performanceof ACD algorithms.However, in this variant,
thepropertyof resolution-completenessis not preserved any
more.

One of the main challengesin ACD algorithms is cell
labelling.The cells canbe labelledbasedon contactsurface
computations[32]. However, this method is dif�cult to
implementand proneto degeneracies.Robust cell labelling
methodsbasedon workspacedistanceandgeneralizedpen-
etration depth computationhave also been proposed[23],
[31].

D. Hybrid Motion PlanningAlgorithms

Many hybrid approacheshave beenproposedfor ef�cient
motion planningby combiningdifferent methods[8], [11],
[14], [22]. In particular, Hirsch andHalperin [11] presented
a hybrid methodthat combinesexact motion planningwith
probabilisticroadmaps,andappliedit to planningthemotion
of two discsmoving amongpolygonalobstacles.At a broad
level, our algorithm follows a similar design,but thereare
signi�cant differencesandwe highlight themin SectionVI.



I I I . PRELIMINARIES AND OVERVIEW

In this section, we give a broad overview of our hybrid
planningalgorithm.We alsointroducethekey datastructures
usedin our algorithm.

At a broad level, our algorithm performsadaptive decom-
positionof C into rectangularcells similarly to the previous
ACD methods,and usesef�cient labelling algorithms[31]
to classify them as empty, full or mixed cells. The main
bottleneckin previous ACD methodslies in dealing with
a large numberof cells. Most of the cells are classi�ed as
mixedcells,andthey arerecursively subdividedtill their size
is lessthana threshold.This is dueto threereasons.First, the
exact boundaryof the free spaceis complex andnot aligned
with the cell boundaries(Fig. 1). Therefore,many levels of
subdivisionsareneededto computea goodapproximationof
the free space.Secondly, mostcell labelling algorithmstend
to be conservative, i.e. someof the empty or full cells are
classi�edasmixed.Finally, thecomplexity of thesubdivision
algorithmincreasesasanexponentialfunctionof thenumber
of DOFs. As a result, most prior implementationsof ACD
algorithmshave beenlimited to 3-DOF robots.

In orderto addresstheseproblems,weaugmentthecellswith
localizedroadmaps,which tend to capturethe connectivity
of the free space within each mixed cell. Furthermore,
we attempt to connectthe localized roadmapsof adjacent
cells using pseudo-freeedges.Within eachmixed cell, the
roadmapprovides a compactrepresentationof its connec-
tivity, while a pseudo-freeedge capturesthe connectivity
of the localized roadmapsbetweentwo adjacentcells. As
a result, there is a high probability that we can compute
a path through thesemixed cells and assignthem a lower
priority in termsof adaptive subdivision. Overall, our hybrid
algorithm performs fewer subdivisions comparedto prior
ACD algorithms.

Our hybrid methodalso improves the performanceof PRM
algorithms.Sincewe only generaterandomsamplesin the
mixed cells at any level in the subdivision, our approach
automatically computesmore samplesnear or in narrow
passages.Comparedto prior PRM approaches,this results
in an improved samplingstrategy. Moreover, by usingACD
for path non-existence queries, our hybrid algorithm is
resolution-complete.

A. Notation
We usesymbol A to denotea robot and B to representthe
staticobstacles.Let q init andqgoal representthe initial and
goal con�gurationsof the robot for a given motion planning
query. Let us denotethe approximatecell decompositionof
con�guration spaceas P, and useci to representeachcell
in P.

B. LocalizedRoadmaps
In our approach,a small fraction of mixed cells are as-
sociatedwith localized roadmaps.For each empty cell, a
trivial roadmapwith only a single samplein its center is
constructed.We also implicitly maintain a global roadmap
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Fig. 2. Pseudo-free edgesand connectivity graph: ACD sub-
divides the C-space, and classi�es the resulting cells as empty,
such as c1 , full such as c7 or mixedsuch as c3 . The connectivity
graph G is a dual graph to ACD and each emptyor mixed cell
is mappedto a vertex in G. There are three typesof edges in our
connectivitygraph G. Two adjacentemptycells, such as c1 and
c2 are connectedby a free edge (v1 ; v2). Two non-full cells are
connectedby a pseudo-freeedge such as (v3 ; v4) if their localized
roadmapscan be connectedas the right �gur e shows;otherwise,
they are connectedby an uncertain-edge such as (v5 ; v6).

M for P, includingall thelocalizedroadmapsM c associate
with each cell c; i.e., M � [M c where M c 6= � .
In addition, for two adjacentcells ci and cj , if there is
a collision-free path to connect their associatedlocalized
roadmapsM ci andM cj , this path is addedto M (Fig. 2).
Detailsof this computationaregiven in SectionIV-C.

C. ConnectivityGraph

As adualgraphof P, theconnectivity graphG representsthe
connectivity betweenthe cells in P. The graphis de�ned as
follows: eachnon-full (emptyor mixed)cell in P is mapped
to a vertex v in G; if two non-full cells ci and cj in P
are adjacentto eachother, their correspondingvertices,vi

and vj , respectively, are connectedby an edge e(i; j ) in
G. Furthermore,an edgee(i; j ) is classi�ed into oneof the
following threetypes(Fig.2):

� Free: If ci and cj are both empty, e(i; j ) is a free
edge. This implies that thereexits a collision-freepath
betweenany con�gurationq0 in ci to any con�guration
q1 in cj .

� Pseudo-free: If e(i; j ) is not a free edge, but two
localizedroadmapsM ci andM cj associatedwith ci and
cj can be connectedby a collision-freepath,e(i; j ) is
called a pseudo-free edge. The existenceof a pseudo-
free edge can be checked by any local planner. Its
existenceindicatesthatit is highly likely thatthereexists
a collision-freepathbetweenany free con�guration q0

in ci andfree con�guration q1 in cj .
� Uncertain-edge: If e(i; j ) is neither free nor pseudo-

free, it is classi�ed as an uncertain-edge. Since the
localizedroadmapsM ci andM cj cannot be connected
by local planning, it is unlikely that there exist a
collision-free path betweenany free con�guration q0

in ci andany free con�guration q1 in cj .

We further de�ne someof the subgraphsof G as follows:
the freeconnectivitygraph Gf is a subgraphof G that only
includesall free edgesof G. The pseudo-freeconnectivity
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Fig. 3. Flowchart of our hybrid planner. Our algorithmconsistsof
two stages.The algorithm is executediteratively until a collision-
freepath is found in stage I, or the path non-existenceis detected
in stage II.

graphGsf is a subgraphof G that includesboth all the free
edgesandthepseudo-freeedges.The threetypesof connec-
tivity graphsrepresentdifferent levels of approximationsof
thefreespaceF andareusedby thepathplanningalgorithm.
More speci�cally,

� G representsthe adjacency amongfree or mixed cells,
which form a supersetof the free spaceF . Therefore,
the graph is useful for deciding path non-existence,
becauseno path found in G implies that there is no
collision-freepath in F .

� G f representstheadjacency amongall freecells,which
forms a conservative approximationor a subsetof F .
It is useful for �nding a collision-freepath for A .

� G sf representsthe adjacency among all free cells
and a portion of mixed cells. They representa good
approximationof the free spacefor pathqueries,since
a freeedge(or a pseudo-freeedge)amongtwo adjacent
cells indicatestheremustbe (is likely) a collision-free
pathbetweenany pair of free con�gurationsin the two
cells. We computelocalized roadmapsto capturethe
connectivity for this approximation,and use them for
pathqueries.

IV. HYBRID PLANNING ALGORITHM

In this section, we describeour hybrid motion planning
algorithm in detail, with an emphasison computationand
useof datastructuresintroducedin the previous section.

A. Algorithm

Fig. 3 shows a �o wchart of our algorithm, which consists
of two stages:�nding a collision-freepath andchecking for
pathnon-existence. Thesetwo stagesareexecutediteratively
until a collision-freepathis found or the pathnon-existence

is detected.Startingwith an initial, coarseand uniform ap-
proximatecell decompositionP of C, ouralgorithmproceeds
in the following manner.

I. Collision-fr ee Path Computation

1) Locate the cells in P that contain q init and qgoal ;
denotetheir correspondingverticesin G as vinit and
vgoal , respectively.

2) SearchGf to �nd a paththatconnectsvinit andvgoal .
If a path is found, it representsa collision-free path
for the given motion-planningquery, since the space
representedby Gf is a conservative approximationof
F . More detailsaregiven in Sec.IV-B.

3) If no pathis foundin Gf , we searchthegraphGsf for
a path to connectvinit and vgoal . If no path is found
in Gsf , this meansthat thereis no collision-freepath
within the currentapproximationof F representedby
Gsf . Therefore,our algorithm proceedsto Path Non-
existence.DeterminationStage.

4) If a path, say L sf , is found in Gsf , it suggeststhat
a collision-freepath may exist. In order to verify the
existence,we searchover the union of all localized
roadmapsassociatedwith the cells along the path
L sf . If a collision-free path is found, our algorithm
terminates.More detailsaregiven in Sec.IV-B.

5) If no path can be computed, we identify critical
cells alongthe pathL sf , which breakthe reachability
betweenq init to qgoal (see Sec. IV-C). Additional
samplesare generatedin the critical cells to improve
their localizedroadmaps.After that, we perform one
level of subdivision on these cells and update the
graphsG, Gf and Gsf . Next, the algorithm returns
to the Path ComputationStage.

II. Checking for Path Non-Existence

1) WeperformagraphsearchonG to �nd apathconnect-
ing vinit andvgoal . If no pathcanbe found in G, our
algorithmcansafelyconcludethat the given planning
query hasno solution,sincethe spacerepresentedby
the graphG is a supersetof F .

2) Otherwise,we computea pathL in G to connectvinit

andvgoal , andperformsamplingandcell subdivisions
on the critical cells alongL (seealsoSec.IV-C). The
algorithm then updatesthe connectivity graphs and
returnsto the Path Finding Stage.

B. Computinga Collision-freePath

Our algorithmchecksfor a collision-freepathby performing
searcheson Gf and Gsf . If a path L f is found as a result
of graphsearchon Gf , we can report a collision-freepath
for the planning query by connectingthe given initial and
goalcon�gurationsto thepathL f . Otherwise,we searchfor
a pathin Gsf , andverify whetherthe foundpathL sf yields
a collision-freepath.

Let PL sf be a sequenceof cells in P correspondingto the
vertices in L sf . Let M L sf be a subgraphof M that lies



within PL sf . To verify whetherL sf can yield a collision-
free path, we �rst searchover M L sf . If no path is found
in M L sf , then we searchthe entire roadmapM . If no
collision-freepath is found within M , this implies that the
currentPRM representationis not �ne enoughto computea
collision-freepath.Therefore,we needa more accurate(or
�ner) representationof F .

C. ImprovedSamplingand Cell Subdivision

If the Path ComputationStageof the algorithm is not able
to �nd a collision-free path in Gf or Gsf , we generate
additional samplesfor M and subdivide the cells in P
(i.e., step5 of StageI). A simplealgorithmwould generate
additional samplesfor all mixed cells in PL sf and further
subdivide them.In orderto performthisstepmoreef�ciently ,
we identify the critical cells and only generateadditional
samplesand perform cell subdivision on thesecells. More
speci�cally, thecritical cellsarede�ned asthosecells,where
the roadmapM L sf is disconnectedwith respectto q init to
qgoal .

Overall, the useof critical cells resultsin adaptive sampling
and fewer subdivisions.First of all, theremay exist cells in
C-obstaclethat actuallyseparatea part of free space.These
typesof cells areuseful in termsof checkingfor pathnon-
existence.Therefore,we canconcentrateon classifyingthese
cells by performing additional sampling and subdivisions.
Moreover, poor samplingin oneof thesecells can result in
a disconnectedlocalizedroadmap,andtherefore,thesecells
aregoodcandidatesto receive additionalsamples.

Critical cell computation: In order to identify the critical
cells in the setPL sf , we usea propagation algorithmbased
on depth �rst search(DFS). The time complexity of this
algorithm is linear to the size of M L sf . As Fig. 4 shows,
we denotethe cells along the path L sf as c1, c2, ..., cn

(n=5), andtheir correspondingverticesin L sf arevinit , v2,
..., vn � 1, vgoal . The algorithm searchesM L sf from q =
q init using DFS, and set the reachable �ags of its descent
samplesastrue (initially, the �ag for every sampleis false).
When DFS stops,we check whetherthe reachable�ag of
qgoal hasbeenset. If not, the algorithm searchesfor a cell
ci , which containsat least one reachablesampleand has
the largest index i . The cell ci is a critical cell, since the
roadmapM L sf is disconnectedin this cell w.r.t. q init and
qgoal . If vi is not equalto vgoal , we iteratethis processto
�nd morecritical cells.SinceL sf is computedfrom Gsf , vi

shouldhave a pseudo-freeedgewith its adjacentvertex vi +1

in L sf . Furthermore,this pseudo-freeedgeis realizedby a
local path betweena sampleqm in ci with a sampleqn in
ci +1 . Therefore,we can resumeDFS searchfrom q = qm .
This processcontinuesuntil vi is equalto vgoal .

Critical cell computation for path non-existence:In the
stagecorrespondingto pathnon-existencecomputation,if a
pathL is foundin G, we needto re�ne our representationof
F . For this purpose,oneknown techniqueis �r st graph cut
[18], which only subdivides the cells along the L , instead

q init
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c2 c3

c4

c5

v init

v2 v3 v4

vgoal

q1
q2

Pseudo-f ree connect ivit y graphCells along Lsf

Fig. 4. Critical cell computation: Thecellsc2 andc4 areclassi�ed
as critical cells, sincethere the roadmapM is disconnected.We
identify such cells using a propagation algorithm basedon DFS.
Note that since the roadmapsin c2 and c3 are connectedby an
edge, their correspondingverticesv2 and v3 are connectedby a
pseudo-freeedge too.

of mixed cells in P. In our algorithm, we further reduce
the numberof subdivisions by identifying the critical cells
alongL . More speci�cally, a cell c alongL is critical if there
existsmorethanoneconnectedgraphcomponentin M c; two
adjacentcells on the path L are critical, if there is no free
edgeor pseudo-freebetweenthem.Only thesecritical cells
are further subdivided and extra samplesare generatedto
updatetheir localizedroadmaps.

V. IMPLEMENTATION AND PERFORMANCE

We have implementedour hybrid planner and tested its
performanceon 3-DOF and 4-DOF robots in dif�cult mo-
tion planning scenarios.In this section,we addresssome
implementationissues.We analyzethe performanceof our
planner, andcompareit with priori completemotionplanning
algorithms.

A. Implementation
We generatean adaptive subdivision of the con�guration
spaceC, and useC-obstacleandFree-cellqueryalgorithms
[31] to label thecellsduringsubdivision. Our formulationof
the adaptive subdivision framework is generalfor arbitrary
dimensionalC, andwe have testedit on 3 and4 dimensional
C.

The two main computationalcomponentsin our algorithm
are graph searchand localized roadmapcomputation.In
order to searchfor a shortestpath in the connectivity graph
G, we assigndifferent weights to different typesof edges.
Theunderlyingideais to assigna higherweight(i.e. a lower
priority) to the uncertainedges,so that the searchalgorithm
tendsto �nd a path throughthe free edgesand pseudo-free
edges.This resultsin a pathwith fewer uncertainedgesand
resultsin fewer subdivisions.In our currentimplementation,
the weight of a free edge is set as zero and the weight
of a pseudo-freeedge is also set as zero. The weight of
an uncertainedgee(i; j ) is set as the distancebetweenthe
centersof cells ci andcj .

For the localized roadmapcomputation,more samplesare
generatedfor mixedcells thanfreecells.In our experiments,
the maximum numberof free samplesin eachmixed cell,
Nm , is set as 5. The maximum trial number of random
samplesusedto generateeachfree sample,N tr ial , is 5. For
eachfreecell, weonly needto generateasampleat its center.



Fig. 5. Five-gear with narrow passage benchmark.The left �gur e showsa 3-DOF planning problemwith narrow passages. There are
�ve gear-shapedstatic obstacleson the plane. Theproblemis to move the gear-shapedrobot from the red placement(left-uppercorner)
to the greenplacement(right-bottomcorner). Shownin the left and middle �gur es,where 3 dimensionalC-spaceis illustrated together
with the workspace, our approach can generate samplesin the narrow passage, and the global roadmapconstructedcan capture the
connectivityin the free spacewell. The middle �gur e also highlights the roadmapfor the free space. The �gur e in the right showsthe
histogram of the numberof cells in different levelsof subdivisions.

(sec) Five-gear Star Star(no-path) Notch
Total timing 33.855 16.197 48.453 102.076
Cell labelling 4.025 9.562 31.793 20.915

Sampling 5.313 0.265 1.096 5.147
Link computation 8.829 4.172 14.345 27.623
Gf , Gf s search 1.123 0.462 2.037 3.185

G search 5.472 1.218 6.139 13.574
Subdivision 9.093 0.518 6.130 31.632

TABLE I

PERFORM ANCE: THIS TABLE HIGHLIGHTS THE PERFORMANCE

OF OUR ALGORITHM ON DIFFERENT BENCHMARKS. WE SHOW

THE BREAKUP OF TIMINGS AMONG DIFFERENT PARTS OF THE

ALGORITHM . THE FIVE-GEAR IS A 3-DOF BENCHMARK AND

THE REST ARE 4-DOF BENCHMARKS.

B. Results
We have tested our hybrid planner on different bench-
marks.Our currentimplementationis not optimized.We also
compareour algorithm with the completemotion planning
algorithm presentedin [31]. The performanceand various
statisticsare summarizedin tablesI and II. All timings are
generatedon a 2.8GHZ PentiumIV PC with 2G RAM.
1) 3-DOF �ve-gear with narrow passage benchmark: This
is a dif�cult 3-DOF motion planning problem. There are
narrow passagesfor this benchmark,and the boundaryof
C-spacefor this benchmarkis very complex. Our hybrid
plannercan computea collision-free path within 33:855s,
which is aboutthreetimesfasterthanprevious method.The
number of cells in the approximatecell decompositionis
50; 730, which is only 30:2% of the numberin the previous
ACD method.Fig. 5 highlights that our approachcan gen-
erate the samplesand constructthe probabilistic roadmap
effectively nearor in narrow passages.The roadmapM for
this benchmarkincludes6; 488 samplesand 15; 298 edges.
Eachsamplein M hasonly 4:7 neighborson average.This
can be observed in Fig. 5, whereeachsampleis connected
with a few othersamples.

Table II demonstratesthat only a subsetof mixed cells in
ACD areassociatedwith localizedroadmaps.This con�rms
that our approachis ableto generateandutilize the samples
effectively.
2) 4-DOF star benchmark: Figs. 6 and 7 show a 4-DOF
robot, with 3 translationalDOFsand1 rotationalDOF. The
star-shapedrobot is allowed to translatefreely in 3D space

Fig. 6. 4-DOF star benchmark for narrow passage. The star-
shapedrobot is allowed to translate freely in 3D spaceand to
rotatearound its local Z axis (indicatedby the yellow arrow). (a)
This planningproblemis to move the robot from the redplacement
(top) to the greenplacement(bottom)by passingthroughthe star-
shapednarrow hole. Our approach can �nd a collision-free path
within 16:197s. For thepurposeof thevisualization,weproject the
con�guration spacefrom R3 � SO(1) into R3 . (a, c) showsthe
path and the robot's intermediatecon�gurationson the path. (b,d)
showsthe roadmapfrom two different viewpoints.

andto rotatearoundits local Z axis (indicatedby theyellow
arrow) in its local coordinatesystem.We testthis benchmark
for two scenarios:to �nd a collision freepathfor theoriginal
star-shapedrobot, and to detect path non-existencewhen
the robot is uniformly scaledby 1:3. The performanceand
variousstatisticsfor this benchmarkare summarizedin the
TabsI and II.
3) 4-DOF notch benchmark: Fig. 8 shows a 4-DOF exam-
ple,wherethestar-shapedrobotneedsto passthrougha very
narrow passage,the notch in this �gure. Our approachcan
�nd acollision-freepathfor thisbenchmarkwithin 166:464s,
andonly generates5; 494 samples.

VI . L IMITATIONS AND COMPARISON

Our hybrid approachhas a few limitations. In the worst
situation,our algorithmhasan exponentialcomplexity with
thenumberof DOF of the robot.However, our experimental
results show that our algorithm can work well on many
completemotionplanningproblemsascomparedto theprior
approaches.Moreover, whenwe applyour hybrid plannerto



Fig. 7. 4-DOF star benchmarkfor path non-existence. We modifythe scenein Fig. 6 by scalingthe robot by 1:3. Our plannercan report
path non-existencefor this new benchmark within 48:453s. (b, c) showsthe samplesand the roadmapgenerated by our approach. (d)
showsthe subsetof mixedcells in ACD, which are associatedwith localizedroadmaps.(e) showsthe set of C-obstacleregions,which
separate the robot from its initial con�guration to goal con�guration.

Fig. 8. 4-DOFnotch benchmark.Thestar-shapedrobotneedsto passthroughtheverynarrow notch. Our approach can�nd a collision-free
path within 102:076s.

Five-gear Star Star Notch
no path

# of cells 50,730 48,046 82,171 164,446
# of emptycells 1,272 12,159 15,651 7040

# of full cells 20,761 10,063 31,984 108,983
# of mixed cells 28,697 25,824 34,536 48,423

# of samplesin M 6,488 465 2,791 5,494
# of edgesin M 15,298 732 5,040 12,707

Avg degreeof sample 4.72 3.15 3.61 4.63
# of mixed cells 2,457 69 353 1,584

associatedwith M
# of free cells 568 335 2,078 2,804

associatedwith M
Peakmemoryusage(MB) 67 51 75 130

TABLE II

STATI STI CS: THIS TABLE GIVES DIFFERENT STATISTICS

RELATED TO THE BENCHMARKS.

4-DOF or higher DOF problems,graphsearchingbecomes
oneof the major bottlenecks.This is becausethe sizeof the
connectivity graphG increasesasa function of the number
of the cells in ACD. Secondly, thereis additionaloverhead
of the two-stagealgorithm. If thereis a collision-freepath,
then the work performed in Path Non-existenceStage is
unnecessary.

Comparison: We compare our method with the hybrid
methodproposedby HirschandHalperin[11]. Our approach
sharessomesimilarities with this prior approach.Speci�-
cally, our method combinesACD with PRM, while their
algorithm combinesan exact cell decompositionapproach
with PRM. Conceptually, eachof thesealgorithmscomputes
two explicit representationsto approximatethe free space
F : a subsetof F , which is used to computea collision-
free path and a superset of F , which is usedto checkfor
pathnon-existence.However, in ourmethod,theapproximate

Hybrid Planner ACD Planner Speedup
Total timing 33.855(s) 85.163(s) 2.52
Total cells 50,730 168,008 3.31

TABLE III

COM PARI SON: WE ACHIEVE UP TO 3 TIMES SPEEDUP OVER

PRIOR ACD METHOD FOR THE FIVE-GEAR BENCHMARK . FOR

THE 4-DOF STAR BENCHMARK , THE ACD VERSION WE HAVE

COULD NOT TERMINATE WITHIN 10MINS. BUT OUR PLANNER

CAN REPORT THE CORRECT RESULT FOR BOTH SCENARIOS LESS

THAN 1 MIN.

representationof free spacecan be incrementally re�ned
usingspatialsubdivision, until a collision free pathis found
or pathnon-existenceis con�rmed. As a result,the strength
of ACD approachis fully inherited,i.e. our hybrid method
is resolution-complete.In Hirsch and Halperin's method,
an approximatefree spacerepresentationis computedas a
preprocessand the subsetand supersetapproximationsof
the free spacecannot be further re�ned. As a result,Hirsch
andHalperin'smethod[11] candecidepathnon-existencefor
somecases,but is not a completemotionplanningalgorithm.
In addition, the implementationof their methodis limited
to disc robots,while our hybrid can be appliedto arbitrary
robots.

Resolution-completenessis anotherbene�t of our method
over probabilistic cell decomposition[20], which is prob-
abilistically completeand can not correctly handlemotion
planningscenarioswhereno pathexists.On the otherhand,
basedon our novel cell-labelling algorithm [31], our algo-
rithm canconcludeaboutpathnon-existencein many cases
except when thereare tangentialcontactsin free space.As
a result, our hybrid algorithm can handleeven more cases
as comparedto prior ACD approaches.It should also be



remarkedthatin theoryanotherrelatedwork - thestar-shaped
roadmapapproach[29] is completetoo. However, dueto the
complexity of contactsurfaceenumerationandthe dif�culty
of star-shapednesstest,it is dif�cult to extendthat approach
to 4 or higher-DOF robots.

VI I . CONCLUSION
We have presentedan approachthat combinesthe com-
pletenessof ACD with the ef�ciency of PRMs for motion
planning of rigid robotics.Overall, the combinationof lo-
calized roadmapsand ACD provides us with an effective
representationof C that is usedfor pathcomputationaswell
aspathnon-existencequeries.

We have implementedthis algorithmandappliedit to many
3-DOF and 4-DOF motion planning scenarioswith rigid
robots.As comparedto prior PRM algorithms,our hybrid
approachcan easily handlenarrow passagesand check for
path non-existence. Moreover, as comparedto prior cell
decompositionalgorithms,we perform fewer subdivisions.
This can reducethe overall memoryoverheadand improve
the performanceby up to 10 times in our benchmarks.Our
method is built on ACD and PRM methodsand can also
be extendedto articulatedmodels.However, our approach
is only practical for low DOF robotsdue to the underlying
complexity of ACD.

Futur e Work: There are many avenuesfor future work.
We areinterestedin addressingthe limitations in our current
implementation.Specially, we would like to further improve
the performanceof cell decomposition,e.g. by using more
compactrepresentationfor theconnectivity graph,sothatwe
canextendour approachto higherDOF problem.Moreover,
we are interestedin handling complaint motion planning
scenariosusingour hybrid approach.
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