
Generalized Penetration Depth Computation

LiangjunZhang1 YoungJ.Kim 2 GokulVaradhan1 DineshManocha1

1 Dept.of ComputerScience, Universityof NorthCarolina at ChapelHill, USA,f zlj,varadhan,dmg@cs.unc.edu
2 Dept.of ComputerScienceandEngineering, EwhaWomansUniversity, Korea,kimy@ewha.ac.kr

http://gamma.cs.unc.edu/PDG

Abstract

Penetrationdepth(PD) is a distancemetricthat is usedto describe
theextentof overlapbetweentwo intersectingobjects.Most of the
prior work in PD computationhasbeenrestrictedto translational
PD, which is de�ned astheminimal translationalmotion thatone
of the overlappingobjectsmustundergo in orderto make the two
objectsdisjoint. In this paper, we extendthenotionof PD to take
into accountbothtranslationalandrotationalmotionto separatethe
intersectingobjects,namelygeneralizedPD. Whenan objectun-
dergoesrigid transformation,somepoint on the object tracesthe
longesttrajectory. The generalizedPD betweentwo overlapping
objectsis de�ned astheminimumof thelongesttrajectoriesof one
objectunderall possiblerigid transformationsto separatetheover-
lappingobjects.

We presentthreenew resultsto computegeneralizedPD between
polyhedralmodels. First, we show that for two overlappingcon-
vex polytopes,thegeneralizedPD is sameasthetranslationalPD.
Second,whenthecomplementof oneof theobjectsis convex, we
posethegeneralizedPDcomputationasavariantof theconvex con-
tainmentproblemandcomputeanupperboundusingoptimization
techniques.Finally, whenboththeobjectsarenon-convex, wetreat
themasacombinationof theabove two cases,andpresentanalgo-
rithm thatcomputesalowerandanupperboundongeneralizedPD.
Wehighlighttheperformanceof ouralgorithmsondifferentmodels
thatundergorigid motionin the6-dimensionalcon�gurationspace.
Moreover, we utilize our algorithmfor completemotion planning
of polygonalrobotsundergoingtranslationalandrotationalmotion
in a plane. In particular, we usegeneralizedPD computationfor
checkingpathnon-existence.

CR Categories: I.3.5 [ComputerGraphics]:ComputationalGe-
ometryandObjectModeling.
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1 Intro duction

Calculatingadistancemeasureis afundamentalproblemthatarises
in many applicationssuchasphysically-basedmodeling,robotmo-
tion planning,virtual reality, hapticrenderingandcomputergames.
Typical distancemeasuresemployed in theseapplicationsinclude
separationdistance,Hausdorff distance,spanningdistanceandpen-
etrationdepth[Lin andManocha2003]. Among thesemeasures,
penetrationdepth (PD) is used to quantify the extent of inter-
penetrationbetweentwo overlapping,closed,geometricobjects.

PD computationis importantin a numberof applications.In rigid
bodydynamics,inter-penetrationbetweensimulatedobjectsis of-
ten unavoidabledue to the natureof discrete,numericalsimula-
tion. As a result, several responsealgorithmslike penalty-based
simulationmethodsneedthePD informationto computethenon-
penetrationconstraintforce [Mirtich 2000; Stewart and Trinkle
1996]. The PD is alsousedto estimatethe time of contactto ap-
ply impulsive forcesin impulse-basedmethods[Kim et al. 2002a].
Sampling-basedmotion planningtechniquesperformPD compu-
tation betweenthe robot andthe obstaclesto generatesamplesin
narrow passagesin thecon�gurationspace[Hsuetal. 1998].Many
6-DOF hapticrenderingalgorithmsusepenalty-basedmethodsto
computeacollision responseandneedto computethePDathaptic
updaterates[Kim etal. 2003].Otherapplicationsincludetolerance
veri�cation, wherePDcouldbeusedto estimatetheextentof inter-
ferencebetweenthepartsof amachinestructure[Requicha1993].

Most of the prior work on PD computationhas beenrestricted
to translationalPD. The translationalPD betweentwo overlap-
ping objectsis oftende�ned astheminimumtranslationaldistance
neededto separatethe two objects. Many goodalgorithmsto es-
timatethe translationalPD betweenconvex andnon-convex poly-
hedraare known [van den Bergen 2001; Kim et al. 2002b; Kim
et al. 2002a]. However, translationalPD computationis not suf-
�cient for many applicationsas it doesnot take into accountthe
rotationalmotion. For example, in rigid body dynamicssimula-
tions,objectsundergo bothtranslationalandrotationalmotiondue
to externalforcesandtorques.In orderto computeanaccuratecol-
lision response,wealsoneedto take into accountrotationalmotion
duringPD computation.Similarly in 6-DOFhapticrendering,the
rotationalcomponentin penaltyforces,suchastorque,shouldbe
consideredin orderto computetheresponseforce. Also, sincethe
con�gurationspaceof a rigid polyhedralmodelis a 6-dimensional
space,therotationalPDmetricis importantfor motionplanning.

In this paper, we take into accountthe translationalandrotational
motion to describethe extent of two intersectingobjectsand re-
fer to that extent of inter-penetrationas the generalized penetra-
tion depth. Whenan objectundergoesrigid transformation,some
point on the object tracesthe longesttrajectory. The generalized
PD betweentwo overlappingobjectsis de�ned astheminimumof
thelongesttrajectoriesof oneobjectunderall possiblerigid trans-
formationsto separatethe overlappingobjects.To the bestof our
knowledge,thereis no prior work on generalizedPD computation
betweenpolyhedralmodels.

In general,computingthegeneralizedPDbetweentwo non-convex
polyhedrais moredif�cult thancomputingtranslationalPD dueto
the non-linearrotationalterm embeddedin the de�nition. In case
of translationalPD, the problemreducesto computingthe closest
point from the origin to the boundaryof the Minkowski sum of
the primitives. The combinatorialcomplexity of Minkowski sum
can be as high as O(m3n3) for non-convex polyhedra,wherem
andn arethe numberof featuresin the two polyhedra.However,
no similar formulation is known to computethe generalizedPD.
ComputinggeneralizedPDcanbeviewedasminimizingadistance
metric in thecon�guration space.Thecon�guration spacefor the
caseof generalizedPD computationin 3D is 6-dimensionaland
the problemreducesto computingan arrangementof O(n2) � ve-



dimensionalcontacthyper-surfaces.Thecombinatorialcomplexity
of thearrangementis O(n12) [Halperin2005].

1.1 Main Results

We presenta formulationof generalizedPD andpresentnovel re-
sultsrelatedto computingPD betweenpolyhedralmodels. These
include:

� We proposea novel de�nition for generalizedpenetration
depthto quantifyboththetranslationalandrotationalamount
of inter-penetrationbetweentwo overlappingpolyhedra.

� We prove that for convex models,their generalizedPD is the
sameastranslationalPD.

� Wepresentanapproximatealgorithmto computethegeneral-
izedPD for non-convex models.We computea lower bound
on the generalizedPD by usingconvex-covering techniques
andcomputingthe translationalPD for eachpair of convex
polytopes.

� We reducetheproblemof computinganupperboundfor the
generalizedPD to a variantof 3D convex containmentprob-
lemusinglinearprogramming.

We have implementedour algorithm and applied to many non-
convex 3D modelsundergoingrigid motion in 6-dimensionalcon-
�guration space.Therunningtimevariesbasedonmodelcomplex-
ity and the relative con�guration of two objects. In practice,our
algorithmtakesabout2 msto 6 mson 2:8 GHz PCto computethe
lowerboundongeneralizedPD,and21msto 1:02secfor theupper
bound.Wealsouseouralgorithmsto performC-obstaclequeryfor
completeandcollision-freemotionplanningof planarrobots. We
usethis queryaspart of a sampling-basedcompletemotion plan-
ning algorithmandusethegeneralizedPD computationto acceler-
atethecheckfor pathnon-existence.

1.2 Organization

The restof the paperis organizedin the following manner. Sec-
tion 2 brie�y surveys the previous work on PD computationand
distancemetricsin con�gurationspace.Section3 presentsour for-
mulationof generalizedPD andhighlightsmany of its properties.
In Section4,weshow thatthegeneralizedPDcomputationbetween
convex polytopesis sameastranslationalPDcomputation.Section
5 highlightsthe relationshipbetweengeneralizedPD computation
andthecontainmentproblem,whichenablesusto estimatethegen-
eralizedPD betweennon-convex modelsin Section6. Section7
and8 presentour experimentalresultsandan applicationto com-
pletemotionplanning.

2 Previous Work

In this section,we give a brief overview of prior work on PD com-
putationanddistancemetricsin con�gurationspace(C-space).

2.1 PD and Arrangement Computation

Given a �nite set of hypersurfacesS in Rd, their arrangement
A (S ) is the decompositionof Rd into cells C of dimensions
0;1; : : : ;d. Here,a k-dimensionalcell C k in A (S ) is a maximal
connectedsetcontainedin theintersectionof asubsetof thehyper-
surfacesin S that is not intersectedby any otherhypersurfacesin
S [Halperin 1997]. It is well known that the worst casecombi-
natorialcomplexity of anarrangementof n hypersurfacesin Rd is
O(nd).

Sinceboth thetranslationalandgeneralizedPD canbeformulated
in C-space,thecomplexity of computingboththePD's is governed
by thatof C-spaceboundary. In caseof polyhedralobjectsin 3D,
their C-spacecanbe computedby enumeratingtheir contactsur-
facesandcomputingtheir arrangement[Latombe1991]. As a re-
sult, onecancalculatethe PDsby computingthe arrangementof
contactsurfaces.However, thecombinatorialcomplexity of thear-
rangementis O(n12) [Halperin2005].Moreover, in practice,robust
computationof arrangementsis known to beahardproblem[Raab
1999].

2.2 Translational Penetration Depth

The translationalPD, PDt , is de�ned asa minimum translational
distanceto make two objectsdisjoint. This de�nition canbe for-
mulatedin termsof the Minkowski sumof two objects[Dobkin
et al. 1993]. Several algorithmshave beenproposedfor exact or
approximatecomputationof PDt . Bergenproposesa quick lower
boundestimationto PDt betweentwo convex polytopesby iter-
atively expandinga polyhedralapproximationof the Minkowski
sum[van denBergen2001]. Kim et al. [2002b] presentsan in-
crementalalgorithm to estimatea tight upperboundon PDt be-
tweenconvex polytopesby walking to a“locally optimalsolution”.
They have alsopresentedan algorithmto computean approxima-
tion of globalPDt betweentwo generalpolyhedralmodelsby using
hierarchicalre�nement [2002a]. The hierarchicalre�nement ap-
proachdecomposesthe non-convex objectsinto convex polytopes
andusesa boundingvolumehierarchy to recursively re�ne thees-
timation of PDt . Redonet al. [2005] describea fast methodto
computean approximationof the local penetrationdepthbetween
two generalpolyhedralmodelsusinggraphicshardware. Thebest
known theoreticalalgorithmto computePDt betweenconvex poly-
topesis given in [Agarwal et al. 2000] and its running time is
O(m
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m andn denotethenumberof featuresin thetwo polytopes.How-
ever, we arenot awareof any implementationof this algorithm. In
caseof generalpolyhedralmodels,it is known that the computa-
tional complexity of PDt computationcanbe ashigh asO(m3n3)
[Kim etal. 2002a].

2.3 Generalized Penetration Depth

To the bestof our knowledge, there is no prior publishedwork
on generalizedPD computationfor either convex or non-convex
polyhedralobjects. If we view the problemof separatingthe ob-
ject A from B as placing A into B̄ - the complementspaceof B,
themostcloselyrelatedwork to generalizedPD is the2D polygon
containmentalgorithms[Chazelle1983;Milenkovic 1999;Grinde
andCavalier 1996; Avnaim andBoissonnat1989; Agarwal et al.
1998] androtationaloverlappingminimization[Milenkovic 1998;
Milenkovic andSchmidl2001].

Thestandard2D polygoncontainmentproblemis to checkwhether
a polygonQ with n verticescancontainanotherpolygonP with m
vertices.For generalnon-convex polygons,thetime complexity of
this problemis O(m3n3log(mn)) [Avnaim andBoissonnat1989].
Whenrestrictedto convex objects,the time complexity of the 2D
containmentproblem can be signi�cantly improved. [Chazelle
1983] proposedan enumerative algorithm with an O(mn2) time
complexity. [Milenkovic 1999; Grinde and Cavalier 1996] used
mathematicalprogrammingtechniquesto computean optimal so-
lution.

Given an overlappinglayout of polygonsinsidea containerpoly-
gon, the rotationaloverlappingminimization problemis to com-
pute the translationand rotation motion to minimize their over-
lap. [Milenkovic 1998]posethisproblemasconstraint-solvingand



employ mathematicalprogrammingmethodsto solve it. By using
thenon-overlappingpropertyasahardconstraint,[Milenkovic and
Schmidl2001] minimize a quadraticfunction of the positionand
orientationof objectsto computea non-overlappinglayout based
onquadraticprogramming.

2.4 Distance Metric in Con�guration Space

The con�guration spaceof an object is the spacefor all possible
placementsof this objectin environment[Latombe1991;LaValle
2006].For example,if a rigid objectin 3D cantranslateandrotate,
its C-spaceis 6-dimensional.A con�guration is calledfreeif the
placementof the object at that con�guration doesnot result in a
collision with otherobstaclesin the environment. Otherwise,it is
a colliding con�guration. Essentially, the PD is a distancemetric
in C-spaceto representa shortestdistancefrom a given,colliding
con�gurationto all thefreecon�gurations.

When only translation is allowed in the distancemetric, the
correspondingcon�guration spacecan be formulated using the
Minkowski sum, which hasO(n2) combinatorialcomplexity for
two convex polytopes(with n features),andO(n6) for non-convex
polyhedra[Halperin 2002]. Sinceonly translationis allowed, we
canusetheEuclideandistancebetweentwo con�gurationsasadis-
tancemetric. Therefore,the translationalpenetrationdepthcom-
putation,which �nds a nearestpoint on thesurfaceof Minkowski
sum to the origin, hasthe samecombinatorialcomplexity as the
Minkowski sumformulation.

When both translationand rotation are allowed (i.e., 6-DOF C-
space),thecorrespondingC-spacebecomesmorecomplex andits
combinatorialcomplexity is O(n12) for 3D non-convex polyhedra
[Halperin2005]. Moreover, in 6DOFC-space,it is dif�cult to de-
�ne ameaningfuldistancemetricthatcanencodebothtranslational
androtationalmovementthanthe onein 3-DOF, Euclideanspace
[Kuffner2004;Amatoetal. 2000].

TheLp (p � 1) metric is oneof theimportantfamily of metricsin
6DOFC-space[LaValle 2006]. Anotherimportantdistancemetric
is thedisplacementmetric;this is theminimumEuclideandisplace-
mentdistancebetweenall thepointson themodelwhenit is at two
differentcon�gurations.[LaValle2006].

3 Generalized Penetration Depth

ThetranslationalPD,PDt is de�ned asa minimumtranslationdis-
tanceto separatetwo overlappingobjectsA andB:

PDt (A;B) = min(fk d k jinterior(A+ d) \ B = /0g); d 2 R 3: (1)

In our work, we extendthe notion of PDt by taking into account
translationalaswell asrotationalmotiontoseparatetheoverlapping
objects.Beforeproceedingto thede�nition of generalizedPD,we
�rst introduceournotationthatis usedthroughoutthispaper.

3.1 Notation

Weuseaboldfaceletter, suchastheorigin o, to distinguishavector
quantityfrom a scalarquantity. We usea sextuple(x, y, z, f , q, y )
to encodethe 6-dimensionalcon�guration of a 3D object,where
x, y and z representthe translationalcomponents,and f , q and
y areanEuleranglerepresentationfor therotationalcomponents.
Therotationcomponentcanbealsorepresentedasarotationvector
r = (r1; r2; r3)T = a â, wherea is the rotationangleand â is the
rotationvector. A(q) is a placementof anobjectA at con�guration
q, andp(q) is thecorrespondingpositionof apointp onA.

3.2 Distance Metric Dg In C-Space

In orderto de�ne generalizedPD,PDg, we�rst introduceadistance
metricDg de�ned in con�gurationspace(or C-space).We usethis
metric to measurethedistanceof anobjectA at two differentcon-
�gurations.

Let l i bea curve in C-space,which connectstwo con�gurationsq0
andq1 (Fig. 1-(a))andis parameterizedin t. Whenthecon�gura-
tion of A changesalongthecurve l , any point p on A will traceout
a trajectoryin 3D Euclideanspaceshown in Fig. 1-(b). This tra-
jectorycanberepresentedasr = p(l (t)) , andits arc-lengthm(p; l ),
which is denotedastrajectorylength, canbecalculatedas:

m(p; l ) =
Z

jj �p(l (t)) jj d(l (t)) :

As Fig. 1-(a) shows, therecanbemultiple curvesconnectingtwo
con�gurationsq0 andq1. WhenA movesalongany suchcurve,
somepoint on A correspondsto the longesttrajectory length as
comparedall otherpointsonA. For eachC-spacecurveconnecting
q0 andq1, weconsiderthecorrespondinglongesttrajectorylength.
We de�ne thedistancemetricDg(q0;q1) astheminimumover all
longesttrajectorylengths(Fig. 1-(c)):

Dg(q0;q1) = min(f max(f m(p; l )jp 2 Ag)jl 2 Lg); (2)

whereL is asetof all thecurvesconnectingq0 andq1.

Properties of Dg metric. Thedistancemetricde�nedabovehas
thefollowing properties[LaValle2006]:

� Non-negativity: Dg(q0;q1) � 0,

� Re�exivity: Dg(q0;q1) = 0 ( ) q0 = q1,

� Symmetry:Dg(q0;q1) = Dg(q1;q0),

� Triangle inequality: Dg(q0;q1) + Dg(q1;q2) � Dg(q0:q2).

Lower bound on Dg(q0;q1). Let DISP(q0;q1) bethedisplace-
mentmetric,which is de�ned asthemaximumEuclideandisplace-
mentof pointson a modelat thesetwo con�gurations. It follows
thatDISP(q0;q1) is a lowerboundof Dg(q0;q1):

Dg(q0;q1) � DISP(q0;q1):

Upper bound on Dg(q0;q1). In order to computean upper
boundfor a3D rigid objectwith translationalandrotationalDOFs,
we �rst considercomputingthe Dg of by only varying a single
DOF. Then,whenwe vary all the DOFssimultaneously, the �nal
Dg would be lessthanor equalto the sumof the Dg's computed
with respectto eachDOF[Schwarzeretal. 2005;LaValle2006].

WhenEuleranglesareusedto representrotation,theupperbound
onDg canbecalculatedas:

Dg(q0;q1) � D(qx) + D(qy) + D(qz) + Rf D(qf ) + RqD(qq ) + Ry D(qy );
(3)

where the Lipshitz constantsRf ;Rq , Ry are the maximum Eu-
clideandistancesfrom any point on A to X;Y;Z axes in the local
coordinatesystem,respectively. D denotesthe differenceof each
DOFbetweenthesetwo con�gurations.



Figure1: GeneralizedpenetrationdepthPDg de�nition : (a) In theC-space, thereareanin�nite numberof curves,such asl1, l2, thatconnect
two con�gurationsq0 andq1. (b) Whenthecon�guration of theobjectA changesalonganycurvel , anygivenpoint on A will traceout a
distinctivetrajectoryin the 3D Euclideanspace. This sub-�gure showsthe trajectoriestracedby p whenA travelsalong l1 and along l2,
whilem(p; l1) andm(p; l2) are thearc-lengthsof thesetrajectories,respectively. For each curvel , somepointonA correspondsto thelongest
trajectorylengthascomparedall otherpointsonA. ThedistancemetricDg(q0;q1) is de�nedastheminimumover longesttrajectorylengths
overall curvesconnectingq0 andq1. (c) PDg is de�nedastheminimumof Dg(q0;q) overall freecon�gurations,which donot intersectwith
B (such asq1, q2).

If therotationvectoris usedto representrotation,theupperbound
canbecalculatedby:

Dg(q0;q1) � D(qx) + D(qy) + D(qz) + R
3

å
k= 1

Drk; (4)

wheretheconstantR is themaximumEuclideandistancefrom the
origin of A to everypointonA. In section6,weusethesetwo upper
boundformulaeto computeanupperboundonPDg.

3.3 PDg De�nition

UsingDg metric,wede�ne ourgeneralizedPD,PDg as:

PDg(A;B) = min(f Dg(q0;q)jinterior(A(q)) \ B = /0g) (5)
whereq0 is theinitial con�gurationof A, andq is in C-space(Fig.
1).

ThetranslationalPDt de�nedby Eq. (1) is essentiallyaspecialcase
of PDg. WhenanobjectA canonly translate,all thepointsonA tra-
versethesamedistance.As a result,thedistancemetricD(q0;q1)
is equalto theEuclideandistancek q0 � q1 k. In this case,Eq. (5)
canbesimpli�ed to Eq. (1). Our generalizedPD formulationhasa
geometricinterpretationin C-space.PDg is realizedby somecon-
�guration q on theboundaryof freespacewhosedistance(Dg) to
thegivencon�gurationq0 is theminimum.

In termsof handlinggeneralnon-convex polyhedra,it is dif�cult
to computePDg. This is dueto the high combinationalcomplex-
ity of C-Spacearrangementcomputation,which canbeashigh as
O(n12). However, reducingtheproblemto only dealingwith con-
vex primitivescansigni�cantly simplify theproblem.In thefollow-
ing sections,we show that if both the input polyhedraareconvex,
their PDg is equalto PDt . Furthermore,if thecomplementof one
of thepolyhedrais convex, we reducePDg to a variantof a convex
containmentproblem.In caseof generalnon-convex polyhedra,we
treatthemasacombinationof above two casesto computea lower
boundandanupperboundonPDg.

4 PDg Computation between Convex Ob-
jects

In this section,we considertheproblemof computinggeneralized
PD betweentwo convex objects.In this case,we prove thatPDg is

equalto PDt . As a result, the well known algorithmsto compute
PDt betweenconvex polytopes[van denBergen2001; Kim et al.
2002b]aredirectlyapplicableto PDg.

Figure 2: Proof for PDt (A;B) = PDg(A;B) for convex objectsA
andB. Let A0 a placementof A which realizesPDg. L is an arbi-
trary separating planebetweenA0 andB, which dividesthespace
into two half-spacesL� andL+ . For anyL, there alwaysexistsa
point f onA onL� sidewith jjdjj � PDt (A;B). Asa result,wecan-
not move A towards L+ sidewith a travelingdistancethat is less
thanPDt (A;B) evenwhenrotationalDOFsareallowed.Therefore,
generalizedPD is equalto translationalPD for convex objects.

Theorem1 Giventwoconvex objectsA andB, wehave

PDg(A;B) = PDt (A;B)

Proof Let us assumethatA andB intersect,otherwiseit is trivial
to show thatPDg = PDt = 0.

First of all, we cansaythat PDg � PDt , asPDg is realizedunder
moreDOFsthanPDt . Next weshow thatPDg < PDt is notpossible
and therefore,we can concludePDg = PDt . We usea proof by
contradiction.

SupposePDg < PDt . Let uscall A0 astheplacementof A that re-
alizesPDg, implying that A0 is disjoint from B (Fig. 1). SinceA0

andB areconvex, thereexistsaseparatingplaneL thatseparatesA0

andB. Moreover, let L divide theentirespaceinto two half-spaces:
L� , which containsB andL+ , which containsA0. Let f bethefar-
thestpoint on A on L� sidefrom the separatingplaneL andd be



Figure3: An exampleof PDg < PDt betweenconvex A and non-
convex B. ThetrajectorylengththatA travelsis much shorterwhen
both translationand rotation transformationare allowed(b) than
thelengthwhenonly translationis allowed(a).

thevectorfrom f to its nearestpoint on L. As a result,jjdjj � PDt .
Otherwise,wecouldseparateA andB by translatingA by d, which
would resultin a smallerPDt (i.e. d) andthis contradictsthede�-
nition of PDt in Eq. 1.

Sincef, which is onL� side,is at leastPDt farawayfrom L, f must
travelatleastbyPDt to reachthenew positionf0, whichcanbelying
on L or containedin L+ . However, accordingto the de�nition of
PDg in Eq. (5) andtheassumptionof PDg < PDt , theremustexist
a trajectoryl connectingf andf0, whosearc-lengthis lessthanPDt .
This meansthat f could be moved to L or within L+ by lessthan
theamountof PDt , which is contradictoryto theearlierobservation
thatf musttravel at leastby PDt . Therefore,weconcludethatL can
notbeaseparatingplanebetweenA0andB.

Theabove deductionshows undertheassumptionthatPDg < PDt ,
no separatingplanecanexist. This contradictsthe fact that there
must exist a separatingplane when convex objectsare disjoint.
Therefore,PDg < PDt is notpossibleandhencePDg = PDt . Q.E.D.

Corollary 1 For twoconvex objectsA andB, their generalizedPD
is commutative;i.e.,

PDg(A;B) = PDg(B;A):

Proof For convex objects,PDg(A;B) = PDt (A;B) andPDg(B;A)
= PDt (B;A)). SincePDt is commutative such that PDt (A;B) =
PDt (B;A), it follows thatPDg(A;B) = PDg(B;A). Q.E.D.

Non-Convex objects. Note that, for non-convex objects,
PDg(A;B) is not necessarilyequal to PDt (A;B). Figs. 3 and 4
show suchexamples. In Fig. 3, PDg(A;B) < PDt (A;B), because
the trajectory length that any point on A travels is shorterwhen
bothtranslationandrotationtransformationareallowed(b) thanits
correspondinglengthwhenonly translationis allowed(a). In Fig.
4, an objectB, which could be in�nitely large with a hole inside,
cancontainA only whenA adjustsits initial orientation.Hence,the
PDt (A;B) = ¥ (i.e. theheightof B), but PDg(A;B) is not ¥ (i.e. is
muchsmallerthantheheight).So,PDg(A;B) < PDt (A;B). Wecan
alsoseethatPDg(A;B) is notnecessarilyequalto PDg(B;A) in this
example. If B is movable,the Dg metric for B at any two distinc-
tive orientationsis always¥ , becauseB is unbounded.Therefore,
PDg(B;A) is ¥ in thiscase,while PDg(A;B) is not¥ .

5 PDg Computation between a Convex Ob-
ject and a Convex Complement

In this section,we show how to posethegeneralizedPD computa-
tion asa containmentproblem. Using this formulation,we inves-
tigatea specialcaseof generalizedPD wherea movableobjectA
and the complementof a �x ed objectB (i.e. B̄) areboth convex

Figure 4: PDg betweenthe convex object A and the object B
whosecomplement- B̄ is convex. In this case, the PDg(A;B) 6=
PDt (A;B) = ¥ and PDg(A;B) 6= PDg(B;A) = ¥ . We computean
upperboundon PDg by reducingthe problemto a variant of the
convex containmentproblembyusinglinear programming.

(asshown in Fig. 4). Insteadof computingan exact solution,we
computeanupperboundof PDg by usinga two-level optimization
algorithmbasedon linearprogramming.

5.1 Relationship between PDg and Object Contain-
ment

The generalobjectcontainmentproblemcanbe statedasfollows:
giventwo objectsP andQ, determinewhetherQ cancontainP by
performingtranslationandrotationtransformationon P. ThePDg

de�nition in Eq. (5) is closely relatedto the object containment
problem. That is, testinginterior(A(q)) \ B = /0 in Eq.(5)canbe
reducedto a containmentproblem: whetherB̄ can containA, as
shown in Fig. 4. However, thereare a few differencesbetween
thesetwo problems.Theobjectcontainmentproblem�nds onein-
stanceof a placementof A that can �t insideof B̄, whereasPDg

computationneedsto searchthroughall valid containmentcon�gu-
rationsto �nd acon�gurationthatminimizestheobjective function
Dg in Eq. (5).

The standardobjectcontainmentproblemis known to be dif�cult
even for 2D polygonal models. However, if the primitives are
convex, computationalcomplexity of containmentreducesfrom
O(m3n3log(mn)) to O(mn2) for polygonswith m and n vertices
[Chazelle1983; Avnaim and Boissonnat1989]. As a result, we
considerthecasewhena movablepolyhedronA is convex andthe
complementof a �x edpolyhedraB is convex aswell. To compute
an upperboundof PDg for this case,our algorithmperformstwo
levelsof optimizations:

1. We computea con�guration q1 for A suchthat the convex
containerB̄ containsA(q1). This is performedby minimizing
theiroverlap.Thevalid containmentyieldsanupperboundof
PDg, whichmaynotbetight.

2. We iteratively computea con�guration,q2, to yield a tighter
upperboundof PDg by settingtheupperboundof Dg metric
in Eq. (4) astheobjective functionfor optimization.

5.2 Computing a Containment

In this section,we introducethe formulation of the convex con-
tainmentproblem,andextendthe2D optimization-basedalgorithm
describedin [Milenkovic 1999; GrindeandCavalier 1996] to 3D
objects,both of which serve asa foundationof �nding a locally-
optimalcontainment.



Formulation of 3D Convex Containment. To checkwhether
A fully lies insideB̄ canbemathematicallyformulatedasfollows.
Theconvex object,B̄ with n facesis representedasanintersection
of n half-spacesc jx � b j ; j = 1; :::;n. A placementof A lies fully
insideB̄ if andonly if every vertex pi (i = 1; :::;m) on A lies inside
all thehalf-spaces,i.e. c jpi � b j ; i = 1; :::;m; j = 1; :::;n, or:

Cpi � b; i = 1; :::;m; : (6)

Herec j is normalizedsothatfor a givenpoint p, jc j � p � b j j is the
Euclideandistancefrom p to its correspondingfacej.

DenoteR as the rotation matrix whenA is rotatedaroundan ar-
bitrary axis with respectto its origin o. WhenA is rotatedby R,
followedby the translationof t, thenew positionof p in A canbe
calculatedas:

p0= R(p � o) + o+ t: (7)

Usingtheabovenotation,the3D containmentproblemnow canbe
statedas�nding asolutionto thefollowing system:

Cp0
i � b; i = 1; :::;m: (8)

Linearizing 3D Convex Containment Problem. The3D con-
tainment computationis a non-linear problem, as the rotation
matrix R is embeddedwith non-linearterms. Thesenon-linear
termscould be linearizedby using a small-angleapproximation
[Milenkovic andSchmidl2001]. WhenA is rotatedby a around
anarbitraryaxisâ, its rotationvectorr is equalto a â. If thevaria-
tion of a rotationanglea is smallenough,we cangeta linearized
approximationfor Eq. (7) canbeobtained:

p̃ � p + r � (p � o) + t: (9)

By replacingp0 by its approximationp̃, the non-linearsystemin
Eq. 8 is simpli�ed to a linearone:

gi j = c j � t � (c j � (pi � o)) � r + (c j � pi � b j ) � 0; 8i; j: (10)

Heret andr aretheunknown vectors.gi j , which is calledascon-
tainmentfunction, is de�ned for eachpair of the vertex on A and
thefaceof B̄:

In order to solve the linear systemde�ned in Eq. (10), a slack
variabledi j is introducedto representthedistancefrom p̃i , theap-
proximatepositionof pi onA afterit is transformed,to the j' th face
on B̄. In this case,the3D convex containmentconstraintfor A and
B̄ canbeapproximatedasa linearprogrammingproblem(LP1):

min Z =
m

å
i= 1

n

å
j= 1

di j ;

subjectto gi j (t; r ) � di j � 0 8i; j:

(11)

If Z = 0 for this optimizationproblem,we end up computinga
solutionto Eq. (10).

Containment Computation. GivenA andB̄, weconstructalin-
earprogrammingproblemde�nedasin Eq. (11)andapplythestan-
dardlinearprogrammingtechniqueto optimizeits objective func-
tion Z. Wecomputethesolution,say(t; r ), andplaceA atA0. A new
linearprogrammingformulation(likeLP1)isconstructedfor A0and
solvediteratively until a local minimumfor Z is computed.As the
algorithm iterates,the small-angleapproximationfor the rotation
matrixRbecomesmoreaccurate.WhentheobjectiveZ approaches
zero,avalid containmentof A atcon�gurationq1 hasbeenfound.

5.3 Computing a Locally-Optimal Containment

Theoptimizationalgorithmhighlightedabovecanonly �nd avalid
containingplacementA(q1) for A, whichyieldsanupperboundfor
PDg. We perform a secondlevel of optimizationto computean
eventighterupperboundfor PDg by usingthe�rst level containing
placementA(q1) asaninitial placementfor thesecondlevel.

Let q0 = (t0; r0) be the initial con�guration of A usedin the �rst
level optimization. Let q1 = (t1; r1) be the con�guration for the
containingplacementA asa resultof the �rst level optimization.
Ourgoalis to computeDq = (Dt;Dr), suchthatq2 = (t1 + Dt; r1 +
Dr) yields anothercontainingplacementof A while Dg(q0;q2) <
Dg(q0;q1).

We perform the secondlevel optimization by setting the upper
boundon the Dg metric in Eq. (4) as an optimizationobjective
function. Herewe do not chooseEq. (3), becausethe3D contain-
mentcomputationusesthenotationsof rotationvector. By impos-
ing thatA needsto becontainedby B̄ asa hardconstraint,we get
thesystem:

min Z =
3

å
k= 1

jDtk + t1;k � t0;kj + R
3

å
k= 1

jDrk + r1;k � r0;kj;

subjectto gi j (Dt;Dr) � 0 8i; j;

(12)

wheret0;k andr0;k are,respectively, thekth translationalandrota-
tional DOF for an initial con�guration of A, andsimilarly t1;k and
r1;k arethekth DOF for a con�gurationasa resultof the�rst level
optimization,andDtk, Drk arethevariables.Note,now thecontain-
mentfunctiongi j is computedfrom every vertex of A(q1) (instead
of A(q0)) andeachfaceof B̄. Let usfurthersetuk = Dtk + t1;k � t0;k
andvk = Drk + r1;k � r0;k. In this case,we canrewrite thesecond
level optimizationproblemin Eq. (12)as:

min Z =
3

å
k= 1

jukj + R
3

å
k= 1

jvkj;

subjectto g1
i j (u;v) � 0 8i; j;

(13)

whereg1
i j is obtainedfrom gi j in Eq. 12by thechangeof variables:

u = Dt + t1 � t0 andv = Dr + r1 � r0.

Theobjective function in theoptimizationsystem(Eq. (13)) con-
tainsabsolutearithmeticoperations.We replacejukj with u+

k + u�
k

in theobjective function,anduk with u+
k � u�

k in thecontainment
functiong1

i j , whereu+
k ;u�

k � 0 for k= 1;2;3. A similarreplacement
is performedfor vk. After thereplacement,�nally weformulatethis
optimizationproblemasa linearprogrammingproblem:

min Z = å
k

(u+
k + u�

k ) + R(v+
k + v�

k );

subjectto g2
i j (u

+ ;u� ;v+ ;v� ) � 0 8i; j

u+
k ;u�

k ;v+
k ;v�

k � 0;k = 1;2;3:

(14)

whereg2
i j is obtainedfrom g1

i j by thechangeof variables.

By solvingEq. (14),we getu+
k ;u�

k ;v+
k ;v�

k . Usingthesolution,we
cancomputeDt+

1;k;Dt �
1;k;Dr+

1;k andDr �
1;k, whichyieldsanew con�g-

urationq2 to replaceq1. This processis iterateduntil theobjective
Z in Eq. (14) convergesto a local minimum. At this stage,since
u+

k ;u�
k ;v+

k ;v�
k arezeroes,our small-angleapproximationbecomes

accurateandA is forcedto bedisjoint from B. After computingan
optimalcontainingplacementq2 of A, wecomputeanupperbound
onPDg usingEq. (3).



6 PDg Estimation for Non-Convex Objects

In this section,we presentour algorithmto ef�ciently computea
lower boundandanupperboundon PDg betweennon-convex ob-
jects.Our algorithmis built on thepropertiesof PDg, presentedin
Section4 andSection5.

6.1 Lower Bound on PDg

Our algorithmto computea lower boundon PDg is basedon the
fact that PDg is equalto PDt for convex polyhedra. As a result,
we computea lower boundof PDg by �rst computingthe inner-
convex coversfor eachinputmodelsTheinner-convex cover refers
to a setof convex pieceswhoseunion is a subsetof the original
model [Milenkovic 1998; Cohen-Oret al. 2002]. Next, we take
themaximumvalueof PDt

i 's betweenall pairwisecombinationsof
convex pieces.Theoverall algorithmproceedsas:

1. As apreprocessing,computeinner-convex coversfor A andB
i.e., [ Ai � A and[ Bi � B whereAi ;Bi areconvex sets,but
arenotnecessarilydisjoint from eachother.

2. Duringtherun-timequery, placeAi at thecon�gurationq, i.e.
computeAi(q).

3. For each pair of (Ai(q);B j ) where i = 1; : : : ;M and j =
1; : : : ;N,

(a) Performcollisiondetectionto checkfor overlaps.

(b) If the pair overlaps,let PDg
k = PDt ((Ai(q);B j ); other-

wisePDg
k = 0, wherek = 1; : : : ;MN.

4. Finally, PDg = max(PDg
k) for all k.

6.1.1 Translational Penetration Depth Computation

In our method,the lower boundon generalizedPDg computation
is decomposedinto a setof PDt queriesamongconvex primitives.
The PDt betweentwo convex polyhedracan be computedusing
thealgorithmspresentedin [Cameron1997;vandenBergen2001;
Kim et al. 2002b].ThesemethodscomputePDt by calculatingthe
minimumdistancefrom theorigin to thesurfaceof theMinkowski
sumof thetwo convex polyhedra.

Sincewearecomputingalowerboundto PDg, thisimposesthatthe
PDt computationalgorithmusedby ourmethodshouldcomputean
exactvalueor alowerboundto thePDt . In particular, thealgorithm
proposedby Cameron[1997] satis�esthis requirementandGino's
algorithm[2001]alsoprovidesa tight lowerbound.

6.1.2 Acceleration using Bounding Volume Hierarchy

Our lower boundto PDg computationcanbe acceleratedby em-
ploying a standardboundingvolume hierarchy. For two disjoint
convex pieces,their PDt correspondsto zero. Typically thereare
many disjoint pairwisecombinationsof convex pieces(Ai ;B j ). We
detectsuchdisjoint pairsusingan orientedboundingbox (OBB)
[Gottschalketal. 1996]hierarchy andprunethemaway.

6.1.3 Analysis

The computationalcomplexity of the lower boundPDg is deter-
minedby thenumberof convex piecesdecomposedfrom therobot
A andthe obstacleB, andthe geometriccomplexity of thesecon-
vex pieces,which is determinedby thetotal numberof featuresof
theresultingconvex pieces.Let m, n bethenumberof theconvex
piecesof A andB, respectively. Let the geometriccomplexity of
the convex piecesof A andB be a andb, respectively. Then,the

Figure5: Separating plane, convex separator andnon-convex sep-
arator: (a). L1 and L2 are separating planes,which separate A0

andB, andA00andB respectively. (b). S1 is a separator, which is
composedby a setof piece-wiselinear plane. S1 separatesA0 from
B. A separator is calledconvex (i.e. S1), if it lies on theboundary
of its convex hull. (c). A non-convex separator S2 separatesA from
B0.

averagenumbersof featuresin eachpieceof A andB are a
m and

b
n , respectively. Using computationalcomplexity of translational
PD, we canderive that the computationalcomplexity of PDg for
2D rigid objectsis O(an+ bm), andfor 3D rigid objectsis O(ab).

6.2 Upper Bound on PDg

One simple way to computean upper bound to PDg for gen-
eral non-convex objects is to compute the PDt betweentheir
convex hulls. This correspondsto an upper bound because
PDg(A;B) � PDg(CH(A);CH(B)) , and the latter is equal to
PDt (CH(A);CH(B)) , thanksto Theorem1. In practice,this up-
per boundis relative simpleto compute.However, this algorithm
could be overly conservative for non-convex models,asshown in
Figs.3 and4.

PDt (A;B) is alsoanupperboundon PDg(A;B). However, this can
result in a conservative upperboundin practice. Sincethe com-
putationalcomplexity of exact computationof PDt (A;B) for non-
convex modelscanbehigh, currentapproachestypically compute
anupperboundof PDt (A;B) [Kim etal. 2002a].

We presentan algorithmto computean upperboundon PDg for
non-convex polyhedraby reducingthisproblemto asetof contain-
mentoptimizationsub-problems(asde�ned in Section5).

6.2.1 Algorithm Overview

Given two disjoint non-convex objectsA and B, thereis either a
singleseparatingplanebetweenthe objects(asshown in Fig. 5-
(a)) or thereis a setof piecewise linearsurfaces,which is calleda
separator [Mount 1992]. (Figs. 5 -(b) and-(c)). More precisely,
the separatoris de�ned asa simplepiece-wiselinear surfacethat
dividesthespaceinto two half-spaces.Theseparatorcanbeanopen
surfaceor aclosedsurface.A separatorSis convex if andonly S�
¶(CH(S)) , asshown in Fig. 5-(b). Otherwise,theseparatoris non-
convex, asshown in Fig. 5-(c). A singleseparatingplanecanbe
regardedasa specialcaseof a separator. However, we speci�cally
usethetermseparatorto referto thenon-planeseparator.

OurupperboundPDg(A;B) computationalgorithmproceedsasfol-
lows: during the preprocessingphase,we enumerateall possible
separatingplanesandconvex separatorsby analyzingtheconvexity
of theboundaryof B. During thequeryphase,for eachseparating
planeL (or eachconvex separatorS), we computeanupperbound
onDg distancewhenA is separatedfrom B with with respectto the
separatingplaneL (or separatorS) usingthetechniquedescribedin
Sec. 5. Theminimumover all theseupperboundsyieldsa global
upperboundonPDg. Now weexplainhow to ef�ciently enumerate
L andSaspartof thepreprocessingstep.



Figure6: The`hammer'example:(a) Whenthe`hammer'is at timet=0, it collideswith the`notch'. (b) Thecollision-freeplacementof the
`hammer'for scenario(a). We useour containmentoptimizationalgorithmto get this freecon�guration, which realizestheUB1(PDg). (c)
The`hammer'at timet=0.5. (d) Thecollision-freeplacementis computedfor scenarioto get theUB1(PDg)

6.2.2 Separating Planes

Thesetof all possibleseparatingplanesis includedin thecomple-
mentof theconvex hull of B. Accordingto Theorem1, PDg = PDt

for convex objects,andtheminimumDg distancewith respectto all
theseseparatingplanesis PDt (CH(A);CH(B)) . Thismeansthatthe
computationof PDt (CH(A);CH(B)) implicitly takes into account
all possibleseparatingplanes.Therefore,we neednot enumerate
any separatingplanesexplicitly duringthepreprocessingphase.

6.2.3 Convex Separators

Any separatorSdividesthewholespaceinto two half-spaces.One
half-spacewouldincludetheobjectB. Wecanregardtheotherhalf-
spaceasa container. PlacingA insidethecontaineris equivalentto
makingA andB disjointwith respecttoeachseparatorS. Therefore,
thecomputationof theminimumDg distancefor Scanberegarded
as a 3D convex containmentoptimizationproblem. By applying
two levelsof linearprogrammingoptimizationalgorithm,discussed
in Sec. 5, we computean upperboundof PDg for eachconvex
separatorS. Theminimumof all PDg over all enumeratedconvex
separatorsyieldsanupperboundonPDg.

6.2.4 Convex Separators Enumeration

Enumeratingconvex separatorsof B canbeperformedasa prepro-
cessing.Thisstepcanberegardedascomputingaconvex covering
of thecomplementspaceof B. Giventhefact thatwe arecomput-
ing an upperboundof PDg, the conservativenessof the separator
enumerationdoesnotaffect thecorrectnessof ouralgorithm.

Weusethesurfaceconvex decompositionfor thecomplementspace
of B [Ehmannand Lin 2001]. We discardthe surfacewith one
facefrom thesurfacedecomposition,sincetheseplaneshave been
processedasseparatingplanes.

Moreover, if the geometryof input A andB is very complex, i.e.
highpolygoncountor anumberof features,wecomputeasimpli�-
cationof eachprimitivetocomputeacoarsermodelA0, B0. If A � A0

andB̄ � B̄0, it is easyto provethatPDg(A;B) � PDg(A0;B0). There-
fore, we cancomputethe upperboundby applyingour algorithm
on thesesimpli�ed models.

6.2.5 Separator Culling

We cancull someof theseparatorsby makinguseof thecurrently
knownupperboundonPDg duringany stageof thealgorithm.If the
separatoris fartheraway from the objectA thanthe currentupper
bound,we candiscardthis separator. We usethePDt betweenthe
two convex hullsof inputmodelsasaninitial upperboundof PDg.

Figure7: Comparisonof lowerandupperboundsonPDg for `ham-
mer' example. The lower and upperboundson PDg betweenthe
`hammer'and the `notch' modelsare computedover all interpo-
latedcon�gurations. Thedash-dotbluecurveLB(PDg) standsfor
the lower boundof PDg by computingpairwisetranslationalPD.
ThedashedredcurveUB2(PDg) standsfor theupperboundof PDg

computedby the translationalPD of their convex hull. Thesolid
greencurveUB1(PDg) highlightstheupperboundof PDg byusing
our containmentoptimization,which alwaysliesbetweenLB(PDg)
andUB2(PDg). In thisexample, UB1(PDg) is lessthanUB2(PDg)
for mostof timet.

7 Implementation and Performance

We have implementedour lower and upper bound computation
algorithmsfor generalizedPD computationbetweennon-convex
polyhedra.Wehavetestedouralgorithmsfor PDg onasetof bench-
marks, including `hammer' (Fig. 6), `hammerin narrow notch'
(Fig. 9), `spoonin cup' (Fig. 8) and`pawn' (Fig. 10) examples.
All the timings reportedin this sectionwere taken on a 2:8GHz
PentiumIV PCwith 2 GB of memory.

7.1 Implementation

Lower bound on PDg. In ourimplementation,theconvex cover-
ing is performedasapreprocessingstep.Currently, weusethesur-
facedecompositionalgorithmproposedby [EhmannandLin 2001],
which canbe regardedasa specialcaseof convex covering prob-
lem. In orderto computethePDt betweentwo convex polytopes,
we usethe implementationavailable as part of SOLID [van den
Bergen2001]. In orderto acceleratethisalgorithm,weprecompute



Figure 8: The `cup' example. The left columnshowsthe place-
mentsof the `spoon' in the `cup', whent=0.0, t=0.5, and t=1.0,
respectively. At all of theseplacements,the `spoon' collideswith
the`cup'. Theright columnshowsthecollision-freecon�gurations
which are realizedfor UB1(PDg) at each t.

an OBB hierarchy [Gottschalket al. 1996] andusethe bounding
volumesto conservatively cull convex pairs that do not intersect
with eachother.

Upper bound on PDg. Thepreprocessingstepof convex sepa-
ratorenumerationcanberegardedasconvex decompositionof the
complementof the input model. In our implementation,we used
the surfacedecompositionalgorithm to generatea set of convex
surfaces[EhmannandLin 2001]anddiscardthesurfacesthathave
only oneface.For eachconvex separator, we usethecontainment
optimizationtechniquedevelopedin Sec. 5 to computean upper
boundon PDg. Moreover, we usethe QSopt 1 packageto solve
thelinearprogrammingproblems.In orderto acceleratetheupper
boundcomputation,we conservatively cull the convex separators
thatarefartheraway thanthecurrentupperboundonPDg.

7.2 Performance

We usedifferentbenchmarksto testthe performance.Our exper-
imental setupis as follows. Eachbenchmarkincludestwo poly-
hedralmodelsA andB, whereA is movableandB is �x ed. The
modelA is assigneda staringcon�gurationq0 andanendcon�gu-
rationq1. We linearly interpolatebetweenthesetwo con�gurations
with n intermediatecon�gurations(i.e. n samples).For eachin-
terpolatedcon�gurationq = (1� t)q0 + tq1, t 2 [0;1], wecompute
variousboundsfor PDg betweenA(q) andB, including:

1. LB(PDg): Thelower boundon PDg basedon pairwisetrans-
lationalPDt computation.

2. UB1(PDg): The upperboundon PDg computedby contain-
mentoptimization.

3. UB2(PDg). The upperboundon PDg basedon the transla-
tionalPDt computationbetweentheir convex hull.

1http://www2.isye.gatech.edu/˜wcook/qsopt/

In orderto getaccuratetiming pro�ling, we run our PD algorithms
for eachcon�guration with a batchnumberb. The averagetime
for eachboundcomputationis thetotal runningtimeonall samples
over theproductof thenumberof samplesandthebatchnumberb.

'Hammer' example. Fig. 6, andTab. 1 andFig. 7 show the
resultsand timings for the `hammer' example. In this case,the
`hammer' model has1,692 triangles,which is decomposedinto
214 convex pieces. The `notch' modelhas28 triangles,which is
decomposedinto 3 convex piecesandthereis a notch(i.e. convex
separator)in thecenterof the`notch' model. Initially (at t=0), the
`hammer' intersectswith the `notch' asshown in Fig. 6(a). Fig.
6(b) shows a collision-freeplacementof the`hammer',which cor-
respondsto thepositionaftermoving by UB1(PDg). Accordingto
Fig. 7, the valueis UB1(PDg) = 4:577083,which is greaterthan
LB(PDg) (0.744020)andlessthanUB2(PDg) (6.601070).

For this example,wegenerate101samplesfor the`hammer'when
it is rotatedaroundthe Z axis. The rotationmotion is linearly in-
terpolatedfrom thecon�guration (0;0;0)T to (0;0;p)T . Fig. 6(c)
showstheplacementof the`hammer'att = 0:5. Fig. 6(d)is thecor-
respondingcollision-freeplacement,whichrealizestheUB1(PDg).

We alsocomparethe lower andupperboundson PDg over all the
con�gurations.In Fig. 7, thesolid greencurvehighlightsthevalue
of UB1(PDg) betweenthe`hammer'andthe`notch' over all inter-
polatedcon�gurations.Thedashedredcurve,whichcorrespondsto
UB1(PDg), alwayslies betweenLB(PDg) andUB2(PDg). In this
example,UB1(PDg) is lessthanUB2(PDg).

The timing for this exampleis shown in Tab. 1. We run the PDg

algorithm5 times(b=5) for all thecon�gurations(n=101).Theav-
eragetiming for LB(PDg), UB1(PDg), andUB2(PDg) is 1.901ms,
21.664msand0.039msrespectively.

`Hammer in narrow notch' example. We performa similar
experimenton `Hammerin narrow notch' example(Fig. 9) to test
therobustnessof ouralgorithm.Thisexampleis modi�ed from the
`hammer'example,wherethe sizeof the notchis decreasedsuch
that thereis only narrow spacefor the`hammer'to �t inside. Our
algorithmcanrobustlycomputethelowerandupperboundsonPD
for this example.Fig. 11 comparethe lower andupperboundson
PDg overall sampledcon�gurations(n=101).Thethird row of Tab.
1 shows theperformanceof ouralgorithmfor thisexample.

`Spoon in cup' example. We apply our algorithmon morea
complex scenariosuchasshown in Fig. (8). In this example,the
`spoon' model has336 triangle and is decomposedinto 28 con-
vex pieces.The `cup' modelhas8,452triangles.We get 94 con-
vex piecesand53 convex separatorsafter simplifying theoriginal
modelto 1,000triangles.

In Fig. 8, the left columnshows the placementsof the `spoon' in
the `cup', correspondingto t = 0:0, t = 0:5, andt = 1:0, respec-
tively. At all theseplacements,the`spoon'collideswith the`cup'.
Theright columnof this �gure shows thecollision-freecon�gura-
tionsthatarecomputedbasedonUB1(PDg) in eachcase.We also
compareour computedlower boundandupperboundsover all the
samples(n=101),which is shown in Fig. 8. The timing perfor-
mancefor thisexampleis alsolistedonTab. 1.

`Pawn' example. The last benchmarkusedto demonstratethe
performanceof our algorithmis the `pawn' example. As Fig. 10
shows,thelarge`pawn' is �x ed,while thesmalloneis moving. The



Figure9: The`hammerin narrow notch' example. This exampleis modi�ed from the `hammer'example, where the sizeof the notch is
decreasedsuch that there is only narrow spacefor the`hammer'to �t inside. (b) and(d) showstheplacementof the`hammer'at t=0 and
t=0.5. (c) and(e)are their correspondingcon�gurationsrespectively, which realizetheUB1(PDg). ThecomputedUB1(PDg) is tighter than
theUB2(PDg) for mostof timet.

Figure 10: The `pawn' example. The large `pawn' is �xed and
thesmalloneis movable. (a) showsthecolliding placementof the
`pawn' at t = 0. (b) showsits correspondingcollision-freeplace-
ment,which is computedbasedonUB1(PDg).

Figure11: Comparisonof lower andupperboundson PDg for the
`hammerin narrow notch' example.

Figure12: Comparisonbetweenlower anddifferentupperbounds
onPDg for `cup' example.

Figure13: Comparisonof lower andupperboundson PDg for the
`pawn' example.

`pawn' modelhas304trianglesandis decomposedinto 44 convex
pieces. The large `pawn' has43 convex separators.Fig. 10(a)
shows the colliding placementof the `pawn' at t = 0. Fig. 10(b)
shows its correspondingcollision-freeplacement,which is com-
putedbasedonUB1(PDg). 13 comparesthe lower boundandup-
perboundsover thesampledcon�guration (n=101).Tab. 1 shows
the averagetime to computethe lower andupperboundsover all
con�gurations.

8 Application to Motion Planning

In this section,we apply our lower boundon PDg computation
algorithmfor completemotion planningof planarrobotswith 3-
DOF. Thecompletemotionplanningchecksfor theexistenceof a
collision-freepathor reportsthat no suchpathexists. It is differ-
ent from motion planningalgorithmsbasedon randomsampling,
whichcannot checkfor pathnon-existence.

8.1 C-obstacle Query

We mainly useour lower boundon PDg computationalgorithmto
performthe C-obstaclequery. This query for a given C-spaceis
formally de�ned ascheckingwhetherthe following predicateP is
alwaystrue[Zhangetal. 2006b]:

P(A;B;Q) : 8q 2 Q; A(q) \ B 6= /0 (15)

Here,A is a robot,B representsobstaclesandQ is a C-spaceprim-
itive or a cell; A(q) representstheplacementof A at thecon�gura-



Hammer H2 ? Spoon Pawn
A Hammer Hammer Spoon Small

tris # 1,692 1,692 336 304
convex pieces# 215 215 28 44

B Notch Notch Cup Large
tris # 28 28 8,452 304

convex pieces# 3 3 94 44
separator# 1 1 53 43

sample# (n) 101 101 101 101
batch# (b) 5 5 5 5

t for LB1 (ms) 1.901 4.300 6.127 4.112
t for UB1 (ms) 21.664 108.024 1027.014 482.511
t for UB2 (ms) 0.039 0.053 0.154 0.055

Table1: This tablehighlightsthebenchmarksusedto testtheper-
formanceof our algorithms.Thetoprowsin thetablelist themodel
complexity and the bottomrowsreport the time taken to compute
the lower andupperboundsto PDg on a 2:8GHzPentiumIV PC.
`H2?' is theexamplè hammerin narrow notch'.

tion q. Q maybea line segment,a cell or a contactsurfacethat is
generatedfrom theboundaryfeaturesof therobotandtheobstacles.

TheC-obstaclequeryis usefulfor cell decompositionbasedalgo-
rithmsfor motionplanning[Latombe1991].Thesealgorithmssub-
divide thecon�gurationspaceinto cellsandneedto checkwhether
a cell is fully containedeither in the free spaceor in C-obstacle
space. Thefreespaceis thesetof all collision-freecon�gurations
of the robot. TheC-obstaclespaceis thecomplementof the free-
space. The C-obstaclequery checkswhethera subsetof the C-
space(i.e. Q) fully lies in theC-obstaclespace.

TheC-obstaclequeryalsoarisesin samplingbasedapproachesfor
motion planning,especiallycompletemotion planning. Thesein-
cludethe star-shapedroadmapalgorithm[VaradhanandManocha
2005],which is a deterministicsamplingalgorithmandsubdivides
the con�guration spaceinto a collectionof cells in a hierarchical
fashion.Given that the time andspacecomplexity of thesemeth-
odsgrows quickly with the level of subdivision, it is importantto
identify cellsthatlie in C-obstaclespaceandnofurthersubdivision
is executed.

Another bene�t of the C-obstaclequery is to determinenon-
existenceof any collision-freepath. Themethodsin [Zhanget al.
2006a;VaradhanandManocha2005]concludethatno pathexists
betweenthe initial and goal con�gurations if they are separated
by C-obstaclespace.Thesemethodscanbe performedusing the
C-obstaclequeryto identify theseregionswhich lie in C-obstacle
space.

In orderto ef�ciently performC-obstaclequeryfor any cell in C-
space,wecomputethePDg by settingits con�gurationasthecenter
of thecell. Thenwe compareit with themaximalmotion that the
robotcanundergo whenits con�guration is con�ned within a cell
[Schwarzeret al. 2005]. If the lower boundof PDg is larger than
theupperboundof themaximalmotion,we concludethat thecell
(i.e. Q) fully lies in C-obstaclespace[Zhangetal. 2006b].

8.2 Experimental Results

We apply our C-obstaclequery algorithm to improve the perfor-
manceof adeterministicsamplingmotionplanningalgorithm- the
star-shapedroadmapmethodby [VaradhanandManocha2005].To
demonstratetheeffectivenessof our C-obstaclecell query, we de-
�ne thecell culling ratio asthenumberof cellsin C-obstaclespace

Figure14: This �gur e illustratesan applicationof our C-obstacle
queryalgorithmto speedupa completemotionplanner- thestar-
shapedroadmapalgorithm. In thisexample, theobjectGearneeds
to move from initial con�guration A to goal con�guration A0 by
translatingand rotatingwithin the shadedrectangular2D region.
Weshowtherobot's intermediatecon�gurationsfor thefoundpath.
Usingour C-obstaclequery, wecanachieveabout2.4 timesspeed
up for thestar-shapedroadmapalgorithmfor thisexample.

Gear
Cell Culling Ratio 75.21%

TimePerCell Culling(ms) 0.12
Timeof OriginalMethod(s) 261.4

Timeof AcceleratedMethod(s) 110.4
Speedup 2.4

Time for C-obstacleCell Query(s) 13.3

Table 2: Performancefor C-obstacleCell Query: For the Gear
example, our query can identify about 75.21%C-obstaclecells.
Theaverage query time is about0.12ms. Basedon PDg compu-
tation and C-obstaclequery, we improve the performanceof the
star-shapedmotionplanningalgorithmby2.4timesin this case.

identi�ed by our queryalgorithmover the total numberof cells in
C-obstaclespace.

Tab. 2 illustratesthat our C-obstaclequeryalgorithmcanachieve
75.21%cell culling ratioin ourGearbenchmark.Tab. 2 alsoshows
that theaveragetime for eachC-obstaclequeryin theGearexam-
ple is about0:12ms. In this complex 2D scenario,the C-obstacle
queryalgorithmimprovestheperformanceof themotionplanning
algorithmby 2.4times.

9 Limitations

Our PDg computationalgorithmhasa few limitations. Given the
complexity of exact PDg computationfor non-convex polyhedra,
we only computelower and upperboundsand not the exact an-
swer. Moreover, the convex containmentoptimizationalgorithm
that linearizestherotationalcomponentcannot guaranteea global
minimum. The boundscomputedby our algorithm also depend
on convex covering andseparatorenumerationof the non-convex
polyhedra,performedas part of preprocessingstep. As a result,
we areunableto provide any tight boundson theapproximationto
PDg computedby our algorithm.However, in mostpracticalcases
theextentof penetrationis smallandwe expectthatour algorithm
wouldcomputeagoodapproximation.



10 Conclusions and Future Work

Wehaveaddressedtheproblemof generalizedPDcomputationbe-
tweennon-convex models,whichtakesinto accounttranslationalas
well asrotationalmotion. To thebestof our knowledge,this is the
�rst algorithmfor general3D polyhedramodels.We presentthree
main resultsrelatedto PDg computation. Speci�cally, we show
thatfor convex models,generalizedPD is thesameastranslational
PD.We alsopresentpracticalalgorithmsto computetheupperand
lowerboundsonPDg for non-convex models.

Our empirical resultsshow that we can ef�ciently computethe
lower andupperboundsof generalizedPD for non-convex objects.
We alsouseour algorithmfor completemotionplanningof polyg-
onalrobotswith 3-DOFC-space.

Future Work. Therearemany avenuesfor future work. On a
theoreticalside,therearetwo openquestionswith respectto gener-
alizedpenetrationdepth:how to formulatethedistancemetricDg
and computethe PDg for non-convex modelsin a computational
tractableway. It would beusefulto derive tight boundson theap-
proximations(i.e. the lower andupperbounds).Furthermore,we
would like to useour algorithm for other applications,including
motionplanningin 6-DOFC-space,dynamicsimulationandtoler-
anceveri�cation.
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