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Abstract

Penetratiordepth(PD) is a distancemetricthatis usedto describe
the extentof overlapbetweentwo intersectingobjects.Most of the
prior work in PD computationhasbeenrestrictedto translational
PD, which is de ned asthe minimal translationalmotion thatone
of the overlappingobjectsmustundego in orderto make the two

objectsdisjoint. In this paper we extendthe notion of PD to take

into accounbothtranslationabndrotationalmotionto separat¢he

intersectingobjects,namelygenerlized PD. When an objectun-

demoesrigid transformationsomepoint on the objecttracesthe
longesttrajectory The generalized®D betweentwo overlapping
objectsis de ned asthe minimumof thelongesttrajectorieof one
objectunderall possiblerigid transformation$o separate¢he over

lappingobjects.

We presentthreenew resultsto computegeneralized®D between
polyhedralmodels. First, we shawv that for two overlappingcon-
vex polytopesthe generalizedPD is sameasthetranslationaPD.

Secondwhenthe complemenbf oneof the objectsis corvex, we

posethegeneralizedPD computatiorasavariantof thecorvex con-
tainmentproblemandcomputean upperboundusingoptimization
techniquesFinally, whenboththeobjectsarenon-cowex, we treat
themasa combinationof theabove two casesandpresenanalgo-
rithm thatcomputeslowerandanupperboundongeneralizedPD.

We highlighttheperformancef ouralgorithmsondifferentmodels
thatundegorigid motionin the6-dimensionaton gurationspace.
Moreover, we utilize our algorithmfor completemotion planning
of polygonalrobotsundegoingtranslationafndrotationalmotion
in a plane. In particular we usegeneralized®D computationfor

checkingpathnon-&istence.

CR Categories: 1.3.5 [ComputerGraphics]: ComputationaiGe-
ometryandObjectModeling.
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1 Intro duction

Calculatingadistancemeasurds afundamentaproblemthatarises
in mary applicationsuchasphysically-basedanodeling,robotmo-
tion planningvirtual reality, hapticrenderingandcomputergames.
Typical distancemeasuregmplo/ed in theseapplicationsinclude
separatiomlistanceHausdorf distancespanninglistanceandpen-
etrationdepth[Lin and Manocha2003]. Among thesemeasures,
penetrationdepth (PD) is usedto quantify the extent of inter
penetratiorbetweerntwo overlappingclosed,geometricobjects.

PD computatioris importantin a numberof applications.In rigid
body dynamics,inter-penetratiorbetweensimulatedobjectsis of-
ten unavoidable due to the natureof discrete,numericalsimula-
tion. As a result, several responsealgorithmslike penalty-based
simulationmethodsneedthe PD informationto computethe non-
penetrationconstraintforce [Mirtich 2000; Stewvart and Trinkle
1996]. The PD is alsousedto estimatethe time of contactto ap-
ply impulsive forcesin impulse-basethethoddKim etal. 2002a].
Sampling-basednotion planningtechniquegperform PD compu-
tation betweenthe robot andthe obstacleso generatesamplesn
narrav passagem thecon gurationspacgHsuetal. 1998]. Many
6-DOF hapticrenderingalgorithmsusepenalty-baseanethodsto
computea collision respons@andneedto computethe PD at haptic
updaterategKim etal. 2003]. Otherapplicationsncludetolerance
veri cation, wherePD couldbeusedto estimatehe extentof inter
ferencebetweerthe partsof amachinestructuregfRequichal993].

Most of the prior work on PD computationhas beenrestricted
to translational PD. The translationalPD betweentwo overlap-
ping objectsis oftende ned asthe minimumtranslationablistance
neededo separatahe two objects. Many goodalgorithmsto es-
timatethe translationalPD betweencorvex andnon-cowex poly-
hedraare knawn [van den Bergen 2001; Kim et al. 2002b; Kim
et al. 2002a]. However, translationalPD computationis not suf-
cient for mary applicationsasit doesnot take into accountthe
rotationalmotion. For example,in rigid body dynamicssimula-
tions, objectsundego bothtranslationahndrotationalmotiondue
to externalforcesandtorques.n orderto computeanaccurateol-
lision responsewe alsoneedto take into accountrotationalmotion
during PD computation.Similarly in 6-DOF hapticrendering the
rotationalcomponenin penaltyforces,suchastorque,shouldbe
consideredn orderto computethe responsdorce. Also, sincethe
con guration spaceof arigid polyhedralmodelis a 6-dimensional
spacetherotationalPD metricis importantfor motionplanning.

In this paper we take into accountthe translationalandrotational
motion to describethe extent of two intersectingobjectsand re-
fer to that extent of interpenetrationas the geneglized peneta-
tion depth Whenan objectundegoesrigid transformationsome
point on the objecttracesthe longesttrajectory The generalized
PD betweentwo overlappingobjectsis de ned asthe minimum of
thelongesttrajectoriesof oneobjectunderall possiblerigid trans-
formationsto separatéhe overlappingobjects. To the bestof our
knowledge,thereis no prior work on generalized®D computation
betweempolyhedraimodels.

In generalcomputingthegeneralizedD betweertwo non-cowex
polyhedrais moredif cult thancomputingtranslationaPD dueto
the non-linearrotationalterm embeddedn the de nition. In case
of translationalPD, the problemreduceso computingthe closest
point from the origin to the boundaryof the Minkowski sum of
the primitives. The combinatorialcompleity of Minkowski sum
can be as high as O(m®n3) for non-cowex polyhedra,wherem
andn arethe numberof featuresin the two polyhedra. However,
no similar formulationis known to computethe generalizedPD.
ComputinggeneralizedPD canbeviewedasminimizing adistance
metricin the con guration space.The con guration spacefor the
caseof generalizedPD computationin 3D is 6-dimensionaland
the problemreducesto computingan arrangemenof O(n?)  ve-



dimensionatontacthypersurfaces.The combinatoriakcompleity
of thearrangemeris O(n'2) [Halperin2005].

1.1 Main Results

We presenta formulationof generalized®D and presentovel re-
sultsrelatedto computingPD betweenpolyhedralmodels. These
include:

We proposea novel de nition for generalizedpenetration
depthto quantifyboththetranslationabndrotationalamount
of inter-penetratiorbetweertwo overlappingpolyhedra.

We prove thatfor cornvex models their generalizedD is the
sameastranslationaPD.

We presentanapproximatealgorithmto computethegeneral-
ized PD for non-cowex models. We computea lower bound
on the generalizedPD by using convex-covering techniques
and computingthe translationalPD for eachpair of corvex
polytopes.

We reducethe problemof computingan upperboundfor the
generalizedD to a variantof 3D corvex containmenprob-
lem usinglinearprogramming.

We have implementedour algorithm and appliedto mary non-
corvex 3D modelsundegoingrigid motionin 6-dimensionaton-
guration space.Therunningtime variesbasecbn modelcomplex-
ity andthe relative con guration of two objects. In practice,our
algorithmtakesabout2 msto 6 mson 2:8 GHz PCto computethe
lowerboundongeneralizedPD,and21 msto 1:02 secfor theupper
bound.We alsouseour algorithmsto performC-obstaclequeryfor
completeandcollision-freemotion planningof planarrobots. We
usethis queryaspart of a sampling-basedompletemotion plan-
ning algorithmandusethe generalized®D computatiorto acceler
atethe checkfor pathnon-«istence.

1.2 Organization

The restof the paperis organizedin the following manner Sec-
tion 2 briey surweys the previous work on PD computationand
distancemetricsin con guration space.Section3 present®ur for-

mulationof generalized®D and highlightsmary of its properties.
In Sectiod, we shaw thatthegeneralizedPD computatiorbetween
corvex polytopess sameastranslationaPD computation Section
5 highlightsthe relationshipbetweengeneralized®D computation
andthecontainmenproblem whichenablesisto estimatehegen-
eralizedPD betweennon-comwvex modelsin Section6. Section7

and8 presentur experimentalresultsand an applicationto com-

pletemotionplanning.

2 Previous Work

In this sectionwe give a brief overview of prior work on PD com-
putationanddistancemetricsin con guration spacegC-space).

2.1 PD and Arrangement Computation

Given a nite setof hypersurficesS in RY, their arrangement
A (S) is the decompositionof RY into cells C of dimensions
0:1;::::d. Here,ak-dimensionakell CX in A (S ) isamaximal
connectedetcontainedn theintersectiorof asubsebf thehyper
surfacesin S thatis notintersectedy ary otherhypersurbcesin
S [Halperin1997]. It is well known that the worst casecombi-
nat%rialcomple(ity of anarrangemenof n hypersuricesin RY is
o(n9).

Sinceboththetranslationaandgeneralized®D canbe formulated
in C-spacethecompleity of computingboththe PD'sis governed
by that of C-spacéboundary In caseof polyhedralobjectsin 3D,

their C-spacecan be computedby enumeratingheir contactsur

facesand computingtheir arrangemenfLatombe1991]. As are-
sult, one can calculatethe PDs by computingthe arrangemenof

contactsurfaces.However, the combinatoriacompleity of thear

rangemenis O(n'2) [Halperin2005]. Moreover, in practice robust
computatiorof arrangements known to bea hardproblem[Raab
1999].

2.2 Translational Penetration Depth

The translationalPD, PD}, is de ned asa minimum translational
distanceto make two objectsdisjoint. This de nition canbe for-
mulatedin terms of the Minkowski sumof two objects[Dobkin
etal. 1993]. Several algorithmshave beenproposedor exact or
approximatecomputationof PD'. Bergen proposesa quick lower
bound estimationto PD' betweentwo corvex polytopesby iter-
atively expandinga polyhedralapproximationof the Minkowski
sum[van denBergen2001]. Kim etal. [2002b] presentsan in-
crementalalgorithm to estimatea tight upperboundon PD! be-
tweencorvex polytopesby walkingto a“locally optimalsolution”.
They have alsopresentedin algorithmto computean approxima-
tion of globalPD' betweertwo generabolyhedraimodelsby using
hierarchicalre nement[2002a]. The hierarchicalre nement ap-
proachdecomposethe non-coivex objectsinto corvex polytopes
andusesa boundingvolumehierarcly to recursvely re ne thees-
timation of PD'. Redonet al. [2005] describea fast methodto
computean approximationof the local penetratiordepthbetween
two generalpolyhedralmodelsusinggraphicshardware. The best
known theoreticaklgorithmto computePD! betweerconvex poly-
topesis given in [Agarwal et al. 2000] and its running time is

O(mi*eni*e+ mi* e+ nl* € for ary positive constante, where
m andn denotethe numberof featuresn thetwo polytopes.How-
ever, we arenot awareof ary implementatiorof this algorithm. In
caseof generalpolyhedralmodels,it is known that the computa-
tional compledity of PD! computationcanbe as high asO(m3n3)
[Kim etal. 2002a].

2.3 Generalized Penetration Depth

To the bestof our knowledge, thereis no prior publishedwork
on generalized®PD computationfor either corvex or non-cowex
polyhedralobjects. If we view the problemof separatinghe ob-
ject A from B asplacing A into B - the complementspaceof B,
the mostcloselyrelatedwork to generalizedPD is the 2D polygon
containmenglgorithms[Chazelle1983; Milenkovic 1999; Grinde
and Cavalier 1996; Avnaim and Boissonnatl989; Agarwal et al.
1998] androtationaloverlappingminimization[Milenkovic 1998;
Milenkovic andSchmidl2001].

Thestandar®D polygoncontainmenproblemis to checkwhether
apolygonQ with n verticescancontainanothemolygonP with m
vertices.For generaihon-cowex polygonsthetime compleity of
this problemis O(m®n3log(mn)) [Avnaim and Boissonnat1989].
Whenrestrictedto corvex objects,the time complity of the 2D
containmentproblem can be signi cantly improved. [Chazelle
1983] proposedan enumeratie algorithm with an O(mr?) time
complity.  [Milenkovic 1999; Grinde and Cavalier 1996] used
mathematicaprogrammingtechniquego computean optimal so-
lution.

Given an overlappinglayout of polygonsinside a containerpoly-
gon, the rotational overlappingminimization problemis to com-
pute the translationand rotation motion to minimize their over
lap. [Milenkovic 1998]posethis problemasconstraint-solvingind



emplgy mathematicaprogrammingmethodsto solve it. By using
thenon-overlappingpropertyasa hardconstraint[Milenkovic and
Schmidl2001] minimize a quadraticfunction of the positionand
orientationof objectsto computea non-overlappinglayout based
on quadratigorogramming.

2.4 Distance Metric in Con guration Space

The con guration spaceof an objectis the spacefor all possible
placement®f this objectin ervironment[Latombe1991;LaValle
2006]. For example,if arigid objectin 3D cantranslateandrotate,
its C-spacds 6-dimensional.A con gurationis calledfreeif the
placemenif the objectat that con guration doesnot resultin a
collision with otherobstaclesn the ervironment. Otherwiseiit is
a colliding con guration. Essentiallythe PD is a distancemetric
in C-spaceo represent shortestdistancefrom a given, colliding
con gurationto all thefreecon gurations.

When only translationis allowed in the distance metric, the
correspondingcon guration spacecan be formulated using the
Minkowski sum, which has O(n?) combinatorialcompleity for
two corvex polytopes(with n features)andO(né) for non-corwex
polyhedra[Halperin 2002]. Sinceonly translationis allowed, we
canusethe Euclideardistancebetweertwo con gurationsasadis-
tancemetric. Therefore,the translationalpenetratiordepthcom-
putation,which nds a nearespoint on the surfaceof Minkowski
sumto the origin, hasthe samecombinatorialcompleity asthe
Minkowski sumformulation.

When both translationand rotation are allowed (i.e., 6-DOF C-

space)the correspondingC-spacebecomesnore comple andits

combinatorialcompleity is O(n'2) for 3D non-cowex polyhedra
[Halperin2005]. Moreover, in 6DOF C-spaceijt is dif cult to de-

ne ameaningfuldistancenetricthatcanencodebothtranslational
androtationalmovementthanthe onein 3-DOF, Euclideanspace
[Kuffner2004;Amatoetal. 2000].

TheLp (p 1) metricis oneof theimportantfamily of metricsin

6DOF C-spacdlLaValle 2006]. Anotherimportantdistancemetric
is thedisplacementnetric;thisis theminimumEuclideardisplace-
mentdistanceébetweenrall the pointson themodelwhenit is attwo

differentcon gurations.[La\alle 2006].

3 Generalized Penetration Depth

ThetranslationaPD, PD} is de ned asa minimumtranslationdis-
tanceto separatéwo overlappingobjectsA andB:

PD'(A;B) = min(fk d kjinterior(A+ d)\ B= 0g); d2 R3: (1)

In our work, we extend the notion of PD! by taking into account
translationabswell asrotationalmotionto separat¢heoverlapping
objects.Beforeproceedingo thede nition of generalized®D, we
rst introduceour notationthatis usedthroughouthis paper

3.1 Notation

We useaboldfaceletter, suchastheorigin o, to distinguishavector
quantityfrom a scalarquantity We useasextuple(x,y,z f, q,y)
to encodethe 6-dimensionakon guration of a 3D object, where
X, Yy and z representhe translationalcomponentsand f, g and

y areanEuleranglerepresentatiofor the rotationalcomponents.

Therotationcomponentanbealsorepresentedsarotationvector
r= (rl;rz;rg)T = aa, wherea is therotationangleanda is the
rotationvector A(Q) is a placemenbf anobjectA atcon guration
g, andp(q) is thecorrespondingpositionof apointp on A.

3.2 Distance Metric Dg In C-Space

In orderto de ne generalizedPD,PDY, we rst introduceadistance
metricDg de ned in con guration space(or C-space) We usethis

metricto measurehe distanceof an objectA at two differentcon-

gurations.

Letl; beacurwein C-spacewhich connectdwo con gurationsqg
andq; (Fig. 1-(a)) andis parameterizeth t. Whenthecon gura-
tion of A changeslongthecurvel, ary pointp on A will traceout
atrajectoryin 3D Euclideanspaceshavn in Fig. 1-(b). This tra-
jectorycanberepresentedsr = p(I(t)), andits arc-lengthi(p;1),
whichis denotedastrajectorylength canbe calculatedhs:
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mp;l) = jip((1)id(I(t):

As Fig. 1-(a) shavs, therecanbe multiple curves connectingwo

con gurationsqg andq;. WhenA movesalongary suchcune,

somepoint on A corresponddo the longesttrajectory length as
comparedll otherpointson A. For eachC-spacecurve connecting
0o andqy, we considetthecorrespondingpngestrajectorylength

We de ne the distancemetric Dg(0o; 1) asthe minimum over all

longesttrajectorylengths(Fig. 1-(c)):

Dg(qo; d1) = min(f max(f m(p;)jp 2 Ag)jl 2 Lg);  (2)
wherelL is asetof all the curvesconnectingyp andq.

Properties of Dg metric.  Thedistancenetricde nedabove has
thefollowing propertiedLaValle 2006]:

Non-negatiity: Dg(do;d1) O,
Re exivity: Dg(go;q1) =0 () do= di,
Symmetry:Dg(do; 1) = Dg(d1:do),

Triangle inequality: Dg(do;g1) + Dg(d1;d2)  Dg(do:02).

Lower bound on Dg(dp;d1). LetDISP(qg;d;1) bethedisplace-
mentmetric,whichis de ned asthe maximumEuclideardisplace-
mentof pointson a modelat thesetwo con gurations. It follows
thatDISH(qo; d1) is alower boundof Dg(do;q1):

Dg(do;d1)  DISP(qo;d1):

Upper bound on Dg(dp;q1). In orderto computean upper
boundfor a 3D rigid objectwith translationahndrotationalDOFs,
we rst considercomputingthe Dy of by only varying a single
DOF Then,whenwe vary all the DOFs simultaneouslythe nal
Dg would be lessthanor equalto the sumof the Dg's computed
with respecto eachDOF [Schwarzeretal. 2005;LaValle 2006].

WhenEuleranglesareusedto representotation,the upperbound
on Dg canbecalculatedas:

Dg(do;g1)  D(ax)+ D(ay) + D(qz) + Ry D(qr ) + RyD(dg) + Ry(g()qy):

where the Lipshitz constantsR¢ ; Ry, R, are the maximum Eu-
clideandistancedrom ary point on A to X;Y;Z axesin the local
coordinatesystem,respectiely. D denoteshe differenceof each
DOF betweerthesetwo con gurations.



Figurel: GenerlizedpenetationdepthPD9 de nition : (a) In theC-spacethere areanin nite numberof curvessuc asly, I, thatconnect
two con gurationsqg andqz. (b) Whenthe con guration of the objectA changesalongany curvel, any givenpoint on A will traceouta
distinctivetrajectoryin the 3D Euclideanspace This sub- gure showsthe trajectoriestracedby p whenA travelsalongl; andalongls,
while n(p;11) and m(p;l,) arethearc-lengthsof thesetrajectories respectivelyFor ead curvel, somepointon A correspondgo thelongest
trajectorylengthascompaedall otherpointson A. ThedistancemetricDg(qo; d1) is de nedastheminimumover longesttrajectorylengths
overall curvesconnectingio andgs. (c) PD? is de nedastheminimumof Dg(qo; g) overall freecon gurations,which do notintersectwith

B (sud asqq, qo).

If therotationvectoris usedto representotation,the upperbound
canbecalculatecby:

3
Dg(do;d1)  D(ch)+ Dlay) + D(Az) + RA D (4)
k=1
wherethe constanR is the maximumEuclideandistancefrom the
origin of Ato everypointonA. In section6, we usethesetwo upper
boundformulaeto computeanupperboundon PDS.

3.3 PD? De nition
Using Dg metric,we de ne our generalizedD, PD? as:

PDA(A; B) = min(f Dg(do; g)jinterior(A(q))\ B= 0g)  (5)
whereqg is theinitial con gurationof A, andq is in C-spacgFig.

1),

ThetranslationaPD! de nedby Eq. (1) is essentiallyaspeciakase
of PDY. WhenanobjectA canonly translateall thepointson A tra-
versethe samedistance.As aresult,the distancemetric D(qo; q1)

is equalto the Euclideandistancek qg g1 k. In this case Eq. (5)

canbesimpli ed to Eq. (1). Our generalizedD formulationhasa
geometridnterpretationin C-space.PDY is realizedby somecon-
guration g on the boundaryof free spacewhosedistancg(Dg) to
thegivencon gurationqg is theminimum.

In termsof handlinggeneralnon-cowex polyhedra,it is dif cult

to computePD?. Thisis dueto the high combinationakcomple-
ity of C-Spacearrangementomputationwhich canbe ashigh as
O(n'?). However, reducingthe problemto only dealingwith con-
vex primitivescansigni cantly simplify theproblem.In thefollow-
ing sectionswe shaw thatif boththeinput polyhedraare cornvex,
their PD9 is equalto PD¥. Furthermorejf the complemenbf one
of the polyhedrais convex, we reducePD® to a variantof a convex
containmenproblem.In caseof generahon-cowex polyhedrawe
treatthemasa combinationof abore two casedo computea lower
boundandanupperboundon PD®.

4 PD? Computation between Convex Ob-
jects

In this section,we considerthe problemof computinggeneralized
PD betweerntwo corvex objects.In this casewe prove thatPD? is

equalto PD¥. As aresult,the well known algorithmsto compute
PD' betweencorvex polytopes[van denBergen2001; Kim et al.
2002b]aredirectly applicableto PDS.

Figure 2: Proof for PD'(A;B) = PDI(A;B) for convex objectsA

andB. Let Aa placemenbf A which realizesPD9. L is an arbi-

trary sepaating planebetweemA? and B, which dividesthe space
into two half-spaced. andL*. For anyL, there alwaysexistsa
pointf onAonL sidewithjjdjj PD'(A;B). Asaresult,wecan-
not move A towards L+ sidewith a travelingdistancethat is less
than PD‘(A; B) evenwhenrotationalDOFsare allowed. Theefore,

generlizedPD is equalto translationalPD for corvex objects.

Theorem1 Giventwo cornvex objectsA and B, wehave
PDY(A;B) = PD}(A;B)

Proof Let usassumdhatA andB intersect,otherwiseit is trivial
to shav thatPD9 = PO} = 0.

First of all, we cansaythatPDY PD¥, asPD? is realizedunder
moreDOFsthanPD' . Next we shav thatPD¥ < PD¥ is notpossible
andtherefore,we canconcludePDY = PDY. We usea proof by
contradiction.

SupposePD? < PD. Let uscall A%asthe placemenof A thatre-
alizesPDY, implying that A%is disjoint from B (Fig. 1). SinceA?
andB arecorvex, thereexistsa separatinglaneL thatseparate?
andB. Moreover, let L divide the entirespacdnto two half-spaces:
L , which containsB andL™* , which containsA® Letf bethefar-
thestpointon AonL sidefrom the separatingplanelL andd be



Figure 3: An exampleof PDY < PD' betweencorvex A and non-
corvex B. Thetrajectorylengththat A travelsis mud shorterwhen
both translationand rotation transformationare allowed (b) than
thelengthwhenonly translationis allowed(a).

thevectorfrom f to its nearespointon L. As aresult,jjdjj PD'.
Otherwisewe couldseparaté\ andB by translatingA by d, which
would resultin asmallerPD! (i.e. d) andthis contradictsthe de -
nition of PD} in Eq. 1.

Sincef, whichisonL side,is atleastPD' faraway from L, f must
travel atleastby PD' to reachthenew positionf® which canbelying
on L or containedin L*. However, accordingto the de nition of
PD¥ in Eq. (5) andthe assumptiorof PD? < PD}, theremustexist
atrajectoryl connecting andf® whosearc-lengthis lessthanPD'.
This meansthatf could be movedto L or within L* by lessthan
theamountof PO}, whichis contradictoryto the earlierobseration
thatf musttravel atleastby PD'. Thereforewe concludethatL can
notbea separatinglanebetweem®andB.

The above deductionshavs underthe assumptiorthat PDY < PO,
no separatingolanecanexist. This contradictsthe fact that there
must exist a separatingplane when corvex objectsare disjoint.
ThereforePD9 < PO} is notpossibleandhencePD? = PD¥. Q.E.D.

Corollary 1 For two corvex objectsA andB, their generlizedPD
is commutativej.e.,

PDY(A;B) = PDO(B;A):

Proof For corvex objects,PDI(A; B) = PD}(A; B) and PDY(B; A)
= PD}(B;A)). SincePD' is commutatve suchthat PDH(A; B) =
PD'(B;A), it follows thatPDI(A; B) = PDY(B; A). Q.E.D.

Non-Convex objects. Note that, for non-cowex objects,
PDY(A;B) is not necessarilyequalto PDI(A;B). Figs. 3 and 4
shav suchexamples. In Fig. 3, PDY(A;B) < PD}(A;B), because
the trajectorylength that ary point on A travels is shorterwhen
bothtranslatiorandrotationtransformatiorareallowed (b) thanits
correspondindgengthwhenonly translationis allowed (a). In Fig.
4, an objectB, which could be in nitely large with a hole inside,
cancontainA only whenA adjustsits initial orientation.Hence the
PD}(A;B) = ¥ (i.e. theheightof B), but PDY(A; B) is not¥ (i.e. is
muchsmallerthanthe height). So,PDY(A; B) < PD}(A; B). Wecan
alsoseethatPD9(A; B) is notnecessarilgqualto PDI(B; A) in this
example. If B is movable,the Dy metricfor B at ary two distinc-
tive orientationds always¥, becauseB is unbounded.Therefore,
PD9(B;A) is ¥ in this casewhile PDY(A; B) is not¥.

5 PD? Computation between a Convex Ob-
ject and a Convex Complement

In this section,we shav how to posethe generalized®D computa-
tion asa containmenproblem. Using this formulation,we inves-
tigate a specialcaseof generalizedPD wherea movable objectA
andthe complementbf a x ed objectB (i.e. B) areboth corvex

Figure 4: PDY betweenthe corvex object A and the object B
whosecomplement B is corvex. In this case the PDI(A;B) &
PD'(A;B) = ¥ and PDY(A;B) 6 PDY(B;A) = ¥. We computean
upperboundon PD? by reducingthe problemto a variant of the
corvex containmenproblemby usinglinear programming

(asshavn in Fig. 4). Insteadof computingan exactsolution,we
computeanupperboundof PDY by usinga two-level optimization
algorithmbasedon linearprogramming.

5.1 Relationship between PD? and Object Contain-
ment

The generalobjectcontainmenproblemcanbe statedasfollows:
giventwo objectsP andQ, determinewhetherQ cancontainP by
performingtranslationandrotationtransformatioron P. The PD9
de nition in Eq. (5) is closelyrelatedto the object containment
problem. Thatis, testinginterior(A(g)) \ B=_0 in Eq.(5)canbe
reducedto a containmentproblem: whetherB cancontainA, as
shavn in Fig. 4. However, thereare a few differencesbetween
thesetwo problems.The objectcontainmenproblem nds onein-
stanceof a placementof A thatcan t inside of B, whereasPD?
computatiomeedgo searchthroughall valid containmenton gu-
rationsto nd acon gurationthatminimizesthe objective function
Dg in Eq. (5).

The standardbjectcontainmenproblemis known to be dif cult
even for 2D polygonal models. However, if the primitives are
corvex, computationalcompleity of containmentreducesfrom
o(mPndlog(mn)) to O(mrf) for polygonswith m and n vertices
[Chazelle1983; Avnaim and Boissonnatl989]. As a result, we
considerthe casewhena movable polyhedronA is corvex andthe
complemenbdf a x edpolyhedraB is corvex aswell. To compute
an upperboundof PD® for this case,our algorithm performstwo
levelsof optimizations:

1. We computea con guration g, for A suchthat the corvex
containeiB containsA(q;). Thisis performedoy minimizing
theiroverlap. Thevalid containmenyieldsanupperboundof
PD9, whichmaynotbetight.

2. We iteratively computea con guration, g, to yield a tighter
upperboundof PD? by settingthe upperboundof Dg metric
in Eq. (4) asthe objective functionfor optimization.

5.2 Computing a Containment

In this section,we introducethe formulation of the corvex con-
tainmenfproblem,andextendthe 2D optimization-basedlgorithm
describedn [Milenkovic 1999; Grinde and Cavalier 1996]to 3D
objects,both of which sene asa foundationof nding a locally-
optimalcontainment.



Formulation of 3D Convex Containment. To checkwhether
A fully liesinside B canbe mathematicallfformulatedasfollows.

The corvex object,B with n facesis representedsanintersection
of n half-spacegjx bj;j= 1;::;n. A placemenbf A lies fully

insideB if andonly if every vertex p;(i = 1;::;;m) on A liesinside
all thehalf-spaces.e.cjp; bj;i= 1,:;m j= 1;::5n, or

Cpi bji=1;:5m;: (6)

Herec;j is normalizedsothatfor agivenpointp, jcj p bjjisthe
Euclideandistancerom p to its correspondindace;).

DenoteR asthe rotation matrix when A is rotatedaroundan ar
bitrary axis with respectto its origin 0. WhenA is rotatedby R,
followed by the translationof t, the new positionof p in A canbe
calculatedas:

p’= R(p 0)+ o+t (7)

Usingtheabove notation,the 3D containmenproblemnow canbe
statedas nding asolutionto thefollowing system:

cpl bji=Linm (8)

Linearizing 3D Convex Containment Problem. The3D con-
tainment computationis a non-linear problem, as the rotation
matrix R is embeddedwith non-linearterms. Thesenon-linear
termscould be linearizedby using a small-angleapproximation
[Milenkovic and Schmidl2001]. WhenA is rotatedby a around
anarbitraryaxis 3, its rotationvectorr is equalto aa. If thevaria-
tion of arotationanglea is smallenoughwe cangetalinearized
approximatiorfor Eq. (7) canbeobtained:

p p+r (p O+t ©)
By replacingp® by its approximationp, the non-linearsystemin
Eq. 8 is simpli ed to alinearone:

gj=cjt (cj (pi 0) r+(cj pi bj) 0 8i;j: (10)
Heret andr arethe unknawn vectors.gjj, whichis calledascon-
tainmentfunction is de ned for eachpair of the vertex on A and

thefaceof B:

In orderto solwe the linear systemde ned in Eq. (10), a slack
variabledij is introducedto representhe distancefrom f;, the ap-
proximatepositionof p; on A afterit is transformed{o the j'th face
onB. In this casethe 3D corvex containmentonstraintfor A and
B canbeapproximatedhsalinearprogrammingoroblem(LP1):

m n
min Z= & & dij;
subjectto gij(t;r) dij 08i;j:

If Z = 0 for this optimization problem, we end up computinga
solutionto Eqg. (10).

Containment Computation. GivenAandB, weconstructlin-
earprogrammingroblemde nedasin Eq. (11) andapplythestan-
dardlinear programmingtechniqueto optimizeits objective func-
tion Z. We computethesolution,say(t; r), andplaceA at A% A new
linearprogrammindormulation(like LP1)is constructedor Aand
solvediteratively until alocal minimumfor Z is computed.As the
algorithm iterates,the small-angleapproximationfor the rotation
matrix R becomesnoreaccurateWhentheobjective Z approaches
zero,avalid containmenbf A atcon gurationq, hasbeenfound.

5.3 Computing a Locally-Optimal Containment

Theoptimizationalgorithmhighlightedabore canonly nd avalid
containingplacemenf\(q1) for A, whichyieldsanupperboundfor
PDY. We performa secondlevel of optimizationto computean
eventighterupperboundfor PD? by usingthe rst level containing
placemenf\(q1) asaninitial placemenfor the secondevel.

Let go = (to;ro) betheinitial con guration of A usedin the rst

level optimization. Let q; = (t1;r1) be the con guration for the
containingplacementA asa resultof the rst level optimization.
Ourgoalis to computeDg = (Dt;Dr), suchthatq, = (ty + Dt;rq +

Dr) yields anothercontainingplacemenbf A while Dg(do;dp) <

Dg(do; d1)-

We perform the secondlevel optimization by setting the upper
boundon the Dy metricin Eq. (4) as an optimizationobjective
function. Herewe do not chooseEq. (3), becausehe 3D contain-
mentcomputatiorusesthe notationsof rotationvector By impos-
ing that A needsto be containedby B asa hardconstraintwe get
thesystem:

3 3
min Z= § jD+ ty tod + RA jDre+ rix roxds
k=1 o k=1 ’ ’ 12)
subjectto g;j(Dt;Dr) 0 8i;j;
wheretg andrgy are,respectrely, the kth translationakndrota-
tional DOF for aninitial con guration of A, andsimilarly t1.x and
r1.x arethekth DOF for acon gurationasaresultof the rst level
optimization,andDty, Dry arethevariables.Note,now thecontain-
mentfunctiong;; is computedrom every vertex of A(q,) (instead
of A(qo)) andeachfaceof B. Letusfurthersetu, = D+ t1x  tok
andvi = Drg+ rix  rok. In this casewe canrewrite the second
level optimizationproblemin Eq. (12) as:

3 3
min Z= § jud+ R jv;

k=1 k=1 (13)
subjectto gf(u;v) 0 8i;j;

wheregilj is obtainedrom g;; in Eq. 12 by thechangeof variables:
u=Dt+t; tgandv=Dr+ry rq.

The objective functionin the optimizationsystem(Eg. (13)) con-
tainsabsolutearithmeticoperations We replacegjuyj with u‘k‘ + U
in the objectie function, anduy with u; U, in the containment
functiongilj,whereu; U Ofork=1;2;3. A similarreplacement

is performedor vi. After thereplacementpally weformulatethis
optimizationproblemasa linearprogrammingoroblem:

min Z= § (uf + u )+ RV} + v );
k

subjectto gﬁ-(u";u viiv) 0 8ij (14)

U UiV v,e  Ok= 1,23

Wheregizj is obtainedrom gilj by the changeof variables.

By solving Eq. (14), we getuy ;u, ; Vg ;V . Usingthesolution,we
cancomputeDty,,; Dty ; Dry, andDr ., whichyieldsanew con g-
urationgs to replaceq;. This processs iterateduntil the objectve
Z in Eq. (14) corvergesto a local minimum. At this stage,since
u; s Uy ;v; 1V, arezeroespur small-angleapproximatiorbecomes
accurateandA is forcedto bedisjoint from B. After computingan
optimalcontainingplacementy, of A, we computeanupperbound
on PDM usingEq. (3).



6 PDY Estimation for Non-Convex Objects

In this section,we presentour algorithmto ef ciently computea
lower boundandan upperboundon PD¢ betweemon-cowex ob-
jects. Our algorithmis built on the propertiesof PD9, presentedn
Section4 andSection5.

6.1 Lower Bound on PD®

Our algorithmto computea lower boundon PD9 is basedon the
factthat PDY is equalto PD} for corvex polyhedra. As a result,
we computea lower boundof PD? by rst computingthe inner
corvex coversfor eachinputmodelsTheinnercornvex cover refers
to a setof convex pieceswhoseunion is a subsetof the original
model [Milenkovic 1998; Cohen-Oret al. 2002]. Next, we take
themaximumvalueof PD}'s betweenrall pairwisecombinationsof
corvex pieces.Theoverallalgorithmproceedss:

1. Asapreprocessing;omputeinnercorvex coversfor AandB
i,e.,[AA Aand[B;j B whereA;B; arecorvex sets,but
arenot necessarilylisjoint from eachother

2. Duringtherun-timequery placeA; atthecon gurationg, i.e.
computeA;i(q).

(a) Performcollision detectionto checkfor overlaps.

(b) If the pair overlaps,let PDE = PD‘((A@(q);Bj); other

4. Finally, PD¥ = max PD}) for all k.

6.1.1 Translational Penetration Depth Computation

In our method,the lower boundon generalizedPD? computation
is decomposeihto a setof PD' queriesamongcornvex primitives.
The PO} betweentwo corvex polyhedracan be computedusing
thealgorithmspresentedn [Cameronl997;vandenBergen2001;

Kim etal. 2002b]. ThesemethodscomputePD! by calculatingthe
minimumdistancefrom the origin to the surfaceof the Minkowski

sumof thetwo corvex polyhedra.

Sincewe arecomputingalowerboundto PD9, thisimposeghatthe
PD' computatioralgorithmusedby our methodshouldcomputean
exactvalueor alowerboundto thePD!. In particular thealgorithm
proposedy Cameron1997] satis esthis requiremenandGino's
algorithm[2001] alsoprovidesatight lower bound.

6.1.2 Acceleration using Bounding Volume Hierarchy

Our lower boundto PD? computationcan be acceleratedy em-
ploying a standardboundingvolume hierarcly. For two disjoint
convex piecestheir PD' correspondso zero. Typically thereare
mary disjoint pairwisecombinationf corvex piecesAi; Bj). We
detectsuchdisjoint pairs using an orientedboundingbox (OBB)
[Gottschalket al. 1996] hierarcty andprunethemaway.

6.1.3 Analysis

The computationalcompleity of the lower bound PD9 is deter
minedby the numberof corvex piecesdecomposeérom therobot
A andthe obstacleB, andthe geometriccompleity of thesecon-
vex pieceswhichis determinedy thetotal numberof featuresof
theresultingconvex pieces.Let m, n be the numberof the corvex
piecesof A andB, respectiely. Let the geometriccompleity of
the corvex piecesof A andB be a andb, respectiely. Then,the

Figure5: Sepaating plang corvex sepagator and non-cowvex sep-
arator: (a). L, and L, are sepaating planes,which sepaate A°
and B, and A%%and B respectively(b). S; is a sepaator, which is
composedby a setof piece-wisdinear plane S; sepaatesA®from
B. A sepaator is calledcorvex (i.e. S), if it lies onthe boundary
o[)its corvex hull. (c). A non-cowex sepaator S, sepaatesA from
B~

averagenumbersof featuresin eachpieceof A andB are & and

kﬁ’, respectiely. Using computationatompleity of translational
PD, we canderive that the computationacompleity of PD9Y for

2D rigid objectsis O(an+ bm), andfor 3D rigid objectsis O(ab).

6.2 Upper Bound on PD?

One simple way to computean upper boundto PD9 for gen-
eral non-cowex objectsis to computethe PD! betweentheir

corvex hulls. This correspondsto an upper bound because
PDY(A;B)  PD3(CH(A);CH(B)), and the latter is equal to

PD'(CH(A); CH(B)), thanksto Theorem1. In practice,this up-

per boundis relative simpleto compute. However, this algorithm

could be overly conserative for non-cowex models,asshavn in

Figs.3 and4.

PD'(A; B) is alsoanupperboundon PDY(A; B). However, this can
resultin a conserative upperboundin practice. Sincethe com-
putationalcompleity of exact computationof PD{(A; B) for non-
corvex modelscanbe high, currentapproachesypically compute
anupperboundof PD'(A; B) [Kim etal. 2002a].

We presentan algorithmto computean upperboundon PD9 for
non-cowex polyhedraby reducingthis problemto a setof contain-
mentoptimizationsub-problemgasde nedin Sections).

6.2.1 Algorithm Overview

Given two disjoint non-cowex objectsA andB, thereis eithera
single separatingplanebetweenthe objects(as shovn in Fig. 5-
(a)) or thereis a setof piecaviselinearsurfaceswhichis calleda
sepaator [Mount 1992]. (Figs. 5 -(b) and-(c)). More precisely
the separatois de ned asa simple piece-wiselinear surfacethat
dividesthespacento two half-spacesTheseparatocanbeanopen
surfaceor aclosedsurface.A separato6is corvex if andonly S
T(CH(9), asshavn in Fig. 5-(b). Otherwise the separatois non-
corvex, asshavn in Fig. 5-(c). A singleseparatingplanecanbe
regardedasa specialcaseof a separatarHowever, we speci cally
usethetermseparatoto referto the non-planeseparator

OurupperboundPDY(A; B) computatioralgorithmproceedssfol-
lows: during the preprocessinghase we enumeratell possible
separatingplanesandcorvex separatorby analyzingthe corvexity
of theboundaryof B. During the queryphasefor eachseparating
planeL (or eachconvex separatofS), we computean upperbound
on Dg distancevhenA is separatedrom B with with respecto the
separatinglanel (or separatof) usingthetechniquedescribedn
Sec.5. Theminimumover all theseupperboundsyields a global
upperboundon PD?. Now we explain how to ef ciently enumerate
L andSaspartof the preprocessingtep.



Figure6: The hammer'example: (a) Whenthe "hammer'is at timet=0, it collideswith the “notch’. (b) Thecollision-free placemenbf the
“hammer‘for scenario(a). e useour containmenbptimizationalgorithmto get this freecon guration, which realizesthe UB1(PD9). (c)
Thehammer'at timet=0.5. (d) Thecollision-freeplacements computedor scenarioto gettheU B4 (PD9)

6.2.2 Separating Planes

Thesetof all possibleseparatinglaness includedin thecomple-
mentof the corvex hull of B. Accordingto Theoreml, PD? = PO}
for corvex objectsandtheminimumDyg distancewith respecto all
theseseparatinglaness PD!(CH(A); CH(B)). Thismeanghatthe
computationof PDF(CH(A); CH(B)) implicitly takesinto account
all possibleseparatinglanes. Therefore,we neednot enumerate
ary separatinglanesexplicitly duringthe preprocessinghase.

6.2.3 Convex Sepaators

Any separatofs dividesthewhole spacento two half-spacesOne
half-spacavouldincludetheobjectB. We canregardtheotherhalf-
spaceasa container PlacingA insidethe containeris equivalentto
makingA andB disjointwith respecto eachseparato8. Therefore,
the computatiorof the minimum Dy distancefor Scanberegarded
asa 3D corvex containmenbptimizationproblem. By applying
two levelsof linearprogrammingoptimizationalgorithm,discussed
in Sec. 5, we computean upperboundof PD? for eachconvex
separatoS. The minimum of all PD9 over all enumerateaonvex
separatoryieldsanupperboundon PD9.

6.2.4 Convex Separators Enumeration

Enumeratingconvex separatorsf B canbe performedasa prepro-
cessing.This stepcanberegardedascomputinga cornvex covering
of the complemenspaceof B. Giventhefactthatwe arecomput-
ing an upperboundof PDY, the conserativenesf the separator
enumeratiordoesnot affect the correctnessf our algorithm.

We usethesurfacecorvex decompositiorior thecomplemenspace
of B [Ehmannand Lin 2001]. We discardthe surface with one
facefrom the surfacedecompositionsincetheseplaneshave been
processea@sseparatinglanes.

Moreover, if the geometryof input A andB is very comple, i.e.
high polygoncountor anumberof featuresye computeasimpli -
cationof eachprimitiveto computeacoarsemodelA® B2 If A A9
andB  BO it is easyto provethatPDI(A;B)  PDY(A%BY. There-
fore, we cancomputethe upperboundby applyingour algorithm
onthesesimpli ed models.

6.2.5 Sepaator Culling

We cancull someof the separatorby makinguseof the currently
known upperboundon PD? duringary stageof thealgorithm.If the
separatois fartheraway from the objectA thanthe currentupper
bound,we candiscardthis separatarWe usethe PD' betweerthe
two corvex hulls of input modelsasaninitial upperboundof PDC.

Figure7: Comparisorof lowerandupperboundson PD9 for *ham-
mer' example Thelower and upperboundson PDY betweerthe
“hammer'and the “notch' modelsare computedover all interpo-
lated con gurations. Thedash-dotblue curve LB(PD) standsfor
the lower boundof PD? by computingpairwisetranslational PD.
ThedashededcurveU B, (PDP) standsfor theupperboundof PD?
computedoy the translational PD of their corvex hull. Thesolid
greencurveU B, (PD¥) highlightsthe upperboundof PD? by using
our containmenbptimizationwhich alwayslies betweerl. B(PDY)
andUBy(PDR). In thisexample UB; (PD9) is lessthanU B,(PDY)
for mostof timet.

7 Implementation and Performance

We have implementedour lower and upper bound computation
algorithmsfor generalized®D computationbetweennon-cowex

polyhedraWe havetestedburalgorithmsfor PD9 onasetof bench-
marks, including “hammer' (Fig. 6), "hammerin narrov notch’

(Fig. 9), “spoonin cup' (Fig. 8) and pawn' (Fig. 10) examples.
All the timings reportedin this sectionwere taken on a 2:8GHz
PentiumlV PCwith 2 GB of memory

7.1 Implementation

Lower bound on PDY. In ourimplementationthecornvex cover-
ing is performedasa preprocessingtep.Currently we usethe sur
facedecompositiomlgorithmproposedy [EhmannandLin 2001],
which canbe regardedasa specialcaseof corvex covering prob-
lem. In orderto computethe PD' betweertwo corvex polytopes,
we usethe implementationavailable as part of SOLID [van den
Bergen2001]. In orderto accelerat¢his algorithm,we precompute



Figure 8: The ‘cup' example The left columnshowsthe place-
mentsof the “spoon'in the “cup’, whent=0.0, t=0.5, and t=1.0,
respectively At all of theseplacementsthe “spoon’ collideswith
the cup'. Theright columnshowsthe collision-freecon gurations
which are realizedfor UB;(PD?) at eact.

an OBB hierarcly [Gottschalket al. 1996] and usethe bounding
volumesto conseratively cull cornvex pairsthat do not intersect
with eachother

Upper bound on PDY. Thepreprocessingtepof corvex sepa-
ratorenumeratiorcanbe regardedascorvex decompositiorof the
complemenbf the input model. In our implementationwe used
the surface decompositioralgorithm to generatea set of convex
surface§EhmannandLin 2001]anddiscardthe surfaceshathave
only oneface. For eachconvex separatqrwe usethe containment
optimizationtechniguedevelopedin Sec. 5 to computean upper
boundon PDY. Moreover, we usethe QSopt 1 packageto solve
thelinearprogrammingproblems.In orderto acceleratehe upper
boundcomputationwe conseratively cull the corvex separators
thatarefartheraway thanthe currentupperboundon PD9.

7.2 Performance

We usedifferentbenchmarkgo testthe performance.Our exper

imental setupis asfollows. Eachbenchmarkincludestwo poly-

hedralmodelsA and B, whereA is movableandB is x ed. The
modelA is assignedh staringcon guration o andanendcon gu-

rationq:. We linearly interpolatebetweerthesetwo con gurations
with n intermediatecon gurations(i.e. n samples).For eachin-

terpolateccon gurationq= (1 t)qp+ tgs, t 2 [0;1], we compute
variousboundsfor PD9 betweerA(q) andB, including:

1. LB(PD®): Thelower boundon PD? basedon pairwisetrans-
lational PD} computation.

2. UB1(PD¥): Theupperboundon PDY computedby contain-
mentoptimization.

3. UBy(PD¥). The upperboundon PD9Y basedon the transla-
tional PD' computatiorbetweertheir corvex hull.

Ihttp://iwww2.isye.atech.edu/"wcook/gsopt/

In orderto getaccurategiming pro ling, we runour PD algorithms
for eachcon guration with a batchnumberb. The averagetime
for eachboundcomputationis thetotal runningtime onall samples
over the productof the numberof samplesaindthe batchnumberb.

‘Hammer' example. Fig. 6, andTah 1 andFig. 7 show the
resultsand timings for the ‘hammer'example. In this case,the
"hammer' model has 1,692 triangles, which is decomposednto
214 corvex pieces. The ‘notch' modelhas28 triangles,which is
decomposethto 3 corvex piecesandthereis a notch(i.e. corvex
separator)jn the centerof the “notch’ model. Initially (at t=0), the
"hammer'intersectswith the “notch' asshavn in Fig. 6(a). Fig.
6(b) shavs a collision-freeplacemenbf the "hammer’,which cor
respondso the positionaftermoving by UB1(PDY). Accordingto
Fig. 7, thevalueis UB,(PD9) = 4:577083,which is greaterthan
LB(PDM) (0.744020)ndlessthanU B,(PDY) (6.601070).

For this example ,we generatel 01 sampledor the  hammer'when
it is rotatedaroundthe Z axis. The rotationmotionis linearly in-
terpolatedrom the con guration (0;0;0)T to (0;0; p)T. Fig. 6(c)
shavstheplacemenof the hammer'att = 0:5. Fig. 6(d)is thecor
respondingollision-freeplacementywhichrealizesheU B, (PD9).

We alsocomparethe lower andupperboundson PDY over all the
con gurations.In Fig. 7, the solid greencurwve highlightsthevalue
of UB;(PDM) betweerthe thammer'andthe "notch' over all inter-
polatedcon gurations.Thedashededcurve,which correspondo
UB;(PD?), alwayslies betweenLB(PDY) andUBy(PD?). In this
example,U B, (PD9) is lessthanU B,(PD9).

The timing for this exampleis shavn in Tah 1. We run the PD?
algorithm5 times(b=5) for all the con gurations(n=101).Theav-
eragetiming for LB(PDF), UB;(PD9), andUB,y(PD?) is 1.901ms,
21.664msand0.039mgespectiely.

"Hammer in narrow notch' example. We performa similar
experimenton "Hammerin narrov notch' example(Fig. 9) to test
therobustnes®f ouralgorithm. This exampleis modi ed from the
“hammer'example,wherethe size of the notchis decreaseduch
thatthereis only narrov spacefor the ‘hammer'to t inside. Our
algorithmcanrobustly computethe lower andupperboundson PD
for this example. Fig. 11 comparethe lower andupperboundson
PDY overall samplecton gurations(n=101).Thethird row of Tah
1 shaws the performancef our algorithmfor this example.

"Spoon in cup' example. We apply our algorithmon morea
complex scenariosuchasshavn in Fig. (8). In this example,the
“spoon’ model has 336 triangle and is decomposednto 28 con-
vex pieces. The “cup' modelhas8,452triangles. We get 94 con-
vex piecesand53 convex separatorgfter simplifying the original
modelto 1,000triangles.

In Fig. 8, theleft columnshaws the placement®f the “spoon'in

the “cup’, correspondingo t = 0:0,t = 0:5, andt = 1:0, respec-
tively. At all theseplacementsthe “spoon’collideswith the “cup'.

Theright columnof this gure shaws the collision-freecon gura-

tionsthatarecomputedbasedon UB(PDF) in eachcase.We also
compareour computedower boundandupperboundsover all the
sampleg(n=101), which is shavn in Fig. 8. The timing perfor

mancefor this exampleis alsolistedon Tah 1.

‘Pawn' example. The lastbenchmarkusedto demonstratehe
performanceof our algorithmis the “pavn' example. As Fig. 10
shaws, thelarge pavn' is x ed,while thesmalloneis moving. The



Figure 9: The 'hammerin narrow notch' example This exampleis modi ed from the "hammer'example whee the sizeof the notch is
deceasedsud that there is only narrow spacefor the *hammer'to t inside (b) and (d) showsthe placemenbf the ‘hammer'at t=0 and
t=0.5. (c) and(e) are their correspondingon gurationsrespectivelywhich realizetheUB1(PD?). ThecomputedJ B;(PD9) is tighter than

theU B,(PDF) for mostof timet.

Figure 10: The ‘pawn' example Thelarge ‘pawn'is xed and
thesmalloneis movable (a) showsthe colliding placemenbf the
‘pawn' att = 0. (b) showsits correspondingcollision-free place-
ment,which is computedasedon U B, (PDF).

Figure11: Comparisorof lower and upperboundson PD9 for the
“hammeiin narrow notch' example

Figure12: Comparisorbetweerlower and differentupperbounds
on PDY for “cup' example

Figure13: Comparisorof lower and upperboundson PD9 for the
‘pawn’ example

“pawvn’ modelhas304trianglesandis decomposethto 44 corvex
pieces. The large "‘pavn' has43 corvex separators.Fig. 10(a)
shaws the colliding placemenbf the ‘pavn' att = 0. Fig. 10(b)
shaws its correspondingollision-free placementwhich is com-
putedbasedon UB;(PD?). 13 compareghe lower boundandup-
perboundsover the sampledcon guration (n=101). Tah 1 shawvs
the averagetime to computethe lower and upperboundsover all
con gurations.

8 Application to Motion Planning

In this section,we apply our lower boundon PD? computation
algorithmfor completemotion planningof planarrobotswith 3-

DOF. The completemotion planningchecksfor the existenceof a

collision-freepath or reportsthat no suchpathexists. It is differ-

ent from motion planningalgorithmsbasedon randomsampling,
which cannot checkfor pathnon-eistence.

8.1 C-obstacle Query

We mainly useour lower boundon PD? computatioralgorithmto
performthe C-obstaclequery. This queryfor a given C-spaceis
formally de ned ascheckingwhetherthe following predicateP is
alwaystrue[Zhangetal. 2006b]:

P(A’BQ): 892 Q; A(q)\ BE D (15)

Here,Ais arobot, B representsbstacleandQ is a C-spaceorim-
itive or acell; A(q) representshe placemendf A atthe con gura-



| | Hammer| H2? [ Spoon | Pawn |
A Hammer | Hammer| Spoon Small
tris# 1,692 1,692 336 304
corvex piecest 215 215 28 44
B Notch Notch Cup Large
tris # 28 28 8,452 304
corvex piecest 3 3 94 44
separato# 1 1 53 43
sample# (n) 101 101 101 101
batch# (b) 5 5 5 5
t for LB; (ms) 1.901 4.300 6.127 4112
t forUB; (ms) 21.664 | 108.024 | 1027.014| 482.511
t for UB;, (ms) 0.039 0.053 0.154 0.055

Table1: Thistable highlightsthe bendmarksusedto testthe per
formanceof our algorithms.Thetoprowsin thetablelist themodel
compleity and the bottomrowsreportthe time taken to compute
the lower and upperboundsto PD9 on a 2:8GHz PentiumlV PC.
"H27?' is the example hammerin narrow notdh'.

tion g. Q maybealine segment,a cell or a contactsurfacethatis
generatedrom theboundaryfeatureof therobotandtheobstacles.

The C-obstaclequeryis usefulfor cell decompositiorbasedalgo-

rithmsfor motionplanning[Latombe1991]. Thesealgorithmssub-
divide thecon gurationspacento cellsandneedto checkwhether
a cell is fully containedeitherin the free spaceor in C-obstacle
space Thefree spaceis the setof all collision-freecon gurations
of the robot. The C-obstaclespaceis the complemenof the free-

space. The C-obstaclequery checkswhethera subsetof the C-

spaced(i.e. Q) fully liesin the C-obstaclespace.

The C-obstaclequeryalsoarisesin samplingbasedapproachefor
motion planning,especiallycompletemotion planning. Thesein-
cludethe starshapedoadmapalgorithm[Varadharand Manocha
2005],which is a deterministicsamplingalgorithmandsubdvides
the con guration spaceinto a collectionof cellsin a hierarchical
fashion. Giventhatthe time and spacecompleity of thesemeth-
odsgrows quickly with the level of subdvision, it is importantto
identify cellsthatlie in C-obstaclespaceandno furthersubdvision
is executed.

Another bene t of the C-obstaclequery is to determinenon-
existenceof ary collision-freepath. The methodsin [Zhangetal.
2006a;Varadharand Manocha2005] concludethat no pathexists
betweenthe initial and goal con gurationsif they are separated
by C-obstaclespace. Thesemethodscan be performedusing the
C-obstaclequeryto identify theseregionswhich lie in C-obstacle
space.

In orderto efciently performC-obstaclequeryfor ary cell in C-

spacewe computethePDY by settingits con gurationasthecenter
of the cell. Thenwe compareit with the maximalmotionthatthe
robotcanundego whenits con gurationis con ned within a cell

[Schwarzeret al. 2005]. If the lower boundof PDY is larger than
the upperboundof the maximalmotion, we concludethatthe cell

(i.e. Q) fully liesin C-obstaclespacgZhangetal. 2006b].

8.2 Experimental Results

We apply our C-obstaclequery algorithmto improve the perfor
manceof adeterministicsamplingmotionplanningalgorithm- the
starshapedoadmapmethodby [VaradharandManocha2005]. To
demonstratehe effectivenessof our C-obstaclecell query we de-
ne thecell culling ratio asthe numberof cellsin C-obstaclespace

Figure14: This gur e illustratesan applicationof our C-obstacle
queryalgorithmto speedum completemotionplanner- the star

shapedoadmapalgorithm. In this example the objectGearneeds
to move from initial con guration A to goal con guration A° by
translatingand rotating within the shadedrectangular2D region.

We showtherobot'sintermediatecon gurationsfor thefoundpath.
Usingour C-obstaclequery we canachieve about2.4 timesspeed
up for the starshaped-oadmapalgorithmfor this example

Gear
Cell Culling Ratio 75.21%
Time PerCell Culling(ms) 0.12
Time of Original Method(s) 2614
Time of AcceleratedVethod(s) 110.4
Speedup 2.4
Time for C-obstacleCell Query(s) 13.3

Table 2: Performancefor C-obstacleCell Query: For the Gear
example our query can identify about 75.21% C-obstaclecells.
The average querytime is about0.12ms. Basedon PDY compu-
tation and C-obstaclequery we improve the performanceof the
star-shapedmotionplanningalgorithmby 2.4timesin this case

identi ed by our queryalgorithmover the total numberof cellsin
C-obstaclespace.

Tah 2 illustratesthat our C-obstaclequeryalgorithmcanachieve
75.21%cell culling ratioin our GearbenchmarkTah 2 alsoshowvs
thatthe averagetime for eachC-obstaclequeryin the Gear exam-
ple is about0:12ms In this complex 2D scenariothe C-obstacle
queryalgorithmimprovesthe performancef the motion planning
algorithmby 2.4times.

9 Limitations

Our PD? computationalgorithmhasa few limitations. Given the

compleity of exact PDY computationfor non-cowex polyhedra,
we only computelower and upperboundsand not the exact an-

swer Moreover, the corvex containmentoptimizationalgorithm
thatlinearizesthe rotationalcomponentannot guaranteea global

minimum. The boundscomputedby our algorithm also depend
on corvex covering and separatoenumeratiorof the non-cowex

polyhedra,performedas part of preprocessingtep. As a result,
we areunableto provide ary tight boundson the approximatiorto

PD? computedby our algorithm. However, in mostpracticalcases
the extentof penetratioris smallandwe expectthatour algorithm
would computea goodapproximation.



10 Conclusions and Future Work

We have addressethe problemof generalized®D computatiorbe-
tweennon-covex modelswhichtakesinto accountranslationahs
well asrotationalmotion. To the bestof our knowledge,thisis the
rst algorithmfor general3D polyhedramodels.We presenthree
main resultsrelatedto PD? computation. Speci cally, we shav

thatfor convex modelsgeneralizedD is the sameastranslational
PD.We alsopresenpracticalalgorithmsto computethe upperand
lower boundson PD? for non-cowvex models.

Our empirical resultsshav that we can efciently computethe
lower andupperboundsof generalizedD for non-cowex objects.
We alsouseour algorithmfor completemotion planningof polyg-
onalrobotswith 3-DOF C-space.

Future Work. Thereare mary avenuesfor future work. On a

theoreticakide,therearetwo openquestionavith respecto gener

alizedpenetratiordepth: how to formulatethe distancemetric Dy

and computethe PD9 for non-cowex modelsin a computational
tractableway. It would be usefulto derive tight boundson the ap-
proximations(i.e. the lower andupperbounds).Furthermorewe

would like to useour algorithm for otherapplications,including

motion planningin 6-DOF C-spacedynamicsimulationandtoler-

anceveri cation.
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