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Abstract
We presenttechniquesto ef�ciently computethe distanceundermax-normbetweena point and a wide classof
geometricprimitives.We formulatethedistancecomputationasan optimizationproblemandusethis framework
to designef�cient algorithmsfor convex polytopes,algebraic primitivesandtriangulatedmodels.Weextendthem
to handlelarge modelsusing boundingvolumehierarchies,and userasterizationhardware followed by local
re�nementfor higher-orderprimitives.We usethemax-normdistancecomputationalgorithmto designa reliable
voxel-intersectiontestto determinewhetherthesurfaceof a primitiveintersectsa voxel.Weusethistestto perform
reliablevoxelizationof solidsandgenerateadaptivedistance�elds that providesa Hausdorff distanceguarantee
betweentheboundaryof theoriginal primitivesandthereconstructedsurface.

1. Intr oduction

The notion of a distancefunctionbetweentwo elementsof
a metricspaceis fundamentalin variousbranchesof math-
ematicsandappliedsciencese.g., approximationtheoryand
numericalanalysis.It is considereda fundamentalproblem
in geometriccomputationandrelatedareasincluding robot
motion planning27, implicit andvolumemodeling15; 32; 47,
surface reconstruction12; 21, physically-basedmodeling 4,
computer-aideddesign14, etc. This problemhasbeenac-
tively studiedin different�elds andmostof the algorithms
have beenproposedfor ef�cient computationof Euclidean
distancebetweentwo sets.

In this paper, we mainly focuson themax-norm(or l1 )
distancecomputation.Under this norm, the distancebe-
tweentwo pointsx andy (in d dimensions)is represented
asD1 (x;y) andis de�ned as

D1 (x;y) = max
i

jxi � yi j; i = 1;2; : : : ;d (1)

We canextendthis de�nition for distancebetweena point
p anda setS � Rdy. Computingdistancesunderthe max-
norm is different from the Euclidean-norm:l1 is not in-
ducedby aninnerproductspace,sonotionsof orthogonality

y D1 (p;S) = infs2S D1 (p;s)

for distancecomputationcannotbeused.Themax-normdis-
tanceproblemarisesin differentapplicationincludingplan-
ning underuncertaintyusingMarkov decisionprocessesin
machinelearning19; 44, de�ning discreteobjectsunderthe
supercover model 3, imageanalysis30, dynamicsandcon-
trol systems17; 48, toleranceanalysisandNC machining14; 40,
andvolumegraphics15; 47. Unlike Euclideandistancecom-
putation,noef�cient andpracticalalgorithmsareknown for
max-normcomputation.

Oneof our motivationsfor max-normcomputationarises
from voxelizationof geometricprimitives in R3. Given a
geometricscenedescription,voxelization dealswith tech-
niquesthatgeneratea discretesetof voxels to approximate
the continuoussceneasfaithfully aspossible43. Voxeliza-
tion is usedin ray tracing 46 and volume rendering32; 47,
implicit modeling22; 24, shaperepresentation15 andmodel
repair 36. In order to producean accuratevoxelizationand
guaranteeHausdorff-distanceapproximation,it is essential
to know whetheror not somepart of the geometricmodel
passesthrougha voxel. We refer to this test as the voxel-
intersectiontest. Sincevoxelsandiso-distanceballsfor max
norm areboth cuboids,an exact voxel-intersectiontestcan
beperformedby computingthemaxnormdistancebetween
thecenterof thevoxel andtheprimitive.

Main Contrib utions In this paper, we presentalgorithms
for ef�cient max-norm distancecomputationsbetweena
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point and a wide classof geometricprimitives. We ana-
lyze theproblemof max-normcomputationandreduceit to
anoptimizationproblem.Basedon our optimizationframe-
work, we presentef�cient and specializedalgorithmsfor
convex polytopes,algebraicprimitivesandpolygonalmod-
els. We also presentef�cient techniquesbasedon bound-
ing volumehierarchiesandrasterizationhardwareto extend
thesealgorithmsto largemodels.Overall,weshow thatmax-
normcomputationis no moreexpensive thantheEuclidean
case.On the contrary, in many casesit is cheaperto com-
putebecausethecorrespondingdistancefunctionsarelinear
ratherthanquadraticandwe utilize this propertyto develop
ef�cient algorithms.

We demonstratethe applicationof max-normdistance
computationto performthevoxel-intersectiontest.It is used
to generatean adaptive distance�eld (ADF) of complex
modelsde�ned usingBooleanoperationswherethe under-
lying modelsconsistof polyhedra,quadricsand tori. The
ef�cient voxel-intersectionteststakesa smallpercentageof
additionaltime in termsof ADF generationandguarantees
nomissedcomponentsandaboundedHausdorff-erroronthe
approximatedsamplesaswell asthereconstructedsurface.

Someof ournew resultsinclude:

� An optimization-basedframework for max-normcompu-
tation.

� An equationsolvingapproachfor algebraicprimitives.
� Specializedalgorithmsfor convex polytopes,quadricand

triangulatedmodels.
� An ef�cient graphicshardware-basedapproximatesolu-

tion for generalmodels.
� An ef�cient andexactvoxel-intersectiontestfor voxeliza-

tion andADF computationbasedon l1 norm.

Organization Therestof thepaperis organizedasfollows.
Webrie�y survey relatedwork ondistancecomputationand
voxelizationin Section2. We reducethemax-normcompu-
tationproblemto anoptimizationproblemin Section3 and
presentspecializedalgorithmsfor convex polytopes,alge-
braic primitives and triangulatedmodels.We extend these
algorithmsusing boundingvolume hierarchiesand graph-
ics hardwareto handlelarge modelsandnon-convex prim-
itivesin Section4. We useour algorithmto performvoxel-
intersectiontestsandADF generationin Section5 andhigh-
lights its performanceondifferentbenchmarksin Section6.

2. Prior Work

In this section,we give a brief overview of prior work on
distancecomputation,voxelizationandadaptivesampling.

2.1. DistanceComputation

Theproblemof distancecomputationbetweenvariousprim-
itivesunderEuclideannormis well studiedin computational
geometry, robotics,andsimulatedenvironments.Somewell-
known algorithmsandsurveys of distancecomputationun-
derEuclideannormcanbefoundin Lin etal. 28; 29.

The distancecomputationundermax-normin itself has
notbeenextensively studiedin theliterature.However, there
is considerableamountof work for various geometricor
proximity computationsunderl1 norm.Theseincludethe
studyof l1 Voronoidiagramandits combinatorialandcom-
plexity 6; 8; 16; 25; 37; 38, and l1 skeleton computations2. In
particular, Papadopoulouet al. 38 have presentedO(nlogn)
algorithmsto computethe2D l1 Voronoidiagramof poly-
gonsandhighlighteditsapplicationtoVLSI layoutandman-
ufacturing.However, nopracticalalgorithmsor implementa-
tionsareknown for 3D l1 Voronoidiagramsof pointsetsor
higherorderprimitives.

2.2. DistanceFieldsand Voxelization

Many ef�cient algorithmsare known to computethe dis-
tance�elds andtheirgradientsatany point in space.A good
overview of thesealgorithmshasbeengivenin Cuisenaire's
dissertation11. A key issuein generatingdiscretesamples
is the underlyingsamplingrate.Someof the commonal-
gorithmsusean adaptive re�nement strategy basedon an
octree,and only split thosecells that contain a piece of
the �nal surfacein a top-down manner. However, the cri-
terionfor performingthecontainmenttest,i.e., whetherthe
surfacepassesthrougha voxel, may not be robust. Many
authorshave usedcurvatureinformation in generatingthe
distancesamples18; 42. Moreover, Frisken et al. 15; 39 have
presentedbottom-upandtop-down methodsfor generating
ADFsbasedonpiecewisetri-linear interpolation.

3. DistanceComputation under l1 Norm

Theproblemof computingthedistanceunderany normfrom
a point to a setcanbeposedanoptimizationproblem.Our
goalis to utilize thespecialstructureof thedistancefunction
andthe underlyingsetS to formulateef�cient algorithms.
Computingthe max-normdistanceof a point from a set is
substantiallydifferentfrom theEuclideancasein severalre-
spects.First, thedistancemetric is not smoothwith respect
to its variables.Secondly, unlike l2 space,l1 spaceis not
an inner productspace.The relationshipbetweenorthogo-
nality andminimum distancesin inner productspacescan
bevery powerful in formulatingtheseproblemswithout us-
ing optimization.In the minimum distanceproblem,these
differencestranslateto changesin both the algorithmicap-
proachandthecharacteristicsof thesolution.In the restof
this section,we �rst presentan optimizationbasedframe-
work to computethe max-normand later presentspecial-
ized algorithmsfor convex polytopes,algebraicprimitives
andtriangulatedmodels.

3.1. Optimization Framework

Let S bea setconsistingof pointssatisfying fi(x) � 0; i =
1;2; : : : ;n, whereeach fi is a non-linearanalytic function.
Ourgoalis to computethedistancefrom apointp to theset
S. Without lossof generality, we assumethat thepoint p is
theorigin anddoesnotbelongto S.
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We explain our algorithm for the 2D case�rst. Con-
sider partitioning the planeinto regions suchthat the dis-
tancefrom any point in a region to theorigin is determined
by the samecoordinate.This partition exists becauseof
the de�nition of the norm. As shown in Fig. 1(b), the re-
gions wherethe x1-coordinatedeterminesthe l1 distance
is given by the setsRx11 = f x1 � x2 � 0 ^ x1 + x2 � 0g
andRx12 = f x1 � x2 � 0 ^ x1 + x2 � 0g. Eachregion,Rx11

andRx12, is boundedby two linearconstraints.The regions
wherex2 determinesthedistance,Rx21 andRx22, areobtained
by similar linear constraints.The four regionsfor the two-
dimensionalcaseis shown in Fig. 1(b).

Now let us assumethat we arerestrictedto onesuchre-
gion, sayRx11. By addingthe additionalconstraintfor x to
belongto S, our constraintspaceis restrictedto a portion
of the primitive lying insideRx11. We can�nd the shortest
distancefrom theorigin to this partof thesurfaceby mini-
mizingx1. Notethatif ourconstraintspacewascontainedin
Rx12, ourobjective functionwouldbeto minimize� x1. This
is asimplelinearfunction.

Extendingthis formulationto thed-dimensionalcase,we
seethat the underlyingspaceis partitionedinto 2d regions
(eachregionformedby 2(d � 1) linearconstraints)andeach
coordinatedeterminesthe distancein two regions.For ex-
ample,the regionswherethe ith coordinatedeterminesthe
distanceareRxi1 =

T
j6= i; j= 1;:::;d(xi � x j � 0 ^ xi + x j � 0)

andRxi2 =
T

j6= i; j= 1;:::;d(xi � x j � 0 ^ xi + x j � 0). Wehave
now reducedourminimumdistancecomputationproblemto
solving2d non-linearoptimizationprograms.Eachprogram
hastheform

minimize hTx;

subjectto fi(x) � 0; i = 1;2; : : : ;n; (2)

and gT
j x � 0; j = 1;2; : : : ;2(d � 1):

where hT =
�
0;0; : : : ; � 1;0; : : : ;0

�
(the non-zeroentry

andits signis determinedby theoneof the2d regions)and
gj is determinedby theboundingconstraintsof regionsRxik .

We usethe above formulation to develop ef�cient algo-
rithmsfor thethecaseof convex primitives.For thecaseof
generalnon-convex implicit functions,wedevelopastrategy
basedon the graphicshardware to computea good initial
guess.This is presentedin section4.2.

3.1.1. DistanceComputation for ConvexPrimiti ves

In this subsection,we presentan exact algorithm to com-
pute the distanceunder l1 norm from a point to a con-
vex primitive. The interior of a convex primitive satis�es
fi(x) � 0; i = 1;2; : : : ;n, whereeach fi is a convex func-
tionz. We solve the problemby dividing it into two cases

z A function f (x) is convex if f (l x1 + (1� l )x2) � l f (x1) + (1�
l ) f (x2); l 2 [0;1]

(a) (b)

Figure 1: Computingdistancefrom a point to a convex primitive
underl1 metric.(a) point insideprimitive (b) point outsideprimi-
tive

dependingon whetherthepoint p lies insideor outsidethe
primitive.

Point inside the primiti ve Considertheconvex primitive
andthepoint p in 2D asshown in Fig. 1(a).All pointsthat
areequidistantfrom p lie on the surfaceof an axis-aligned
squarecenteredat p. This relation is shown by the square
in the Fig. 1(a).Considergrowing sucha squarefrom the
point p. The shortestdistancefrom p to the surfaceof the
objectis realizedby a point on thesurfacethat �rst touches
the growing square(point q in the �gure). However, it is
easyto seethat for convex primitives only the verticesof
thesquarearepotentialcandidatesto touchthesurface�rst.
Thispropertyreducesthetaskof �nding thedistanceto that
of �nding theminimumfrom four directeddistancequeries.
The directionsin 2D are all possiblecombinationsof the
vectors

�
� 1=

p
2; � 1=

p
2
�
.

This techniqueis easilyextensibleto thed� dimensional
case.Wecanwrite themax-normdistanceas

D1 (p;S) =
1

p
d

min
i

D~vi
(p;S); i = 1;2; : : : ;2d;

where~vi is chosenfrom the set f� 1=
p

d;1=
p

dgd andD~v
is the directeddistancealongvector~v. Algorithms to com-
putethedirecteddistancebetweena point anda surfaceare
ef�cient andwell-known 24. This formulationis robusteven
in thepresenceof degeneracieslikeparallelfacetcon�gura-
tionsof theconvex objectandtheunit ball.

Point outsidethe primiti ve Considerthecasewhenp lies
outsidethe object as shown in Fig. 1(b). In this case,we
usethe optimizationformulation presentedin section3.1.
However in this case,theconstraintsdescribedin Eq. 2 are
all convex. This reducesthemoregeneraloptimizationfor-
mulationto a specialconvex programmingproblem.Many
convex programmingproblemscanbesolvedaccuratelyand
ef�ciently usinginterior point methods35. In section3.1.2,
we study the restrictedclassof convex primitives that are
composedof linearandquadricsurfacesthatareof interest
in applicationslikegeometricmodeling.
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3.1.2. DistanceComputation for Convex Polytopesand
Quadrics

For quadrics,we canwrite the interior of the primitive us-
ing quadricconstraintsxTAx + bTx + c � 0, whereA
is a symmetricpositive de�nite matrix, b is a �x ed vector,
and c is a constantscalar. The correspondingconvex pro-
gramis convertedto aspecialcasecalledsecond-ordercone
programfor whichanumberof ef�cient andimplementable
interior-pointalgorithmsareknown 31. Thesealgorithmsare
iterative in nature,andeachiterationtakestimethatis linear
in thenumberof constraints.Usingequation(2), thesecond-
orderconeprogramwesolve is

minimize hTx;

subjectto k A ix + bi k2� cT
i x + di ; i = 1;2; : : : ;n;

and gT
j x � 0; j = 1;2; : : : ;2(d � 1):

Theconstraintslistedabove alsoincludethespecialcase
of convex polytopes(by makingA = 0), wherethesecond-
orderconeprogramreducesto themorefamiliar linearpro-
gram.Many simpleandpracticallinear-time algorithmsfor
solving linear programmingproblemsin a �x ed dimension
areknown 41. Givena quadricprimitive in 3D, we solve six
coneprograms(eachwith four linearandonequadraticcon-
straint)andchoosetheminimumvalueamongthemto �nd
thetruedistance.

3.2. Equation Solving Approach for Algebraic Primi-
tives

In this subsection,we presentan approachbasedon equa-
tion solving to computel1 distancebetweena point p and
a primitive de�ned by analgebraicequationf (x) = 0. This
approachis applicableto bothconvex aswell asnon-convex
algebraicprimitives.If D is the distancebetweenthe point
andtheprimitive,thenunderthel1 metric,acubeof length
2D centeredatp touchestheprimitiveatapointx. Thepoint
x canlie onavertex, edge,or a faceof thecube(seeFig. 2).
Thisgivesriseto threecases:

� If x lies on the vertex of the cube(Fig. 2(a)), the taskof
computingmax-normdistancebetweenp andthe primi-
tive reducesto �nding thedistancealong8 directionsde-
�ned by

�
� 1=

p
3; � 1=

p
3; � 1=

p
3
�
. Thiscanbereduced

to anequationsolvingproblem.For example,if thevertex
is alongthedirection

�
1=

p
3; 1=

p
3; 1=

p
3
�
, thenwe

have thefollowing equations:

f (x) = 0

x� y = 0 (3)

x� z = 0

� If x lies on the edgeof the cube(Fig. 2(b)), sayan edge
alongz axis,it hasto bea local minima/maximawith re-
spectto z-coordinate.Thepartialderivative d f

dz is zeroat

(a)Vertex (b) Edge (c) Face

Figure 2: Distancebetweena point p anda primitive (shown as
shaded):Underthe l1 metric,a cubeof lengthequalto twice the
distanceandcenteredat p touchestheprimitive at a point x (shown
by blackdot). Thepoint x canlie on a vertex, edge,or faceof the
cube.

x. Moreover, x lies on theplanex� y = 0 (or x+ y = 0).
Thisgivesriseto threeequations:

f (x) = 0
¶f
¶z

(x) = 0 (4)

x� y = 0

� If x lies on a faceof thecube(Fig. 2(c)), saya faceper-
pendicularto x axis, it hasto be a local minima/maxima
with respectto y andz-coordinates.Thepartialderivatives
¶f
¶y and ¶f

¶z arezeroatx. Thisgivesriseto threeequations:

f (x) = 0
¶f
¶y

(x) = 0 (5)

¶f
¶z

(x) = 0

Dependingonwhethertheclosestpointx liesonavertex,
edge,or faceof thecube,it needsto satisfytheabove equa-
tions. We solve the above equationsfor eachvertex, edge
and faceof the cube.In general,the solution set of three
equationsin threeunknownsis zero-dimensional,andhence
�nite. We obtain a set X of feasiblevaluesfor x. We cal-
culateminx2 X k x� p k1 to obtainthemax-normdistance
D1 (p;S).

For algebraicprimitives, we needto solve a systemof
multivariate(in our case,threevariables)polynomialequa-
tions. For generalpolynomialsystems,thereareno closed
form solutions.Hence,this problemhasbeenstudiedexten-
sively in thesymbolicandnumericalalgebracommunityand
a numberof solutionshave beenproposed9; 10; 33. A general
techniqueto solving suchsystemsis to usesymbolictech-
niquesto eliminateall but oneof thevariablesandreducing
theproblemto solvingunivariatepolynomials.Consider, for
example,the systemin equation(3). It is easyto seethat
the variablesy and z can be replacedby x using the sec-
ondandthird equation.Substitutingthesevaluesinto f gives
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us the univariateequationf (x;x;x) = 0. In general,more
systematicalgorithmsto performtheeliminationareknown.
Oncewe reducethesystemto a univariatepolynomial,ef�-
cient,practicalalgorithmsfor computingits rootsareavail-
able5; 26. For the caseof quadricprimitives,all the system
of equations(equations(3), (4) and (5)) reduceto simple
quadraticequations.In caseof torus,we take advantageof
symmetryto reducetheproblemto solvinga polynomialof
degree8.

To handletransformedprimitives,we apply the inverse
transformationto thespacebeforeapplyingthefunction.Let
y = T(x) be a rigid transformationappliedto a primitive
de�ned by a function f . Thenthe transformedprimitive is
de�ned as f (T � 1(y)) = 0 in the world coordinatesystem.
Wesolve theequationsin thisspace.

Degeneratesystemsand extraneoussolutions

It wasmentionedearlier that, in general,a systemof three
equationsin three unknowns results in a �nite solution
set.However, thereare somedegeneratecon�gurations in
which the solutionsetmay not be zero-dimensional.Con-
sider, for example,a torus whoseaxis is along the x-axis.
In this case,¶f =¶y and¶f =¶z vanishsimultaneouslyalong
two circles on the torus. Therefore,the solution to equa-
tion (5) arepreciselythesecircleswhichis one-dimensional.
While algorithmsexist to computeonepointfrom eachhigh-
dimensionalcomponent9, weresortto specialcasehandling
of suchcon�gurationsfor theprimitivesweencounter.

During the eliminationprocessin root-�nding methods,
thereducedunivariatepolynomialmayaccumulateextrane-
ousfactors.Therefore,solutionof theunivariatepolynomial
maycontainrootsthatdo not satisfytheoriginal systemof
equations.Weeliminatesuchrootsby backsubstitution.

3.3. Triangulated Models

In caseof a non-convex polyhedronor triangulatedmodels,
we computethe l1 distanceby �nding distancefor each
polyhedralelementin theprimitive(i.e.,polygonor triangle)
andminimizing it overall. We explain how we computel1
distancebetweena point anda triangleef�ciently andalso
proposea hierarchicalmethodto extendthis triangle-based
computationto apolyhedralprimitive.

3.3.1. DistanceComputation for a Triangle

In section3.1.2,we presenteda procedureto computel1
distancetoaconvex polytopebasedonalinearprogramming
technique.Thedistancecomputationfor a triangle4 T is a
simplevariationof thesametechnique.In caseof a triangle,
we reducethe problemto computingintersectionsbetween
thetargettriangle4 T and12auxiliarypartitioningtriangles
4 B. In fact,these124 B's representthelinearconstraintsgj
highlightedin Section3.1.2; these12 constraintsare illus-
tratedin Fig. 3(a).Notice that even thoughthesegj 's form
unboundedpartitionsof 3D space,in practice,weboundthe

(a) 12 Partitioning
Triangles

(b) l1 Computation
for aTriangle

Figure 3: Computingdistancefrom a point to a triangleunderl1
metric.

partitionsby usinganaxis-alignedboundingboxof 4 T such
thattheboundaryof eachpartitionbecomesa triangle4 B.

Oncewe have the4 B's, thenext stepis to computeall pos-
sibleintersectinglinesbetween4 T and4 B's,andto extract
theirendpoints.Then,thel1 distancefrom aquerypoint to
4 T is theminimumof l1 distancesfrom thequerypoint to
all theendpointsaswell asto theverticescomprising4 T .
For example,asillustratedin theleft �gure of Fig. 3(b), the
distancefrom o to a triangle4 T

p1p2p3 is theminimumof the
distancesfrom o to theverticesp1;p2;p3 aswell asto t1; t2,
whicharetheendpointsof theintersectionsbetween12par-
titioning trianglesand4 T

p1p2p3. andwetaketheminimumof
thedistancevaluesfrom o to p1;p2;p3, t1 andt2.

4. ComplexModels

In the previous section,we have presentedef�cient algo-
rithms for max-normdistancecomputationto convex poly-
topes,quadricsandtriangles.In thissection,wepresenttwo
algorithmsto extendthemto largemodels.Thesearebased
on boundingvolumehierarchiesanduseof graphicshard-
ware.

4.1. Bounding VolumeHierar chy

A simple way to computel1 distancefor a non-convex
polyhedronP is to computethe distancefor every triangle
4 i 2 Pandtakeitsminimum.However, wecanspeedupthis
naive methodby constructinga hierarchicalboundingvol-
ume(BVH) of P andculling away unnecessarytrianglesby
traversingthehierarchy. For thehierarchicalrepresentation,
we employ a surfaceconvex decompositionschemesimilar
to Ehmannet al. 13. Here,a leaf nodein the BVH is cre-
atedby decomposingP into a collectionof convex surface
patchesPi andcomputingits convex hull. Noticethat,dueto
theconvex hull computation,thenodecreatessomeextrane-
oustrianglesthatdo not belongto P. Let uscall thesetypes
of trianglesvirtual, andotherwisecall themreal. Then,the
entireBVH is recursively built by mergingchildrennodesin
thehierarchy andcomputingtheir convex hull.

Oncewe have precomputedthe BVH, at query-time,we

c
 TheEurographicsAssociation2003.



Varadhanetal. / Ef�cient Max-NormDistanceComputation

traversetheBVH in a top-down mannerstartingfrom aroot
node.During the traversal,we maintainthreetypesof dis-
tancevalues:

� UB : Upperboundto thedistancevaluefromagivenquery
pointo to thepolyhedronP.

� Ub : Upperboundto thedistancevaluefrom o to thecur-
rentlyvisitednodeN in theBVH. Ub is obtainedby com-
puting minimum distanceonly to the real trianglescon-
tainedin N.

� Lb : Lower boundto thedistancevaluefrom o to N. Lb is
obtainedby computingminimum distanceto all the real
andvirtual trianglescontainedin N.

While we traversethe BVH, Ub is comparedto UB, andif
Ub is smallerthanUB, thenUB is updatedtoUb. As aresult,
aswegodown to thedeeperlevel of theBVH, UB decreases
andit �nally computesthe actualdistanceto P. UsingUB

andLb of a currentlyvisitednodeN, we performculling as
follows: whenever we encounterN in theBVH whoseLb is
greaterthanUB, we canimmediatelyrejectall thetriangles
containedin N.

Theproblemof computingD1 () getsmuchharderwhen
dealingwith non-convex curved or implicit primitives.To
avoid solvinga generalnon-linearoptimizationproblemas
describedin section3.1,we tessellatetheprimitiveswithin
someHausdorff distanceerror bounde andobtainan esti-
matefor D1 () usingthegraphicshardware.Thisis followed
by a re�nementstepusinglocal optimization.We describe
thehardwarealgorithmnext.

4.2. Distancecomputation usinggraphicshardware

Ourapproachis basedonthealgorithmpresentedby Hoff et
al. 20 for constructinggeneralizedVoronoi diagramsusing
graphicshardware for 3D polygonalobjects.The distance
�eld is computedby renderingthe 3D polygonalmeshap-
proximationsto thedistancefunctionwherethedepthof the
renderedmeshat a particularpixel locationcorrespondsto
thedistanceto thenearestpolygonfeature.Theresultingdis-
tance�eld canbeobtainedby readingbackthedepthbuffer.
The3D distance�eld is computedonesliceata time.

We computea distance�eld under the l1 metric. For
eachsite, we de�ne a distancefunction, which gives, for
any point, the distanceto that site with respectto l1 met-
ric. In contrastto l2, the l1 distancefunctionsfor the case
of a point, line segmentanda polygonarelinear. They can
berepresentedexactlyby acollectionof polygons.

4.2.1. Distancefunctions

Wepresentthemax-normdistancefunctionsassociatedwith
differentprimitives.

Points: Thedistancefunction for a point sitep is shown in
Fig.4. Its graphis afrustumof asquarepyramid.Theregion
of in�uence for apoint is theentireslice.Thebottomsquare

baseof thepyramidcorrespondsto a region of constantdis-
tance.Thefour slantingfacesof thepyramidcorrespondto
the planesx = z, x = � z, y = z, y = � z. The distanceat
a point on the region of in�uence is half the lengthof the
smallestisotheticcubecenteredat thepoint andtouchingp
atoneof thecubefaces.

(a) (b)

Figure 4: Distancefunctionfor a point (shown in black)is a frus-
tumof asquarepyramid.Figs(a)& (b) show theregionof in�uence
anddistancefunctionrespectively. Theregion of in�uence (shaded
regionon theslice)is theentireslice.

Line Segments:Thedistancefunctionfor aline segmentl is
composedof threeparts:onefor thesegmentitself andone
for eachendpoint.The endpointsaretreatedthe sameway
aspoints.Thedistancefunctionandregion of in�uence for
the line segmentis shown in Fig. 5. The distancefunction
is composedof four planarregions.Thedistanceat a point
on the region of in�uence is half the lengthof the smallest
isotheticcubecenteredat thepointandtouchingl alongone
of thecubeedges.

(a) (b)

Figure 5: Distancefunction of a line segment(shown in black):
Figs (a) & (b) show the region of in�uence anddistancefunction
respectively. The region of in�uence is the shadedregion on the
slice.Thedistancefunctionis composedof four planarregions.

Polygons:Thedistancefunctionfor a polygonis composed
of adistancefunctionfor thepolygonitself andonefor each
vertex andedge.The distancefunction for a triangle4 is
a planeasshown in Fig. 6. The region of in�uence is a tri-
angle.The distanceat a point on the region of in�uence is
half the lengthof thesmallestisotheticcubecenteredat the
pointandtouching4 atoneof thecubevertices.Theregion
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of in�uence is obtainedby projectingtheverticesof thetri-
angleonto the slice along one of four directions:(1;1;1),
(� 1;1;1), (1; � 1;1) and(� 1; � 1;1). If n̂ = (n1;n2;n3) de-
notesthenormalof triangle4 , wechoosethedirectionvec-
tor (s1;s2;1) wheresi (i = 1;2) is 1 or � 1 dependingon
whetherni is greaterthanzeroor not. If the polygoninter-
sectstheslice,theintersectionis computedandthepolygon
is decomposedinto two sub-polygons.Eachsub-polygonis
treatedasabove.

(a) (b)

Figure 6: Distancefunction of a triangle (shown in black) is a
plane.Figs(a)& (b) show theregionof in�uenceanddistancefunc-
tion respectively. Theregionof in�uence is atriangle(shadedregion
on theslice).

4.2.2. Sourcesof Err or

Therearetwo sourcesof errorin thedistancecomputation:

� TessellationErr or: It arisesfrom approximatinga non-
convex implicit or curvedprimitiveby apolygonalmesh.

� Hardware PrecisionErr or: This error is introducedby
thelimited precisionof thegraphicshardware.

Thetotalerroris thesumof theabove two errors.Webound
the tessellationerrorby performinga bounded-errortessel-
lationof thenon-convex or curvedprimitive.In thismanner,
weobtainaboundon thetotalerror. Weobtainconservative
estimatesonthedistanceby offsettingthedistancefunctions
of theprimitivesby anamountequalto theerrorbound.

4.3. Non-convex Implicit Primiti ves

We re�ne theestimateobtainedfrom thegraphicshardware
by performingnon-linearoptimizationasa post-processing
step.Sincethe estimateobtainedfrom the hardwareproce-
dureis usuallycloseto theright answer, this canbere�ned
quiteef�ciently usinga localoptimizationtool.

Let theimplicit functionsurfacebegivenby theequation
f (x) = 0.Withoutlossof generality, let thepointfrom which
wearecomputingthisdistancebetheorigin o andlet f (o) >
0.Undertheseassumptions,theconstraintsetthatwewill be
usingin theoptimizationprocessis G(x) : f (x) � 0.

We usethe hardwarenot only to computethe distances
but also to �nd which triangle realizedthe minimum dis-
tanceat every point.We thenusethepoint-triangledistance

(a) (b) (c)

Figure 7: Voxel-IntersectionTest:Figs (a) & (b) show a surface
(shown asshaded)thatpassesthrougha voxel without intersecting
any edges.Thepresenceof suchvoxelscanresultin missedcompo-
nentsandunwantedhandlesin the reconstructedsurfaceasshown
in Fig. (c). Weusethel1 distance(indicatedby thedottedcube)to
performa voxel-intersectiontest.Thesurfaceintersectsthevoxel if
andonly if l1 distancebetweenthecenterof thevoxel (blackdot)
andthesurfaceis lessthanhalf thevoxel size.

testdescribedin section3.3.1to determinetheexactpointq
thatminimizesthedistance.Now if q satis�estheconstraint
G(x), thenwe usethis asthestartingpoint in theoptimiza-
tion. If it doesnot, we perturbq so that it does.We usethe
fact that the original tessellationis within a Hausdorff er-
ror of e. If n̂ is the unit normal to the triangle containing
q, thenoneof the pointsq � 2en̂ is expectedto satisfyour
constraint.We usethis point asour initial estimateandthen
re�ne it usinganon-linearoptimizationsolver likeLOQO 1.

5. ReliableVoxelizationAlgorithm

A numberof iso-surface extraction algorithmshave been
proposedfor conversion from a volume representationof
an object to a polygonal meshrepresentationof the sur-
face.Many of theseare grid-basedand usethe Marching
Cubesalgorithmor its variants22; 24; 32. Thesealgorithmsde-
tectwhetherasurfaceintersectsavoxel by checkingfor sign
changein theimplicit functionacrosstheedgesof thevoxel.
The accuracy of thesealgorithmsis mainly dependenton
the resolutionof the underlyinggrid. Insuf�cient grid res-
olution can causecomponentsto be missedor createun-
wantedhandlesasshown in Fig. 7. As a result,thesealgo-
rithmscannotprovide Hausdorff distanceguaranteeson the
outputof the reconstruction.In caseof adaptive grids, it is
possiblethat a surfacepassesthrougha coarsevoxel with-
out intersectingany edges,while it intersectstheedgesof a
neighboringvoxel that is at a �ner resolution(seeFig. 8).
This canresultin cracksin thereconstructedsurface.These
problemsoccurbecausethe surfaceintersectsthe voxel al-
thoughthevoxel doesn't exhibit a signchange.We present
a voxel-intersectiontestandusethis testto performreliable
voxelizationandadaptivegrid generationin orderto provide
Hausdorff guarantees.

5.1. Voxel-IntersectionTest

Thesurfacecanpassthrougha cell without intersectingany
of the edges.We usean exact testbasedon computingthe
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(a) (b)

Figure8: Cracks:Fig. (a)showsasurfacepassingthroughacoarse
voxel (left voxel) without intersectingany of theedges,while it in-
tersectsthe edgesof a neighboringvoxel (right voxel) that is at a
�ner resolution.This canresult in cracksin the reconstructedsur-
faceasshown in theright �gure.

l1 () distancebetweenthe centerof a voxel andthe primi-
tive.Ourtestis basedonthefactthatavoxel is intersectedby
thesurfaceif the l1 () distanceat thecenterof thevoxel is
lessthanhalf thevoxel size(seeFig 7). Theabovestatement
is valid even when the voxels are not regular-sizedcubes.
Given a voxel with dimensionsa, b, c along the threeco-
ordinateaxes,a weightednorm de�ned asmaxi wi jxi � yi j,
wherewi = 1=a, 1=b, and1=c, for i = 1, 2, and3 respec-
tively, preservestheexactnessof thevoxel-intersectiontest.
The framework developedin section3.1 can be modi�ed
easilyto accountfor theweightednorm.

5.2. AdaptiveGrid Generationfor Hausdorff Guarantee

GivenasurfaceS, thegoalof grid generationis to computea
setof discretesamplesto approximateS. Supposetherecon-
structionalgorithmappliedto the setof samplesgenerates
Ŝ. A Hausdorff guaranteeon Ŝrequiresthatgivenany e> 0,
it is possibleto boundthetwo-sidedHausdorff distancebe-
tweenS and Ŝ to be lessthan e. We notedearlier that we
cannotprovidesuchaguaranteeif thegrid hascomplex vox-
els,i.e,thesurfaceintersectsthevoxelboundaryeventhough
thevoxel doesnot exhibit signchangeacrossany edge.Our
algorithmgeneratesan adaptive grid without any complex
voxels. Supposewe are given an error bounde. Note that
thisboundcanbeunderany distancemetric.

1. Check if the voxel is intersecting using the voxel-
intersectiontest.

2. if no intersection,STOP.
3. if complex voxel or voxel sizeis greaterthanthee,

SUBDIVIDE elseSTOP.

We apply the Marching Cubesalgorithm to eachvoxel of
the resultinggrid. The Hausdorff distancebetweenthe re-
constructedsurfaceandthe actualsurfaceis guaranteedto
belessthane. Notethat thevoxel-intersectiontestprovides
uswith anearly terminationcondition(Step2). This makes
theadaptivegrid generationalgorithmveryef�cient.

6. Implementation and Performance

In this section,we describethe implementationof our l1
distancecomputationalgorithmsand highlight its perfor-
mance.

6.1. Implementation

We implementedour algorithmsusing C++ programming
languageon a 1.6 GHz PentiumIV PC with a GeForce 3
graphicscardand500MB mainmemory.

Weappliedourequationsolvingapproachto computel1
distanceto quadricsandtori. Thequerytook 45-50µsecfor
quadrics.In caseof torus,wehadto solveadegree8 polyno-
mial whichtook300µsecandthedistancequerytook1� 1:2
msec.

Model Tri Convex Pcs OutQuery In Query

WrinkledTorus 2000 412 2.46 6.14

Cup 500 190 0.6 3

Spoon 1344 275 1.34 4.89

Table 1: BenchmarkResultsfor Non-Convex Polyhedra.Each
column, respectively from left to right, denotesa benchmarking
model,trianglecountsof themodel,a numberof decomposedcon-
vex piecesin the model, averagequery time in msecfor a point
outsidethemodel,averagequerytime in msecfor apoint insidethe
model.

Our algorithmfor non-convex polyhedrarequiresconvex
surfacedecomposition.In orderto meetthisrequirement,we
modi�ed apubliccollisiondetectionlibrary, SWIFT++13, to
take advantageof its decompositionscheme.We alsoused
a public triangle-triangleintersectionroutinedevelopedby
Möllwer et al. 34 for fastintersectioncomputationsbetween
targetandpartitioningtriangles.

In our experiment,an averagequery time for a triangle
takes10 µsec. The benchmarkingresultsfor polyhedraare
also presentedin Table 1. Dependingon the location of a
querypoint with respectto the polyhedron,the querytime
takesfrom 0.6 msecto 6.14msec. Whenthequerypoint is
locatedinside the polyhedron,the query takes longer, and
this querycorrespondsto the notion of penetration depth7

for apoint.

The advantageof usinggraphicshardware is its SIMD-
likecapabilitythatenablesusto performqueriesatanumber
of pointsin parallel.It took 8 secs,2:7 secand5:6 secsto
computel1 distanceonauniform128x128x128grid for the
wrinkled torus,cupandspoonbenchmarksrespectively.

6.2. Voxelization

In many applications,it suf�ces to have localizeddistance,
i.e, accuratedistancevaluesonly within a small neighbor-
hoodof a point. In caseof voxelization,we requiredistance
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Model Voxelization Close-up

Figure 9: This �gure shows our voxelizationalgorithmappliedto theHappy Buddhamodel.Themodelconsistsof 1;087;716 triangles.It
took 16:22 secsto computel1 distanceon a 128� 128� 128 uniform grid andperformvoxelizationusingour voxel-intersectiontest.The
middleandright �gures show anentireview andaclose-upview of thevoxelizationsuperimposedonthemodel.Wehaverenderedin wireframe
thevoxelsoccupiedby themodel.(alsoseeFig. 11 in color section)

(a) (b) (c)

Figure10: Non-convex andcurvedprimitives:This �gure showsthereconstructionof CAD benchmarksconsistingof 1-5solidseachde�ned
using3-5 Booleanoperationson non-convex andcurvedprimitivesincludingtori andellipsoids.On anaverage,it took 15 secsto generatean
adaptive grid for eachsolid basedon l1 distancecomputation.We reconstructeda boundaryrepresentationfrom the adaptive grid usingan
improveddualcontouringalgorithm45.

valuesuptohalf thevoxel sizein orderto performthevoxel-
intersectiontest. Given such a distancebound B, we can
further improve performanceby employing simple culling
techniques.We areinterestedonly in distancevalueswithin
acubeof length2B centeredatapoint.Wecull awayaprim-
itive if its axis-alignedboundingbox doesnot intersectthe
cube.

We appliedour algorithmto voxelize polyhedralbench-
marksonauniformgrid.Figs.9,11(seecolorsection)show
thevoxelizationof theDragonandHappyBuddhamodels.It
took16:2 and18:4 secsrespectively to computel1 distance
on a 256x256x256 uniform grid and perform voxelization
usingour voxel-intersectiontest.Table2 shows the perfor-
manceof our algorithmappliedto differentbenchmarksat
varyinggrid resolution.Thevoxelizationtime is largely de-
pendentuponmodel complexity. We note that it increases
ratherslowly with an increasein resolution.This is on ac-

countof localizeddistancecomputationandculling. As grid
resolutionincreases,thevoxel sizedecreasesthusproviding
asmallerdistanceboundandresultingin moreculling.

6.3. AdaptiveGrid Generation

Weappliedourgrid generationalgorithmto differentbench-
marks.Fig.10showsthereconstructionof CAD benchmarks
consistingof 1-5 solidseachde�ned using3-5 Booleanop-
erationson non-convex andcurvedprimitivesincludingtori
and ellipsoids.On an average,it took 15 secsto generate
an adaptive grid per solid. In orderto reconstructa bound-
ary representation,we computedsigneddirecteddistanceat
eachof thegrid pointsof theadaptivegrid 24 andperformed
iso-surfaceextractionusinga variantof thedualcontouring
algorithm 45. It took 15-20 secsto computeddirecteddis-
tancesat eachgrid point. Note that the directeddistanceis
usedonly for reconstructionand is different from l1 dis-
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Model Tri VoxelizationTime (s)

N = 64 N = 128 N = 256

Bunny 69,451 1.65 2.01 3.51

Dragon 871,414 12.52 13.26 16.21

Buddha 1,087,716 15.21 16.22 18.49

Table 2: Performance:This tableshows the performanceof our
voxelizationalgorithmapplieddifferentbenchmarks.Eachcolumn,
respectively from left to right,denotesabenchmarkingmodel,trian-
gle countsof themodelandvoxelizationtime in secat a resolution
of N � N � N for N = 64;128;256.

tancethat we computeduring grid generation.The recon-
structionfrom theadaptivegrid took lessthanasecond.

When performing iso-surfaceextraction on an adaptive
grid, the reconstructionalgorithm often needsto perform
crackpatching42. Our grid generationalgorithmgenerates
anadaptivegrid thatdoesnot requireany crackpatching.

6.4. Comparisonwith Prior Voxel-IntersectionTests

Therehasbeenprior work on determiningwhetheran im-
plicit surfaceintersectsa voxel. Thesealgorithmsarebased
on Lipschitz conditionandinterval arithmetic23. However,
thesealgorithmsareratherslow andconservativein practice.
Friskenet al. 39 checkwhetherthesurfacepassesthrougha
voxel by comparingthe Euclideandistanceto the surface
with half diagonallength.This is equivalentto testingif the
surfacepassesthrougha boundingsphereof thevoxel. This
is a conservative testandcancausetoo muchsubdivision.
Voxels that lie completelyoutsidebut closeto the surface
mayintersecttheboundingsphereandbeunnecessarilysub-
divided. In contrast,we usean exact testbasedon the l1
distancewhich canbe computedef�ciently usingthe tech-
niquesdescribedabove.

7. Conclusionand Futur eWork

We have presentedalgorithmsto ef�ciently perform max-
norm distancecomputationsbetweena point and a wide
classof geometricprimitives.We have demonstratedits ap-
plication to perform a reliable voxel-intersectiontest for
ADF generationof complex models.The ef�cient voxel-
intersectiontesthaslow additionaloverhead,guaranteesno
missedcomponents,anda boundedHausdorff-error on the
approximatedsamplesaswell asthereconstructedsurface.

In the future, we would like to apply our techniquesto
computethel1 distancebetweenobjects.Many of thealgo-
rithmspresentedin thispapercanbegeneralizedto distance
computationbetweentwo objects.We would like to explore
otherapplicationsof max-normdistance.We arealsowork-
ing onsubdivisionandsurfaceextractionalgorithmsfor im-
proved reconstructionwhen performing geometricopera-
tionssuchasBooleancombinations45.
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Model Voxelization Close-up

Figure 11: This �gure shows our voxelizationalgorithmappliedto the Dragonand Happy Buddhamodels.The two modelsconsistsof
871;414and1;087;716trianglesrespectively. It took13:26and16:22secsrespectively to computel1 distanceona128� 128� 128uniform
grid andperformvoxelizationusingour voxel-intersectiontest.Themiddleandright columnof �gures shows anentireview anda close-up
view of thevoxelizationsuperimposedon themodel.Wehave renderedin wireframethevoxelsoccupiedby themodel.

(a) (b) (c)

Figure12: Non-convex andcurvedprimitives:This �gure showsthereconstructionof CAD benchmarksconsistingof 1-5solidseachde�ned
using3-5 Booleanoperationson non-convex andcurvedprimitivesincludingtori andellipsoids.On anaverage,it took 15 secsto generatean
adaptive grid for eachsolid basedon l1 distancecomputation.We reconstructeda boundaryrepresentationfrom the adaptive grid usingan
improveddualcontouringalgorithm45.
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