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Abstract

We presenta hybrid path planningalgorithm for rigid
and articulated bodiestranslating and rotating in a 3D
workspace. Our approach generatesa Voronoi roadmapin
the workspaceand combinesit with “bridg es” computed
by a randomizedpath planner with Voronoi-biasedsam-
pling. TheVoronoi roadmapis computedfrom a discrete
approximationto thegeneralizedVoronoi diagram(GVD)
of theworkspace, which is generatedusinggraphicshard-
ware. By this useof the GVD, portions of the path can
be generatedwithout randomsampling, substantiallyre-
ducingthe numberof randomsamplesneededfor the full
query. Theplannerhasbeenimplementedand testedon
a numberof benchmarks.Somepreliminarycomparisons
with a randomizedmotionplannerindicatethat our plan-
ner performsmore than an order of magnitudefaster in
several challengingscenarios.

1 Introduction
The problemof automatedmotion planninghasseenimpor-

tant progressin the past decade. The probabilistic roadmap
(PRM) approachhasbeenof particularimportance,providing a
straightforwardmethodfor handlingconfigurationspacesof high
dimensionwith goodefficiency [13]. In this paperwe useideas
from earliergeometricor “criticality based”methodsto improve
theperformanceof aPRMplanneroncertainclassesof problems.

In PRM planning,a graphcharacterizingthe topologyof the
free spaceis built up by generatingrobot configurationsat ran-
domand,amongthosefor which therobot is not in collision, at-
temptingto connectnearbyconfigurationsusingsomevery sim-
ple, fastplanner. Themethodis probabilisticallycomplete,in the
sensethat PRM plannerscan be madearbitrarily likely to find
any solutionby allowing a sufficient runningtime. They perform
well for a wide variety of problems,but they canbe slow when
therobotmustpassthrougha narrow passageto reachthegoal.

The earlier criticality basedmethodsrely on an explicit ge-
ometricdescriptionof the configurationspaceto provide a data
structurethatcanbesearchedfor a path. Criticality basedalgo-
rithmsaretypically complete:They eitherreturnacorrectpathor
anindicationthatnoneexists. In low dimensions,many workable
algorithmsof thistypehavebeenimplemented[16]. For arbitrary
dimensions,known algorithmsareprohibitively difficult to im-

plementandhavecomplexity exponentialin thedimensionof the
C-space.An exampleof ageneralalgorithmis theroadmapplan-
nerbasedon Whitney’s stratifiedsets[1]. For our purposes,one
benefitof criticality basedmethodsis that they arenot hindered
by narrow passages.

Main Results: We presenta hybrid pathplanningalgorithm
for free-flying rigid andarticulatedbodiestranslatingandrotat-
ing in a 3D workspace.Our approachutilizes a global geomet-
ric analysisof theworkspaceto generateanapproximatepathin
configurationspace. We then identify invalid segmentsof this
estimatedpath,for which the robot is in collision, andcompute
linking subpathsor “bridges” [3] to replacetheinvalid segments.
Thesebridgesaregeneratedby a randomizedplannerwith care-
fully restrictedsampling.

Our global geometricanalysisusesa discreteapproximation
of the generalizedVoronoi diagram(GVD) of the workspace,
computedusinggraphicshardware[9]. The key distinctive fea-
turesof our approachare:� We generatean estimatedpath basedon the Voronoi dia-

gramof the scene,andonly userandomizedplanningfor
partsof thatpath.� Whenweuserandomizedplanning,it is guidedby informa-
tion in theVoronoidiagram.

Ourplannerhasbeenimplementedandappliedto anumberof
benchmarks.Wehavealsocomparedits performancewith aone-
shotplannerin thegeneralPRMfamily developedby Hsuetal. at
Stanford[12]. Somepreliminaryresultsindicatethatour hybrid
plannerfor rigid bodiesis morethananorderof magnitudefaster
thanthePRMplanneron many of thesebenchmarks.

Therestof thepaperis organizedasfollows. In Section2 we
discussrelatedwork. In Section3 we introduceterminologyre-
latedto theVoronoidiagram,andin Section4 we explain our al-
gorithm.In Section5 wegive implementationdetailsandpresent
performanceresults.In Section6 we analyzetheperformanceof
thealgorithm,andin thefinal sectionwe concludeandindicate
areasof futurework.

2 Related Work
2.1 Voronoi Diagrams in Motion Planning

GeneralizedVoronoidiagramshave long beenusedasa basis
for motion planningalgorithms[4, 5, 17, 23]. The GVD repre-
sentsthe connectivity of a spacebut hasa dimensionlower by
one,and(in threedimensions)it is composedof surfacesof max-
imal clearance.



The disadvantageof using the GVD hasalwaysbeenthat it
is difficult to computerobustly andefficiently. Recently, several
approachesto this problemhave beenproposed.Vleugelsand
Overmars[22] give analgorithmthatappliesspatialsubdivision
and isosurfaceextraction techniquesto acquirean approximate
model of the diagram. Chosetand Burdick [4, 5] definea re-
latedstructurecalledthehierarchical generalizedVoronoigraph,
which they computeusingcontinuationmethods.More recently,
Wilmarth,Amato,andStiller [23, 24] have shown how pointson
theGVD canbefoundwithoutcomputingarepresentationof the
entireset. Finally, Hoff et al. [9] have introduceda methodthat
usesgraphicshardwareto generateadiscretemodelataspecified
resolution.Weusethis lattermethodin ourwork.

TheVoronoidiagramcanbeusedin severalways:

1. The Voronoi diagramof the configurationspace(or the
Voronoi graph,describedbelow) may simply be searched
for a path,oncethestartandfinish pointshave beenlinked
to thediagram[2, 4, 5, 17]. Suchanapproachis only prac-
tical if thenumberof degreesof freedom(dof) is fairly low,
saythreeor less.

2. A pathfoundusingtheGVD of theworkspacemaybeused
to provide intermediatepointsto serve astemporaryattrac-
tive wells for a potentialfield planner[10].

3. TheGVD of theworkspacecanbeusedto biassamplegen-
erationin a randomizedplanner[8, 11,20,23, 24].

Our planner uses method 1 above to generateits initial
workspacepath. It alsousesmethod3 whencomputinglinking
subpaths,becausesamplingis indirectlybiasedby theGVD.

2.2 Randomized Planning
The PRM method [14] was developed independentlyby

Kavraki andLatombe[13] andOvermarsandŠvestka[18, 19].
A PRM plannergeneratessamplesat randomin configuration
space,attemptingto connecteachsampleby a simple C-space
pathto oneof thepointsalreadyfound.Over time,thegraphthus
producedwill tendto representthe connectivity of the C-space
reasonablywell, andaquerycanberapidlyperformedby linking
thesearchpointsto thegraphandthensearchingthegraph.Many
variationson this ideahave beendeveloped.We usetheone-shot
plannerof Hsuet al. [12] asa baselinefor comparisonandasa
subroutinein ourwork. Somedetailsof its algorithmaregivenin
Section4.4.

3 Background and Notation
Generalized Voronoi Diagram: Let a setof geometricob-

jects,or sites, bedenoted�������	�
����������	� . For eachsite �	� , define
a distancefunction

� ��������������� �	� � � � �!� . The Voronoi region of� � is theset " ���$#	�&% � �������(' �*) ���!�,+.-0/�21 3 .
Thecollectionof regions "4�5����������",� is calledthegeneralized

Voronoi diagram or GVD, which partitionsthe spaceinto cells
suitablefor proximity queries.The (ordinary)Voronoi diagram
correspondsto thecasewheneach�5� is anindividual point.

The boundariesof the regions ",� arecalledVoronoi bound-
aries, which are loci of pointsequidistantto at leasttwo sites.
Sometimeswe use the term GVD to refer to the union of the
Voronoi boundaries,ratherthan the collectionof Voronoi cells.

Figure1: An estimatedpathfor therobot.Thesolidrectan-
glesindicatetheinitial andgoalconfigurations.Therobot
is in collision with the environmentasit turnsaroundthe
corner.

In threedimensions,the intersectionof two Voronoi regions is
a Voronoi face, the intersectionof multiple Voronoi facesis a
Voronoi edge, andthe intersectionof multiple Voronoi edgesis
a Voronoi vertex. Togetherthe Voronoi edgesandverticesform
a graph,the generalized Voronoi graph (GVG). The GVD is a
deformationretractof theworkspace[2] whichensuresthatit re-
flectsthetopologyof theworkspace.TheGVG, by contrast,can
bedisconnectedevenif theworkspaceis connected[5].

4 Algorithm
Our hybrid planningalgorithmcanbeoutlinedasfollows.

1. ComputethegeneralizedVoronoigraph.

2. Searchthe GVG to find a path for a point robot in the
workspace.

3. Use shapeanalysisto chooseorientationsfor the actual
robotalongthepoint robotpath,generatinganapproximate
pathin C-space.

4. Find all portionsof theestimatedpathfor which the robot
is colliding with theobstacles.SeeFigure1 for anexample.

5. Use Voronoi-biasedrandomizedplanningto replaceeach
pathsegmentwheretherobot is colliding with theenviron-
ment.

Detailsaregivenin therestof thesection.

4.1 Computing the GVG
Our methodfor computingthe generalizedVoronoi diagram

is basedon thealgorithmpresentedby Hoff et al. [9], andit uses
standardpolygon rasterizationhardware. We computethe dis-
creteVoronoi diagramin slices. For eachslice 687 determined
by a given 9 value,andeachsite �5� , thereis a real-valueddis-
tancefunction

� 7� given by
� 7� ��: � ; �<� � � ��: � ;=�>9 � . In words,

the value of
� 7� ��: ��; � is the distancein 3-spacefrom ��: ��;=� 9 �

to � � . As an example, considerthe caseof a Voronoi site � �
that is the singlepoint �@? � ? ��A � , and the slice 6CB . In this case,� B� ��: ��; �D�FE : �CG ; �HG A .

Thegraphof
� 7� is asurfacefor whichwegenerateatriangular

approximationcalleda distancemesh. We assigneachsite �	� a
uniqueidentifying color, andwe renderits distancemesh

� 7� in
that color by usinga parallel projection. After all the distance
meshesarerendered,we have, for eachpixel, the identity of the



nearestsite,determinedby thecolor, andthedistanceto thatsite
recordedin thedepthbuffer. Thealgorithmreadsbackthecolor
buffer andthedepthbuffer. Thedepthbuffer containsthedistance
field, i.e. thedistanceto oneof thenearestobstaclefor eachpixel
in theslice.

In our discreterepresentationof the GVD, we regard the
Voronoiboundariesaslying betweenneighboringpixels. A dis-
creteVoronoi edgeconsistsof a sequenceof pixel edges, with
eachpixel edgeboundedby two pixels. The endpointsof pixel
edgesarepixelvertices. If eachpixel is regardedasfilling asmall
solidcube,thenthepixel edgesandverticesaretheedgesandver-
ticesof thecube.WecomputetheGVGby scanningthe3-D pixel
map,two slicesata time,seekingpixel edgeswhoseneighboring
pixelsexhibit at leastthreedifferentcolors.Westoretheresulting
locationsin anedgelist representation.Thevertex datastructure
containsthe coordinatesof the point andthe clearancedistance
to theobstacles(becauseit is a Voronoivertex, thepoint will be
equidistantto atleastfour sites).Theedgedatastructurehasalist
of sampledcoordinatesof pointson theedge,andtheminimum
clearancedistancefor the whole edge. Note that all the sample
pointsarerestrictedto auniformgrid, sothatthevertex andedge
pointsdonot lie on theactualVoronoiboundaries,but insteadon
nearbygrid points.

As we constructthe diagram,we constructa list for each
Voronoisite recordingall theVoronoiverticesto which thatsite
is anearestneighbor. WhenaVoronoivertex is found,its nearest
neighborsaredeterminedby thecolorsin theadjacentpixels,and
it is addedto thelists for thosesites.

4.2 Generating a Path in the Workspace
After generatingthe GVG, we use it to find an approxi-

matepath in the workspacefor the robot to follow, called the
workspacepath. Definea queryconfiguration to bean initial or
goal configuration,anda query location to be the projectiontoIKJ

of a queryconfiguration.Thentheworkspacepathlinks the
initial andgoalquerylocations.

Before we can searchthe GVG for a path, we needto link
thequerylocationsto theGVG. To link aquerylocation,wefirst
determinethe Voronoi cell containingit. We thencomputeline
segmentsfrom the querylocationto eachVoronoi vertex of the
cell, andeliminateany segmentsthatpassthroughobstacles.

We addthequerylocationsandtheir linking line segmentsto
the GVG datastructureas(formal) Voronoi verticesandedges.
Eachnewly addededgecontainsa list of pointsandthevalueof
theminimumdistanceto theenvironment.

After linking the querylocationsto the GVG, we usea gen-
eralizedsingle-sourceshortestpathsalgorithm,wherethelength
of a pathis determinedby a combinationof the Manhattandis-
tancealongthe pathandthe maximalclearanceover the whole
path. This path, the workspacepath, is a solution to the query
for a point robot, and it satisfiesa partial criterion of maximal
clearance.

It is possiblefor theGVG to be disconnectedeven whenthe
workspaceis connected.It would be possibleto addadditional
edgesto thegraphto ensureproperconnectivity, usinginforma-
tion derivedfrom thefull discreteVoronoidiagram.Theresulting
graphwould besimilar to theHGVG of ChosetandBurdick [5].

However, for simplicity our plannersimply usesthePRM algo-
rithm on the query locationswhenno workspacepath is found
usingtheGVG. In practicewe have foundsuchcasesto berare.

4.3 Orienting the Robot
After finding the workspacepath,we mustchoosean orien-

tation for the robot at eachpoint on the path. To do this, we
determinea major axis for the robot, andalign it with the tan-
gentvectorof thepath,asdeterminedby a finite differenceesti-
mate.In this respect,or methodbearscomparisonwith methods
for “stick” or “ladder” robots,suchasthat describedin Choset,
Mirtich, andBurdick [6].

For acomplex shape,therearemany reasonabledefinitionsof
the“major axis.” For ourpurposes,wewantanaxisaroundwhich
therobotfits astightly aspossible.To determinesuchanaxis,we
uselinearregressionto computea best-fitline approximatingthe
verticesof the robot. This line is chosento minimize the root
meansquareof the (Euclidean)distancesof the verticesto the
line. Theorigin of therobotis definedto bethecenterof gravity
of thevertices.For articulatedrobots,we definea standardpose,
andcomputethemajoraxiswith respectto thatpose.

Oncewe have determinedhow to align the specifiedmajor
axisof therobot,it is still freeto rotateaboutthataxis.Thechoice
of orientationaboutthemajoraxis(i.e., the“roll”) is madearbi-
trarily. We simply make surethat,up to discreteapproximation,
theorientationvariescontinuouslyastherobottraversesthepath.

4.4 Bridging Invalid Segments
In this section,we explain how theestimatedpathis modified

into a final pathfor the robot. First, usinga simplestraight-line
local planner, we attemptto connecteachconfigurationwith its
successor. Configurationsfor which the robot is colliding with
the obstacles,or which cannotbe connectedto a neighbor, are
marked“invalid”.

Thepathhasnow beendecomposedinto valid segments,for
which the robot is free, alternatingwith invalid segments,for
which it is not. For eachinvalid segment, we apply the ran-
domizedplanner[12], with the startandgoal given by the free
configurationsimmediatelybeforeandafter theinvalid segment.
This plannermaintainstreesof freeconfigurationsrootedat the
startandfinish. At eachiteration(calledanexpansioniteration),
it choosesa configurationL from oneof thetrees,generatesnew
configurationsin a neighborhoodof L , and retainsthosewhich
canbe linked to L by a free path. The local plannerterminates
whenthe two treesareconnected.This algorithmautomatically
biasessamplingtowardsconfigurationsknown to befree.

The configurationspacefor the planneris definedto be the
tightest axis-alignedbox that containsboundingballs for the
robot at both query locations(seeFigure2). The only degrees
of freedomthatarerestrictedin aspecialway for therandomized
planningphasearethetranslationalcoordinates.Theorientation
of therobotasawhole,aswell asjoint positionsfor anarticulated
robot,aregivenfull freedom.

It is possiblefor therobotto getinto atight spotfor which the
restrictedconfigurationspacedoesnot provide enoughroomfor
therobotto maneuver from thebeginningof theinvalid segment
to theendof it. To handlesuchsituationswe usea simpleexpe-



Configuration space for
randomized sampling

Figure 2: The two dashedrectanglesindicatevalid con-
figurationsthat will be linked by randomizedplanning.
ThelargerdottedrectangleindicatestherestrictedC-space
used.

dient: If, afterafixednumberof expansioniterations,theplanner
hasnot linkedthetwo endsof theinvalid segment,theplanner’s
configurationspaceis enlargedto the full original C-space,and
randomizedplanningis resumed.If thisis notsuccessfulafteran-
otherpredeterminednumberof iterations,thenit is assumedthat
theheuristicsguidingtheinitial pathestimatehavefailed,andthe
plannersimply usesthe randomizedplannerto link the original
startto theoriginal finish. Suchcasestendto bedifficult for the
randomizedplanneraswell, sothetimespentin trying to usethe
estimatedpath(from GVDs) is typically a small fraction of the
total time.

4.5 Localized Sampling
While an invalid segmentis beingbridged,what wasa nar-

row passageon the scaleof the entiresceneis now a relatively
openareawithin therestrictedconfigurationspace(seeFigure2).
However, theremay be a portion of the invalid segmentwhich
constitutesa narrow passageeven on this smallerscale. To in-
creasesamplingin thesebottleneckareas,wegenerateanew con-
figurationnearthenarrowestpoint on the invalid segment(“nar-
rowest” beingmeasuredin termsof distancefrom Voronoisites,
i.e., the obstacles).We find the new configurationby uniform
randomsamplingin a neighborhoodof thenarrowestpoint.

Wethenperformtwo randomizedsamplingsteps,onelinking
thebeginningof theinvalid segmentto thenew configurationnear
thenarrowestpoint, andtheotherlinking thenew configuration
to theendof the invalid segment.Thenew configurationactsas
a seed,causinga numberof configurationsto be generatednear
thenarrowestpoint on thenarrow passage.

If the Voronoi site distanceat the narrowestpoint is greater
thanhalf theradiusof therobot’s boundingball, thenthis opera-
tion is notperformedsincein practicewehavefoundthatasingle
randomizedplanningstepworkswell in suchcases.

5 Implementation and Performance
Thealgorithmhasbeenimplementedin C++. We usedPQP

[15] for collision detectionduring randomizedplanning, and
Magic Softwarewritten by D. Eberly to computethemajoraxis
of therobot.

For rigid robots,we usedseveral benchmarkscenarios,de-
scribedbelow. We comparecomputationtimesusingour algo-
rithm with thebesttimeswe wereableto achieve usingtheran-
domizedplanneralone.

Duct: Two openareasseparatedby a channelwith two right an-
gle turns.Therobotis a narrow box. SeeFigure3.

Walls: A seriesof six walls, four of which have small holes
through which the robot, a narrow box, must pass(Fig-
ure 4). We requirethe robot to passfrom oneendof the
mazeto the other, throughall four holes. This benchmark
wasdesignedat TexasA & M university[21].

Piano: Eight Chairs,a table,anda piano(Figure5). The goal
is to move the pianothroughthe window. The window is
smallerthantheconvex hull of thepiano,forcing thepiano
to rotatein order to reachthe goal. This benchmarkwas
providedby LAAS, Toulouse.

2D Maze: A mazewith a spike-shapedrobot(Figure6).

3D Maze: A stackof four connectedmazes,eachsimilar to 2D
Mazeshown in Figure6.

Pegs: Tilted pegsthatahumanfiguremustavoid (Figure7).

Theresultsof thebenchmarksaresummarizedin Table5. The
Voronoi resolutionis the resolutionof the discreteVoronoi dia-
gram,definedas MKN�O , where M is the lengthof themaindiago-
nal of thescene,and O is thedistancebetweensampleddistance
values. All timesare in secondson a 300 MHz MIPS R12000
processor.

The randomizedplannerhas several adjustableparameters
that can affect performance.The timings for the PRM planner
reflectourbesteffortsto chooseparametersthatgiveoptimalper-
formanceof thePRM plannerfor thegivenscenes.

For articulatedrobots,we have testedtheperformanceof our
framework on a numberof benchmarks.Theseinclude:

Crane: A CAD model of a cranecomplex composedof more
than A	P*Q.� ?�?�? triangles(Figure8). Themodelcontains143
separatepolyhedralparts,whicharerenderedin distinctcol-
ors in thefigure. Therobot is anarticulatedrobotarmpart
with 10 degreesof freedom. The modelwasprovided by
LAAS.

Maze: The mazeis the oneshown in Figure6. The robot is a
seriesof boxeswith 9 degreesof freedom.

Thetiming results(withoutany optimization)of thesebench-
marksaresummarizedin Table5.

6 Analysis and Discussion
In this section,we discussthe performanceof our planner.

Weconsiderpropertiesof therobotandworkspacethataffect the
performance.

If thereis a path for the robot which is, to the precisionof
our Voronoi computation,wider than the boundingball for the
robot, thenour plannerwill generallyfind it very rapidly, with-
out randomizedplanning. Thus, for our planner, any region of
the workspacewider than the boundingball of the robot does
notcorrespondto a narrow passagein C-space.We thereforede-
fine a workspacenarrow passage to bea portionof theGVG for
whichthesitedistanceis lessthantheradiusof therobot’sbound-
ing ball. By theabove observations,any C-spacenarrow passage
correspondsto somepartof a workspacenarrow passage.



Figure3: Duct: An elongated,box-shapedrobotmusttra-
versea bentduct to reachthe goal configuration,shown
behindthepartially transparentwall.

Figure 4: Walls: A narrow box-shapedrobot must pass
throughthe squareopeningsin four differentwalls. The
pathshown is thesolutionfoundby ourplanner.

Figure5: Piano:Thepianomustavoid theotherfurniture
andmaneuver throughthe window to reachthe goal con-
figurationin thenext room.

Figure6: 2DMaze:Thewedgeshapedrobotmustnavigate
throughthemazeof wallsandpassagesto reachits goalat
thebottomright cornerof themap.

Figure7: Pegs: Twenty-five pegsof differentsizes,tilted
at variousangles.It is navigatedby thestick figure robot
shown.

Figure8: Crane:A complex craneassembly.

Scene Res GVG Query PRM Gain
Duct 128 10.4 0.70 894 88
Walls 128 2.98 0.55 20.3 5
Piano 64 5.05 41.9 603 14

2D Maze 128 2.14 5.74 341 43
3D Maze 128 24.9 23.8 450 9

Pegs 64 2.87 19.7 97.7 4

Table 1: Benchmarktimings. Res: Voronoi resolution.
GVG: Voronoi graphcomputationtime. Query: query
phase,afterVoronoi computation.PRM: the randomized
planneralone.Gain: speedupfactor.

Scene Res GVG Query
Crane 64 138.65 334.71
Maze 128 5.73 59.66

Table 2: Benchmarktimings in secondsfor articulated
robots. Res: Voronoi resolution. GVG: Voronoi graph
computation.Query: queryphase,after Voronoi compu-
tation.



Becauseinvalid segmentsaredeterminedby collision of the
robot with the environment, they can only occur in workspace
narrow passages,or alonga segmentjoining a queryconfigura-
tion to the GVG. Thus our plannerprimarily usesrandomized
planningin a subsetof the workspacenarrow passages.It may
seemparadoxicalthatnarrow passages,whichcanbenotoriously
difficult for randomizedplanners,arepreciselywhereweuseran-
domizedplanning.Thisstrategy in factworkswell becauseof the
threetechniqueswe useto biassampling:� Weinitially restrictrandomizedplanningto aregiondelim-

ited by theendpointsof the invalid segment,increasingthe
chancesthat we will generatemoresamplesin the narrow
passages.Essentially, in the context of this restrictedC-
space,thenarrow passagebecomesa relatively openarea.� Whena passageis especiallynarrow, measuredin termsof
theworkspace,weseedthePRMplannerwith anadditional
configurationnear the narrowest point. Theseadditional
seedconfigurationshave theeffectof intensifyingsampling
in themostrestrictedareas.� We use a PRM plannerthat generatesnew samplesnear
samplesalreadyfoundat both endsof thenarrow passage.
Treesof configurationsrootedat the two endsof the nar-
row passagehaveahighprobabilityof growing into it. This
phenomenonis discussedin termsof expansivecomponents
in [12].

7 Conclusion
We have introduceda hybrid planner that usessimplified

globalgeometricanalysisto generateanestimatedpath,andthen
usesrandomizedplanningguidedby thegeneralizedVoronoidi-
agram,to modify theestimatedpathinto acollisionfreepath.We
have testedthe planneron several benchmarksandfound that it
canbeoveranorderof magnitudefasterthanacomparablepurely
randomizedplanner.
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