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Figure 1: TheseB00 800 resolution images shav the benet of combinirg shadav map warping and frustum partitioning
algorithms on a powerplart mode with a high deph range. Left: A 2K 2K shadow mgp geneated with only a warping
algorithm (LSPSN has high aliasing error is concentrated nea the viewer. Middle: The larged allocatabk resoltion of
4K 4K still has severe aliasing. Right: Warping combinel with four frustum partitions produces low aliasing error with a
total resolution of 2K 2K with only a 30%drop in frame rate. The aliasing error is distributed mare uniformly over the scere.

Abstract

We evaluateseveral shadowmapalgorithmsbasedon warping and partitioning usingthe maximumperspective
aliasing error over the entire view frustum.With respectto our error metric, we showthat a range of warping
parametes correspondingo several previouswarping algorithmshavethe sameerror. We also analyzeseveral
partitioning schemego determinewhich producegheleastmaximumerror usingthe leastnumberof partitions.
Finally, we showhowwarping and partitioning can be combinedor interactiverenderingof low error shadows

in scenesvith a high depthrange.

Catagories and SubjectDescriptors(accordingto ACM CCS)

1.3.7 [Computer Graphics]: Three-Dimensional

GraphicsandRealism- Color, Shading Shadaving and Texture

1. Intr oduction

Shadavs areanimportantcomponenbf aninteractve ren-
deringsystem.Shadov mapsare one populartechniquefor
renderingshadevs. The standardshadev mapalgorithmas
proposeddy Williams [Wil78] is a two passalgorithmthat
rst createsa depthmap by renderingthe scenefrom the
light's view. In the secondpass,the depthmapis usedto
determinewhich surfacedie in shadev. Shadev mapsarea
particularlyattractize algorithmbecausé¢hey areeasyto im-
plementthey supporiawide varietyof geometryrepresenta-
tions,andthereexistswide supportfor shadev mapsin cur

¢ TheEurographic#Association2006.

rentgraphicshardware. Themaindravbackof shadav maps
is aliasingerrorsat shadev edgesAliasing occurswhenthe
local samplingdensityin the shadev mapis too low. The
aliasingerrorsareworstfor scenewith a high depthrange
becausesamplesin the shadav map mustcover larger re-
gions.

Two main approachesire usedto addresghe sampling
problem:warpingandpartitioning.\Warping algorithmsren-
der a reparameterizeghadev map that leadsto increased
sampling resolution where it is needed[SD02 WSP04
MTO04,CG04. Sincewarpingalgorithmssimply changethe
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4 4 matrix usedto rendera standardshadav map, they

incur almostno performancepenaltyandcanbe easilyim-

plementedon current GPUs. Partitioning algorithmstake

a differentapproach.Thesealgorithmspartition the scene
andusea separatshadav mapfor eachpartition[ TQIN99

FFBGO1 Arv04, LKS 06]. For example,one shadev map
maybeusedfor areascloseto theviewerandanotherfor the

restof the sceneWhile partitioningcanreducealiasinger-

ror, renderingshadev mapsfor too mary partitionsmay be

expensve. Somealgorithmscombinewarpingandpartition-

ing [Koz04 CG04.

It is often dif cult to determinewhich algorithmis best
for agivensituation.Moreover, it is notclearhow andwhen
to switch betweendifferent techniqguesWe seeka single
shadev mapalgorithmthathaslow aliasingerrorandmain-
tainshigh performancdor comple« modelswith high depth
range.

Main Results: In this paperwe presentan error metric
for evaluatingshadov map algorithmsbasedon the maxi-
mumperspectie aliasingerrorover theentireview frustum.
Aliasing error can be decomposednto two parts[SD0Z:
perspectivealiasing which dependsonly on the position
of the light relative to the cameraand projection aliasing
which dependson the orientationof surfacesin the scene.
We baseour error metric on perspectie aliasingbecausét
is sceneéindependentThoughwe dealonly with directional
light sourcedn this paper the error metric analysiscanbe
extendedo pointlights.

Using our error metric we investigate how to combine
warpingand partitioningto obtaina low error shadev map
solutionwith goodperformancendguaranteesnthealias-
ing error Warpingalgorithmsbasedon perspectie projec-
tions, such as perspectie shadev maps (PSMs) [SD0Z,
light-spaceperspectie shadev maps(LSPSMs)[WSP04,
andtrapezoidakhadev maps(TSMs)[MTO04] differ primar
ily in theway the perspectie parameteis chosenWe shov
thatwhenthealiasingerrorsin bothshadev mapdimensions
arecombinedthata rangeof parametewaluescorrespond-
ing to thesealgorithmshave the sametotal error.

We alsoconsidertwo kinds of view frustumpartitioning:

Facepartitioning splitsthe view frustumat the edgesof
its facesasseenfrom the light's point of view. Facepar
titioning allows warpingto be usedwhenit could not be
usedotherwise(e.g.whenthelight directionis parallelto
theview direction)leadingto reducederror.
z-partitioning subdvidestheview frustumor its facepar
titions alongtheirlength.z partitioningprovideserrorre-
ductionsfor all light directions.

Frustumpartitioning and z-partition canalso be combined.
We shawv thatfor agivennumberof partitions,z-partitioning
alone combinedwith warping delivers the leastmaximum
errorover the entireview frustum.We demonstrat¢he per
formanceof this hybrid algorithm on a small model, typi-

cally usedin agame-like ervironment,andon massive mod-
elsusingaview-dependentenderingalgorithm.

Therestof this paperis organizedasfollows. In Section
2 we brie y discusswork relatedto shadev mapcomputa-
tion. In Section3, we discusshow aliasingerror shouldbe
measureéndjustify our choiceof errormetric.We analyze
shadev map warping algorithmsin Section4 and frustum
partitioningschemesn Section5. We describevariousim-
plementatiordetailsfor partitionedshadav mapsin Section
6. In Section7, we shav someexperimentaresultsfor com-
binationsof partitioningandwarpingthatleadsto low alias-
ing error. Finally, we concludewith someideasfor future
work.

2. Previous Work

Many techniquesiave beerproposedor shadev generation.
In this sectionwe limit oursehesto shadev mapsandsome
hybrid combinationswith object-spaceéechniquesShadaov

mapswere rst introducedby Williams [Wil78]. Segal et
al. [SKv 92] laterimplementedhemon standardgraphics
hardware.In orderto hide shadev map aliasingReeves et

al.[RSC87 ltered depthvaluesto blur shadev mapedges.
RecentlyDonnelly and Lauritzen[DLO6] introduceda way
to usedepthvarianceto facilitatebetter ltering of shadev

depthmaps.

Other algorithmsseekto remove aliasingby locally in-
creasingheshadev mapresolutionwhereit is needeckither
throughwarpingor partitioningor both:

Partitioning algorithms. Tadamuraet al. [TQIN99 use
z-partitioningfor renderingsceneslluminatedwith sun-
light. Adaptive shadev maps[FFBGO0] usea quadtree
thatis re ned in areaswith high aliasingerror. Increased
programmability of GPUs has facilitated implementa-
tions of adaptve shadav mapsfor hardware rendering
[LKS 06], but performancecan be slow. Tiled shadav
maps[Arv04] partition a shadev map into tiles of dif-
ferentsizesguidedby analiasingmeasuremertieuristic.
Warping algorithms. Shadev map warping was intro-
ducedwith perspectie shadav maps (PSMs) [SD0Z.
PSMsusethe cameras perspectie transformto warpthe
shadev map.A singularitymay arisewith PSMsthatre-
quiresspecialhandling[Koz04. Light-spaceperspectie
shadav maps(LSPSMs)WSP04 area generalizatiorof
PSMsthat do not have the singularity problembecause
they usea perspectie projectionthatis orientedperpen-
dicular to the light direction. Trapezoidalshadev maps
(TSMs)[MTO04] aresimilar to LSPSMs,exceptthatthey
usea differentformulationfor the perspectie parameter
Combined algorithms. ChongandGortler[CG04 usea
generabprojective transformto ensurethatthereis a one-
to-onecorrespondencbetweenpixels in the imageand
thetexelsin theshadev mapon a singleplanewithin the
sceneThey usea smallnumberof shadev mapsto cover
a few large surfaces.Kozlov [Koz04 proposedusing a

¢ TheEurographicsAssociation2006.
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Figure 1: Shadav mapaliasing. Animage beamthrougha
pixel and a light beamthrougha shadowmaptexel project
ontoa surface(left). Whenthelight beamfootprintis larger
thanthe image beamfootprint (upperright), the light beam
footprints can be distinguishedas a jagged shadowedge
(lower-right).

cubemap in the post-perspecte spaceof the camera.

This correspondg$o combiningwarping with face parti-
tioning.

Irregularshadev maps[JMBO04, AL04] avoid thealiasing
problemaltogetheby storingshadev mapsampleghatcor
respondexactly to theimagesampledor the eye. However,
irregularshadev mapsaredif cult to implementon current
graphicshardware.

Pure object-spaceshadev algorithms, such as shadev
volumes,do not have aliasingproblems.Somehybrid algo-
rithms combineobject-spaceechniquesvith shadev maps
to reducealiasing.McCool etal. [McCO( construcshadov
volumesfrom a shadev map. Senet al. [SCHOJ createa

shadev mapthatmoreaccuratelyrepresentshadav edges.

Both of thesetechniqueswhile generatingbetterlooking
shadev edges may misssmall featuresif the shadev map
resolution is inadequate.Chan and Durand [CD04 use
shadev mapsto restrict shadev volume renderingto the
shadev edges.Govindaraju et al. [GLY 03] use shadov
polygonsfor the mostaliasedareasanda shadev map ev-
erywhereelse.

3. Measuring aliasing error

This sectionprovidesan overvien of shadev mapaliasing
andintroducesour errormetric.We rst review how shada
mapaliasingoccurs.Thenwe justify why we ignoreprojec-
tion aliasingand discussthe use of maximum perspectie
aliasingerrorover thewholefrustumfor evaluatingshadev
mapalgorithms.

3.1. Shadav map aliasing

Figurel offersgeometridntuition of how shadev mapalias-
ing occurs A beamemanatefrom theeyethroughapixel on
theimageplaneandprojectsontoasurfacein thescenewith
afootprintof width wP attheintersectiorpoint. A beamfrom
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thelight througha shadav maptexel projectsontothe same
locationwith afootprintof widthwf. Whenw?> wY, thelight

beamfootprintis coveredby multiple imagebeamsandbe-
comesdistinguishableas a jagged,aliasededgeat shadev

boundaries.

Following [SD0Z, the aliasingerror canbe quanti ed as
the mismatchratio of the beamfootprintwidths:

_w W COsqi

M= W wi cosq’ @

wherew; andw; arethewidthsof theimageandlight beams
at the point of intersectionand g; and g, are the angles
betweenthe surface normal and the beamdirections.The
w=w; termis referredto asperspectiveliasing Perspectie

aliasingdependssolely on therelative positionsof the light

and camerallt is independenbdf the scenegeometry The
cosgi=cosq, termis referredto asprojectionaliasing This

term depend®n the orientationof the surfacesin thescene
relative to thecameraandthelight. Perspectie aliasingvan-
isheswhenthe beamwidthsarethe samej.e.w; = w;. Pro-
jection aliasingvanisheswhenthe surfaceis orientedwith

its normal parallel or perpendiculato the half-way vector
betweerthebeamdirections,.e.q; = q;.

3.2. Ignoring projection aliasing

Ideally, a shadev map algorithmshouldensurethatm = 1
everywherein the sceneWhenm> 1 shadev mapaliasing
can appearat shadev boundarieswWhenm< 1, no alias-
ing appearsbut theshadev mapis oversampleandresolu-
tion is wastedIn practice,anideal shadav mapis dif cult
to computedueto the projectionaliasingfactor Becauseof
projectionaliasing,the local resolutionneededor different
partsof the scenemay vary dramaticallydependingon the
orientation9f the surfacesn the sceneComputingtheres-
olution neededor eachpart of the scenerequiresa poten-
tially expensve sceneanalysisandstoringanideal shadev
map requiresdatastructuresmore comple than a regular
grid. Adaptive shadav maps(ASMs) approacttheideal by
storing the shadev mapin a quad-treeandre ning where
moreresolutionis neededBut on currenthardware, ASMs
aretoo slow to provide all but a fairly coarsdevel of subdi-
vision athigh-frameratesin acomplex ervironment.Chong
et al. [CG04 also computean optimal shadev map for a
few surfacesin the scenebut for othersurfacesthereareno
guaranteesnthealiasingerror.

We chooseto ignore projectionaliasingandto minimize
perspectie aliasing. This meansthat we canusea shadav
mapparameterizatiothatis bothindependentf scenecom-
plexity andis simpleandefcient to compute.ln practice,
projectionaliasingerror might not ever be completelyelim-
inatedbecausét is potentiallyunboundedHowever if per
spectve aliasingerror is small, the projectionaliasingthat
doesremainis much lessvisible for at leasttwo reasons
First, when projection aliasing stretchedight beamfoot-
prints acrossa surface,the samplingresolutionis reduced
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Figure 2: Visualizing aliasing error. Theseimages show
shadowmap texels projectedonto a sceneconsistingof a
simplegroundplaneandan overheaddirectionallight. The
LSPSMalgorithm (left) appeas to be inferior to the PSM
algorithm (right) dueto projection effects.To seeperspec-
tive aliasingmore clearly, a planeis insertedon theleft side
of eadh image into the area of maximumperspectivealias-
ing for ead algorithm and s orientedsud that projection
effectsare mostlyremoed.LSPSMsshowerror distributed
evenlyin both directions,while the error for PSMsis con-
centrated in a single direction. Both images, in fact, have
thesametotal error.

only in the stretcheddirection. Second surfaceswhich ex-
hibit high projectionaliasingerrorarenearlyparallelto the
light. For mary surfaceswhenthe light angleis low, little
light is re ected, sothe shadaevs arenot asnoticeableary-
way.

3.3. Maximum perspectie aliasing error

For our errormetricwe minimizetheL1 normof perspec-
tive aliasing error. Speci cally, we seekto minimize the
maximumvaluethe w;=w; termof min Eqg. (1) overtheen-
tire view frustum.Othernormscouldbeusedsuchasthe L {
or the L, norms.Thesenormstendto ensurethat the "av-
erage"error is low, but high error outliers may occur (For
amorein-depthdiscussiorof errormeasured the context
of shadev maprenderingsee[Cho03.) For speci ¢ views,
wherethereareno surfacesor shadavsin anareawith high
error, it may be possiblefor oneshadev mapto appearto
have lower errorthananotherevenif quantitativelyit is in-
ferior (seeFigure2). But in aninteractve applicationwhere
theview is unconstraine@r the scenegeometryis arbitrary
thereis no guarantedghatthe "bad areas"will not become
visible. Our metric givesguaranteesn the worst caseerror
independenotf thescene.

4. Shadov map warping with perspective projections

Perspectie projectionsareusedby prior warpingtechniques
to reducealiasing.The aliasingerroris affectedby boththe
warping parameteiandthe dimensionsf the shadev map
relative to theimage.In this sectionwe shov how the area
of the shadev map (in texels) canbe usedto measureerror
independentf speci ¢ shadav mapdimensionsThis leads

by

light direction

view /

frustum

A 1—>\<
N

0 n z f

Figure 3: Perspectie projection parameterization.Light
spaceis de nedwith the y-axisalignedwith the light direc-
tion andthe z-axisin the planeof y-axisandview direction.
Thet-axisof theshadowmapis alignedwith thez-axis.Thex
ands axespointout of the page. Theshadowmapis warped
by placing a warping frustumalong the z-axisaround the
camea frustum.Thewarp is contmolled by varying the pa-
rametem’.

to the surprisingresultthat for a shadav mapoccupying a

x edamountof memory thewarpingparameterfor PSMs,
LSPSMs,andsomeTSMsall yield the samemaximumper
spectve aliasingerror.

We rst considerthe speci ¢ con gurationshowvn in Fig-
ure 3 with a directionallight overheadThe coordinatesys-
temfor this Figureis the light spacede ned by Wimmeret
al. [WSP04, exceptthatwe align the s andt directionsof
the shadeav mapwith x andz, respectiely, insteadof vice
versaasthey do.

4.1. Maximum error for overheadlight

A shadwv mapfor anoverheaddirectionallight canbe pa-
rameterizedwith low error using agerspectie projection.
The projectionis parameterizetly n*, thedistancerom the
centerof projection,c, to the view frustum nearplane,n.
For this con guration, PSMs,LSPSMs,andTSMsall usea
perspectiegrojectionwhich differs onlkg by the valueof nC.
PSMsusen’= n, LSPSMsusen’= z+ ' Tn, andTSMsuse
avalueof nothatmapsa userselectedocuspointto theline
80% of the way from the bottomof the shadev map. Stan-
dard unwarpedshadev mapsusean orthogonalprojection
with n®= 1.

Figure 4 shavs how the parameterizatiorthangeswith
n®. The errorin bothx andz changeswith n® but cannotbe
controlledindependentlyin this sectionwe extendtheanal-
ysis of Wimmer et al [WSP04 to computemaximumerror
in x andz for all valuesof n° The perspectie aliasinger
ror in eachdirectionis given by the ratio of beamwidths
wix=w; andw;,=w;. We assumehat the imageis squareso
thatwix = wiy = w;. FromFigure3 we canseethatthewidth

¢ TheEurographicsAssociation2006.
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Figure4: Perspectie projectionwarping. Fromleft to right

the parametemodeceasesfroml ton. Top:In light space

the projectedshadowmapgrid is compessedo matt the

sidesof the view frustum.Bottom: In the view of the scene
rendeed into the shadowmap, a tapered grid on the view

frustumis stretchedto Il the shadowmap.

light space
N

shadow map

of animagebeamthrougha singlepixel is:

2tanq z,
res n’

wi(2) = @)

wheren is the distanceto the nearplane,2q is the eld of
view of the cameraandres is the resolutionof the image.
Thelight beamsarede ned by texelsin theshadev map.For
ares reg resolutionshadev map,the size of eachtexel
is 1=res 1=reg. A texel sizedstepin the shadev mapis
relatedto a stepin world spaceby thederivativesdx=ds and

dz=dt for thex andz directionsrespectiely. Thusthewidth
of theshadev beamsdn bothdirectionscanbe written as:

_ 1 dx,
Wix = res ds’ (3
1 dz
Wiz = res dt” (4)

Expressiongor thes andt aregivenby the perspectie pro-
jection.UsingastandardDpenGLfrustummatrix andtrans-

formingtheresultto therange[0; 1]  [0; 1] we have:
+ L
sx2) = zotanq 2’ ®)
0+ n £%h° 1
t(zo) ( (5 + (6)

2(f0 nO) A0 nd 2

Sincethederiativesof s andt aremonotonicover the view
frustum,the derivativesin Eqs.3 and4 canbe evaluatedas:

dx_ 1 and z_ 1.
ds ~ ds=dx dt ~ dt=dz’
Puttingall of this togetherand substituting®= n°+ z n

and f= n%+ f n, we obtainthe equationsfor errorin
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Error distribution in x Error distribution in z

n'=¥

Figure5: Error distribution. Theseplotsshowhowperspec-
tive aliasing error is distributedalong the view frustumfor
variousvaluesof n° (h=1andf = 20)

bothdirections:

o _Wx_res . (+z n)
my(z, n% = WI = les m ) | (7)
iz = Weo TS (0 Pz n° g

w; reg 2tanq zrf(n%+ f n)

Thelasttermof eachof theseequationgleterminesheover
all distribution of errorover thelengthof the frustum.Plots
of thesetermsareshawn for severalvaluesof nin Figure5.

The maximumerror for x alwaysoccursatz= n. For z,
the maximumerroris atz= n for n°> nleqy andatz= f
for n° nESPSM Pluggingthesevaluesinto Eqs.7 and8 we
gettheequationgor maximumerrorfor all zoverthewhole
frustumwhich we denoteasMy andMz:

_res f L
Mx(n') = res n ("%+ f n)’ ®)
(n*+f n) 0 0 .
n n ;
Ma(r®) = 13 . n LPM(10)

n° 0. -0 .
res 2tanqg st N> Niseav

Parameterizing n®. Thesemi-in nite rangeof n°2 [n;1 ) is
inconvenientfor analysisof theseequationsWe introducea
new parameteh 2 [ 1;1] in placeof nC:

8
< Pa h(a Y. 1 h o
O_ ﬁ ) il
n’=n_ P 0tt _ 11)
Hpm, 0< h 1
a= f=n

(seeAppendixB for derivation. )Overtherangeh 2[ 10,
n® moves from n°= 1 to n®= nlepgy. Over the range
h 2 [0;1], n° contmues:lecreasmg:lo/vn to n. Pluggingthis
equationfor n%into Eqgs.9 and 10 we cannow moreeasily
plot the behaior of the maximumerrorin x andz over the
entirerangeof warpingparameter¢seeFigure6).

4.2. Using storageto measue error

FromEqgs.9 and10we canseethatfor agivenview frustum
thereareonly two quantitieshatareusedto controlthe per
spectve aliasingerror:theresolutionof theshadev mapand
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Figure 6: Varying n. This plot showsthe maximurrerror in
x and z (Mx and Mz) andthe shadowmap storage (S) over
all valuesof n®, parameterizedn termsofh. n% 1) =1,
n%0) = n’gqu., andn%1) = n. Theplotshavebeenmormal-
izedto t onthesamescale(Frustumparametes:n= 1, and
f = 100).

the n® parameterPerspectie aliasingerror vanisheswhen
theresolutionis chosersuchthatMx = Mz = 1. We call this
thecritical resolutionres,  res . Thetotal storagen texels
requiredfor a critical resolutionshadev mapis:

res = redS
s (fn 1t n’ nlspan:

@ ¢ oo, 0 . (12
2tang n(_nozf—n)z N> NPgpau:

S =reg

Typically we have a x ed budgetof texture memorySy. In
this casewe shouldchooseheresolutionsubjecto thecon-
straints:
res res= and s _ g:
res res
The secondequationensureshat error is equally divided
betweerx andz. Solvingtheseequationave get:

S
res = ﬁ; (13)
res
r
_ res .
res= S s (14)

Storage factor. We call S the storage factor for a critical
resolutionshadev map.It representiow mary timeslarger
thanthe imagethe shadev mapmustbe (in texels)in order
to eliminateperspectie aliasing.Sis usefulasanaggrejate
measureof errorin bothx andz thatis independenbf spe-
ci ¢ shadev mapandimageresolutionsWe will useS for
theanalysisin therestof this paper

4.3. Equivalenceof PSMs,LSPSMs,and TSMs

We notethatfor valuesof n° nlepqy in Eq. 12, Sis min-
imal anddoesnot dependon n®. The valueof n° choserby
PSMs,LSPSMs,andsomeTSMs all fall within this range.

This meanghat from the stand-poinbf maximumperspec-
tive aliasingerror, which n° we choosemales ittle differ-
ence Thechoiceof n® primarily affectswhele themaximum
erroroccurswithin theview frustumandtherelative dimen-
sionsof thecritical resolutionshadev map.

The equialenceof warping parametersmeansthat the
heuristicof "maximizing usageof the shadev map"thatis
often usedin shadev map warping algorithmsis perhaps
too restrictve. For example,from Figure 4 it is clearthat
LSPSMsdo notusetheentireareaof the shadev mapwhile
PSMsdo. Yet Sfor boththealgorithmsis thesame.

We choosethe warpingparameten’ = nlg.q for three
reasons First, unlike the parametercomputedby TSMs,
nESPSM is guaranteetb alwayslie within theminimalrange.
Secondn?spqy distributeserrormoreevenly betweerx and
z This is importantbecausesPUscurrentlyimposelimits
on the dimensionf a shadav maptexture, anda squarish
texture is morelikely to t within thoselimits thanalong
rectangulapnewith equalarea Finally, atn’spq, the max-
imum errorin z occursat boththe nearandfar planes.This
is importantfor reasonavhich will be explainedin Section
5.2

4.4. Maximum error for generallight directions

For alight in generalposition, not all of the equationsve
have derived for perspectie aliasingerror can be useddi-
rectly becausehe light and eye spacecoordinatesystems
areno longeraligned.PSMsin particularrequirea new set
of equationdecaus¢hewarpingfrustumchoserby thatal-
gorithmis no longera simpleone-pointperspectie projec-
tion.

We derive S for generallight directionsfrom the beam
widthswi, wjy, andw;, computeddirectly at the verticesof
the view frustum. It is sufcient to checkjust the vertices
becausehe beamwidths increasemonotonicallyover the
corvex view frustum.The maximamustlie at the vertices.
For apoint p in theview frustum,we computew; by replac-
ing zin Eq. 2 with p v, wherev is the view vector We set
reg = 1. For the LSPSMor TSM algorithms we transform
p into light spaceto getx andz and computew;y, andw;,
from Eqgs.3 and4 with theresolutiontermssetto 1. Wethen
computermyk andm at the verticesandtake the maximums
overthevertices My andMz. Fromthesewe getS= MxMg.

Figures7 shavs S over the entirehemispheref light di-
rectionsabove a viewer with andwithoutwarping(noz 1
andn®= nlsqy, respectiely). Without warping, the error
is high over all light directions.With warping the error is
lowest for the overheadposition at the centerof the plot.
It is highestwhenthe light comesfrom directly behindor
in front of the viewer. Fromtheselight directions,the view
frustumappearso besquare Sinceit doesnot have atrape-
zoidalshapenowarpingcanbe performed For this reason,
PSMs,LSPSMs,andTSMsall revert backto anorthogonal
projectionwith "°= 1 for theselight directions.

¢ TheEurographicsAssociation2006.
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Figure 7: Storagefactor. Theseplots showthe storage factor over the hemispheg of light directionsabove the viewer. The
storage factoris directlyrelatedto maximunperspectivealiasing error over theview frustum.Theoverheaddirectionis at the
centerof the plot andbehindandin front of the viewer are ontheleft andright sidesrespectivelyTheplotsusea log, scale

Ny
X
/N

Figure 8: Facepartitioning. (8) Frombehind theview frus-
tumis squae and cannotbe warped.(b) Partitioning along
thefacesallowswarpingto be used z-partitioningmayalso
beappliedto facepartitions.

5. Frustum partitioning

In this sectionwe shav how partitioningthe view frustum
and applying a separateshadev mapto eachpartition can
reduceperspectie aliasingerror. We considerntwo typesof
partitioning: face partitioning, which splits the frustumac-
cordingto its facesandz-partitioning which splitsthe view
frustumalongits length.

5.1. Facepartitioning

Facepartitioninghasbeensuggestedsawayto reduceerror
for alight directionsthatarenearlyalignedwith theview di-

rection[For03 Ald04]. Fromthesedirections theview frus-
tum hasa squareshapethatis notamenabléo warpingwith

a perspectie projection.The solutionis simply to partition
the frustumaccordingto its faces(seeFigure 8). The parti-
tionsarede ned by the planespassinghroughthe edgesof
thefacesandthelight (whichis atin nity for a directional
light). Eachof the resultingtrapezoidalpartitionscanthen
be warpedindependentlygreatlyreducingthe error. Figure
7 shavs how facepartitioningreducegheerrorfor theprob-
lematiclight/cameracon gurationsandleadsto a moreuni-
form errordistribution over all light directions.

We usethe LSPSMalgorithmto t awarpingfrustumto

¢ TheEurographic#Association2006.
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Figure 9: z-partitioning. Self-similarpartitionsalongthe z-
axis. Choosingself-similarpartition pointsmalesthe error
thesamein eac partition andminimaloverall possiblepar-
titions.

facepartitions.The normal algorithm usesthe view vector
to align the light spacez axis. For facepartitionswe rst
projectthetwo sideedgesof the faceey ande; into aplane
perpendiculato the light directionto obtaine8 andej. We
usethe bisectorof the projectededgese] + €] to alignthez
axis. This ensureghatthe light beamshave a cross-section
thatis assquareaspossible.

Which facesto usefor partitioningdepend®n thedirec-
tion of the light. The goal of warpingis to eliminate per
spectve aliasingby ensuringthat light beamsare as wide
as possible,but no wider thanthe narravestimagebeams
they intersectasthey traversetheview frustum.Thenarrow-
estimagesheamsarethose rst encounteretby alight beam
whenv y< 0,wherev istheview vector Thereforehefront
facesof theview frustumwith respecto thelight shouldbe
usedin this caseLikewise,whenv y> 0thenarravestim-
age beamsare encounteredvhen the light beamexits the
view frustum,sothebackfacesshouldbeused.
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5.2. z-partitioning

z-partitioningschemeg¢ TQJIN99, sometimegeferredto as
cascadeadshadowmaps split the view frustuminto smaller
frustaalongthe eye spacez-axis. z-partitioningis motivated
by the fact that projective transformslike the perspectie
transformationcan only approximatethe optimal shadev
map parameterizationT he optimal parameterizatiofior an
overheaddirectionallight shouldproducelight beamswith
widthsw;, proportionalto z. Projectie transformscanonly
generatdight beamwidthsthatareproportionako (z+ co)z,
wherecy is aconstant{seeAppendixA). Since(z+ 00)2 Z,
thebestwe candois a piecavise approximation.

Thechoiceof partitionlocationsaffectsthe errorsin each
partition.We canseefrom Eq. 12 thatthe storage(andthus
theerror)grons with f=n. To minimize the maximumerror
overall all partitions,we shouldthereforeminimize f=n for
eachpartition and ensurethat the maximumerror of each
partitionis the same.This canbe accomplishedy making
thepartitionsself-similarasshavn in Figure9. Thenearand
far planesof eachpartitioni 2 f 1;2;:::; kg aregivenby:

f (i D=k
n=n — ; (15)
i=k
fi = n(i+ )= n ﬁ . (16)

A warpingfrustumis then t to eachpartitionseparately

Seamslf werendettheimageusingashadev mapwith sub-
critical resolution someperspectie aliasingmaybevisible.
Themoreabruptthechangen localaliasingerroris between
adjacentpartitions,the more noticeablethe seamsbetween
themwill becomeUsing n°= nthereis no changen x error
ata seam put thechangen z erroris very large. With n=
n’spqu thereis nochangen zerrorataseamandthechange
in x erroris typically lessdrasticthanthatof n°= n. For this
reasorwe usen®= nlepqy.

Combining with face partitioning . z-partitioning can be
performedon facepartitionsfor the frustumsidesasshavn
in Figure 8. Thereis no needto partitionthe nearplanebe-
causeéheimagebeamwidthsareconstantlongthisface.ln
fact, for high depthratios,the nearplaneis very smalland
canbeleft outaltogetherBy stretchinghesidesslightly the
nearplanebe coveredwith only aslightincreasen error.

If we are using a sub-critical resolution shadev map,
changingthe partitioning schemefrom frameto frame can
causedisturbing popping.For example,if we increasethe
numberof z-partitionsfor light directionswith fewer face
partitions,therewill beanabruptshift in the distribution of
aliasingerror. In generalijt is bestto usethe samepartition-
ing schemdor all light directionsto avoid popping.

8

10
— 7ZP1
ZPk+W
10°}| —_— — Logarithmic |

Shadow map size / Image size

f/n

Figure 10: Storage factor for varying number of z
partitions for light overhead.The storage factor is an ag-
gregate measue of x and z error. This plot showsthe stor
age required for a varying numberof z-partitionsk. As k
increasesthe storage factor approacesthat of the optimal,
logarithmicparameterization.

5.3. Analyzing frustum partitioning

To analyzeheeffectsof eachtypeof partitioningonaliasing
errorwe considertwo light directionsrelative to the viewer:
light overheadandlight behind.

Light overhead.ThestoragefactorSfor z-partitioning(ZP)

asa function of the numberof partitions,k, is computecby

pluggingthepartitionlocationsfrom Eqs15and16 into Eq.

12. Therearek shadev mapsfor k partitions,sothe storage
factoris alsomultiplied by k. With nowarping(n®= 1 ) the
storagdactoris:

szp 1= (=™ 1
Soverhead = K(f=n) W: (17)

Warping(W) with n'®  n®epqy remavesthe (f=n)** factor:

1=k
SZP+W (f=n) L

Soverhead ™ anq: (18)

Facepartitioning (FP) givesno bene t over warpingalone
for alight overheadsinceonly onefaceis visibleto thelight:

SFP+ZP+W _ SZP+W .
Soverhead - Sbverhead' (19)
Wimmeretal. [WSP04 shavedthatthe optimalparameter

izationfor anoverheadight is logarithmic. Extendingtheir
analysisyieldsthe optimal storagefactor:

In(f=n)
2tang °
(seeAppendix C for derivation). Figure 10 shavs thatask

i SZP+W ;
increases, .neag @PProachethe optimalstoragefactor

Light behind. Whenthe light is behindthe viewer, a ZP
schemecannotuse warping becausethe view frustum is
square.Figure 11 shaws the rectangulamwarping frustum
placedaroundthe top frustumfaces.The f=n ratio in light

S_bptimal =

¢ TheEurographicsAssociation2006.
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parameterized
region

Figure 11: Parameterizinga single face with no warping
andlight behindthe viewer. Half of two otherfacesare cov-
eredaswell.

spacefor this faceis the sameas that for the entire frus-
tumin the overheadcase g become#l5 . Thereforewe can
useEq. 17 for this single face.We note, however, that the
shadav map for this facecovers half of the left and right
facesLikewise,therectangldfor the bottomfacecoversthe
otherhalvesof theleft andright faces Thestorageactorfor
asingleshadev mapcoveringthe entirefrustumis the sum
of thetwo. This holdstruewith k> 1 aswell:

Soehind= 2Semead  Withq=45:  (20)
If we addfrustumpartitioning,we canusewarping,but we

mustusea shadev mapfor eachof the sidefaces(ignoring
thenearface).Thestoragefactorbecomes:

SFP+ZP+W _ ,SZP+W
Soehind - 4Saverhead*

WhenusingFP + ZP, eachlevel of z-partitioningresults
in up to four additionalshadev maps.Renderingoo mary
shadev mapscanreduceperformanceWe thereforewantto
choose partitioningschemehatwill give usthegreateser-
ror reductionfor thefewestnumberof shadav maps.Figure
12shawvsZP, ZP+ W, andFP+ ZP+ W for avaryingnum-

withq= 45 : (21)

berof shadev mapsZP+ W is clearlythe superiorscheme.

Even ZP without warping doesbetterthan FP+ ZP+ W.
The reasonfor this is that for every four z-partitionswith
ZP, thefacepartitionsof FP+ ZP+ W only getonelevel of
z-partitioning.For large valuesof (f=n) we have:

Sebhead  (f=n)% (22)
Stoomont (=) (23)

where | is the numberof shadev maps.The storagefactor
for ZP decreasemorerapidly with asthenumberof shadov
mapsincreases.

We choseasmallq valuefor theview frustumusedn Fig-
ure 12 to highlight the effect of the tanqg factor For a light
overhead,a small q requiresmore shadev map resolution
becausehe imagebeamsemainnarraver alongthe length
of the eachpatrtition. For a light behindthe viewer, g is al-
ways45 . As thenumberof partitionsincreasesang begins
to dominate.Thuseven with no warpingthe storagefactor
for ZP with thelight behindto dip belov ZP+ W with light
overhead.

Basedon our analysiswe believe thatz-partitioningwith
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Figure 12: Storagefactor for varying number of shadav
maps.Thestorage factoris shownfor thelight overheadand
behindtheviewer for variouscombination®f z-partitioning
(ZP), face partitioning (FP), and warping (W). (View frus-
tumparametes: f=n= 1000andq= 20 )

warping (ZP + W) is the bestschemeto usefor rendering
shadevs with alow numberof shadev mapsin scenesvith
ahigh depthrange Most of the bene t comesfrom the par
titioning. Themaximumerrorover all light directionsis not
affectedmuchby warpingbecausét cannotbe usedfor all
light directions.However, warpingdoesreducethe average
maximumerroroverall light directions Thisis similarto the
differencebetweenwarpingandno warping seenin Figure
7. Also theeffectof warpingis diminishedwith anincreased
numberof partitionsbecaus¢hedepthratio of eachpartition
decreases.

Theanalysign thissectionis for only two light directions.
Closedform expressiongor theerrorin thegenerakaseare
dif cult to formulatebecauseof the complex operationof
tting awarpingfrustumwith varying parametersgo an ar-
bitrarily orientedview frustum. To get anideaof how the
generalcasecompareso the specialcaseswve have treated
herewe computehemaximumSoverall light directionsnu-
merically usinga densesamplingof light directionson the
hemisphereWe foundthatfor all combinationsof warping,
partitioning,and numberof partitionsthat the worst caseS
waswithin a factor of 2—3 timesthat which we computed
analyticallyfor thelight behindcase.

6. Implementation

This sectionaddressea few implementatiordetailsfor par
titionedshadav maps.

6.1. Shadav map texture layout

As the light moves relative to the camera,the numberof

facesusedfor frustum partitioningwill change.The sizes
of the partitionswill alsoshrinkandgrow. The dimensions
of the correspondinghadav mapsshould changeaccord-
ingly. Somegraphicshardwaremaynotbeoptimizedto han-
dletexturedimensionghatchangesvery frame.In this case,
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theshadav mapscanbe pacledinto afewernumberof x ed
sizetextures.

6.2. Rendering multiple shadov maps

Partitioningrequireghatmultiple shadev mapsberendered.

For applicationsvhereshadev maprenderingis Il bound,
performanceshouldnot beimpactedmuch.Partitioningwill
consumethe about sameamountof Il-rate as a single,
warpedshadev map.

If the entiresceneis renderedor eachshadev mapand
theapplicationis geometrybound,thenrenderingk shadav
mapswill bek timesslower thanrenderingonly one.If in-
steadwe cull portionsof the scenethatfall outsideof each
shadev map's partition, then the overall performancewill
notchangeasmuch.Geometryboundapplicationgypically
perform view-frustum culling already so the samemecha-
nism usedfor that can be extendedfor usewith partition
culling.

6.3. Renderingthe imagewith multiple shadov maps

The nal imagecanberenderednepartitionatatime, with

all partitionsin a singlepass,or in multiple batchewf par

titions. The multi-passalgorithmcanuseclip planesor the
stencilbuffer to restrictrenderingto a single partitionwhile

renderingwith asingleshadav map.Our currentimplemen-
tation of partitionedshadav mapsperformsthe rendering
in a single pass.Thoughdynamicbranchingin a fragment
programcould be usedto selectthe propershadev map,
we use an approachthat works on older GPUs. We track
a setof texture coordinatedor eachpartition. We packall

of the shadav mapsinto a single texture and use a frag-

mentprogramto choosethe appropriatesetof texture coor

dinatedfor eachfragment.For z-partitioningwith four parti-

tionswe storethelocationof the partitionsin two variables
ni = (ng;ng;n3;ng) andfi = (fyq; fp; f3; f4). For eachfrag-

mentwe computea maskthatis 0 in every componentut

theonewhich correspondso the partitionin which thefrag-

mentlies:

z = dot(fragment.pos, cameraZAXxis);

mask = (ni < 2z) & (z < fi)

texCoord = mask.x * texCoord0 +
mask.y * texCoordl +
mask.z * texCoord2 +
mask.w * texCoord3;

ThetexCoord variablecanthenbeusedto sampletheap-
propriateshadev map.For facepartitioningwe usea similar
methodasdescribedy Aldridge [Ald04].

6.4. Depth clamping for increaseddepth resolution

A commonproblemwith shadev mapwarpingis thelossof
depthprecision.Whenthe warping frustumis expandedto
includeall objectsthat occludethe view frustumit canbe-
comeveryelongted leadingto alossof depthprecision We
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Figure 13: Rendertimesfor St. Matthew model. Culling

occludes that do not lie in eadh partition (SM cull) leads
to fastershadowmaprendertimesthanwith no culling (SM

no cull). Thestepsin image rendertimeat 2 and5 shadow
mapsare dueto changesin the fragmentprogram. e get

from 25—-75FPSfor this view, dependingon the numberof

shadowmaps.

notethatdepthvaluesareonly neededor occluderswithin
the view frustum. It is sufcient to clampthe depthof oc-
cludersbetweenthe view frustum andthe light to 0. The
warpingfrustumneedonly t theview frustum.In practice,
warpingfrustummustbeexpandedslightly for depthbiasing
to work correctly

7. Resultsand discussion

We have implementedseveralwarpingandz-partitioningal-

gorithmson a GeForce7800GTX.We testedour systemon
a game-like sceneconsistingof 15 airplanes(Figure 14),

eachof which consistof 18K triangles.We alsointegrated
our systemwith a view dependentendere{YSGMO04 and
testedit with a power plantmodelconsistingof 13M trian-
gles(seeFigure 1). Thesemodelshave a high depthrange
andarethereforevery susceptibleo perspectie aliasinger

ror.

Figure13 showvsthetime to rendertheimageanda vary-
ing numberof shadev mapsfor a St. Matthev modelcon-
sisting of 350M triangles.The LOD rendererreduceshis
to about1M trianglesper frame. As expectedthe shadav
maprenderingncreasesinearly with thenumberof shadev
maps Partition culling improvesshadev maprenderingper
formance.

One disadwantage of warping algorithms is that the
shadev mapalignmentdepend®ntheview andthelight. In
ananimationthis cancausethe shadev edgedo crawvl. One
versionof cascadedhadav mapssolvesthis problemby us-
ing aZP schemendorientingthe shadev mapwith respect
to a x edvectorin world spacgBlo04] This x estheloca-
tion of the texels boundariedor a particularlight direction.
As the view frustumchangesthe shadav mapis permitted
to move only in incrementsof a shadav texel, eliminating
the crawling.
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Figure 14: Various warping and partitioning schemes.Theseémage showthe differencein quality usingwarping (W) with a
singleshadowmap(left), facepartitioning (FP+ W) (middle), andz-partitioning(ZP4+ W) (right). Theshadowmaptexelgrid
is projectedontothe scenewith grid lines5 texelsapart. Theimage is 1K 1K. All shadowmapsuselK 1K total storage.
FP+ W uses3 shadowmapsfor this view while ZP4+ W uses4. Theframeratesfromleft to right are 143,115,and 107 fps.

(f=n= 500

Conclusionand Future Work

We have presentedh techniquefor analyzingshadev map
warping and partitioning algorithms.We show that for a
warping frustum orientedperpendiculato the light, thata
rangeof warping parametergorrespondingo several pre-
viouswarpingalgorithmsareequialent.We alsoshawv that
acombinationof z-partitioningandwarpingcandeliver low
aliasingerrorwith a smallnumberof shadev maps.

We have shawn thatfacepartitioningis not asusefulfor
renderingshadavs with a smallnumberof shadav maps.If
we couldusetheoptimallogarithmicparameterizatiorhow-
ever, we would only need4 shadev maps.We would like
to investigate further the useof the logarithmic parameter
ization. We would alsolike to extend our analysisto point
lights.
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Appendix A

A parameterization(z) usinga generaprojective transform
onzis givenby:

az+ b

S_abz_
T c d 1 cz+d

After the perspectie divide we have:

az+ b
cz+d
dt _ ad bc
dz = (cz+ d)?
A texel sizedstepin t resultsin a stepin world spacethat
is proportionalto dz=dt = 1=(dt=dz). Thusthelight beams
generatedby a projective transformhave spacingpropor
tionalto (z+ 00)2, wherecy is aconstant.

Appendix B

Wede ne h basednthebehaior of zerrorshavn in Figure
5. We notethatasn® approaches®= nlspq, from 1 , the
maximumerror over the whole frustum (Mz) occursat the
nearplane,moving from its highestvalue towardsits low-

estvalue.As n° continuesfrom n°= n’spq, down to n, the
maximumerrorswitchegto thefar planeandmovesbackup

to it highestvalueagain. We maph = 1 to maximumM;

onthenearplane h = 0to minimumMg, andh = 1to maxi-

mumM; onthefarplane M s linearlyinterpolatecetween
thesevalues:;

ML) Ms(n°) 05 10
he W) Wiy M Moy

M(n%) My(n) 0
Mz(n)  Mz(nPspgu) n.n

We arrive at Eg. 11 by solvingthis equatiorfor n°.

0
N spav

Appendix C

The warping frustum of the optimal shadev map parame-
terizationfor anoverheadlirectionallight is identicalto the
view frustum, like PSMs.Thereforemy = 1=res. In thez
directionthe light beamwidths wj, shouldbe proportional
to z. FromEq. 4 we seethatthisimpliesthatdz=dt z We
solvefort by integratingdt=dz = 1=z overtheview frustum
andnormalizingtheresultto therange[0; 1]:

Z, z z,

- 1
t= o dt= ) d—ZdZ— ] Edz- In(z=n)

(= {¢4) _In(z=n)
T In(f) In(n) ~ In(f=n)"
Fromthis we cancomputew;, andm:

1 dz 1 _log(f=n)
_ L 09UT=)

reg dt  resg n

_ Wz _ 1 In(f=n)

Wi res 2tang

Both my and m; are constantover the view frustum. The
valueof Sis foundby ignoringtheresolutionterms:
S In(f=n) :

2tanqg
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