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Figure 1: These800� 800 resolution images show the bene�t of combining shadow map warping and frustum partitioning
algorithms on a powerplant model with a high depth range. Left: A 2K � 2K shadow map generated with only a warping
algorithm (LSPSM) has high aliasing error is concentrated near the viewer. Middle: The largest allocatable resolution of
4K � 4K still has severe aliasing. Right: Warping combined with four frustum partitions produces low aliasing error with a
total resolution of 2K � 2K with only a 30%drop in framerate. Thealiasing error isdistributed moreuniformly over thescene.

Abstract
We evaluateseveral shadowmapalgorithmsbasedon warpingandpartitioning usingthemaximumperspective
aliasing error over the entire view frustum.With respectto our error metric,we showthat a range of warping
parameters correspondingto several previouswarpingalgorithmshavethesameerror. We alsoanalyzeseveral
partitioning schemesto determinewhich producestheleastmaximumerror usingtheleastnumberof partitions.
Finally, weshowhowwarpingandpartitioning canbecombinedfor interactiverenderingof low error shadows
in sceneswith a highdepthrange.

Categories and SubjectDescriptors(accordingto ACM CCS): I.3.7 [ComputerGraphics]:Three-Dimensional
GraphicsandRealism– Color, Shading,Shadowing andTexture

1. Intr oduction

Shadows arean importantcomponentof an interactive ren-
deringsystem.Shadow mapsareonepopulartechniquefor
renderingshadows. Thestandardshadow mapalgorithmas
proposedby Williams [Wil78] is a two passalgorithmthat
�rst createsa depthmap by renderingthe scenefrom the
light's view. In the secondpass,the depthmap is usedto
determinewhich surfaceslie in shadow. Shadow mapsarea
particularlyattractivealgorithmbecausethey areeasyto im-
plement,they supportawidevarietyof geometryrepresenta-
tions,andthereexistswidesupportfor shadow mapsin cur-

rentgraphicshardware.Themaindrawbackof shadow maps
is aliasingerrorsat shadow edges.Aliasingoccurswhenthe
local samplingdensityin the shadow map is too low. The
aliasingerrorsareworst for sceneswith a high depthrange
becausesamplesin the shadow map must cover larger re-
gions.

Two main approachesare usedto addressthe sampling
problem:warpingandpartitioning.Warpingalgorithmsren-
der a reparameterizedshadow map that leadsto increased
sampling resolution where it is needed[SD02, WSP04,
MT04,CG04]. Sincewarpingalgorithmssimply changethe
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4 � 4 matrix usedto rendera standardshadow map, they
incur almostno performancepenaltyandcanbe easilyim-
plementedon current GPUs.Partitioning algorithms take
a different approach.Thesealgorithmspartition the scene
andusea separateshadow mapfor eachpartition[TQJN99,
FFBG01, Arv04, LKS� 06]. For example,one shadow map
maybeusedfor areascloseto theviewerandanotherfor the
restof thescene.While partitioningcanreducealiasinger-
ror, renderingshadow mapsfor too many partitionsmaybe
expensive.Somealgorithmscombinewarpingandpartition-
ing [Koz04,CG04].

It is often dif�cult to determinewhich algorithmis best
for agivensituation.Moreover, it is notclearhow andwhen
to switch betweendifferent techniques.We seeka single
shadow mapalgorithmthathaslow aliasingerrorandmain-
tainshighperformancefor complex modelswith highdepth
range.

Main Results: In this paperwe presentan error metric
for evaluatingshadow mapalgorithmsbasedon the maxi-
mumperspectivealiasingerrorover theentireview frustum.
Aliasing error can be decomposedinto two parts [SD02]:
perspectivealiasing, which dependsonly on the position
of the light relative to the camera,andprojectionaliasing,
which dependson the orientationof surfacesin the scene.
We baseour errormetricon perspective aliasingbecauseit
is sceneindependent.Thoughwe dealonly with directional
light sourcesin this paper, the error metric analysiscanbe
extendedto point lights.

Using our error metric we investigate how to combine
warpingandpartitioningto obtaina low errorshadow map
solutionwith goodperformanceandguaranteesonthealias-
ing error. Warpingalgorithmsbasedon perspective projec-
tions, such as perspective shadow maps(PSMs) [SD02],
light-spaceperspective shadow maps(LSPSMs)[WSP04],
andtrapezoidalshadow maps(TSMs)[MT04] differ primar-
ily in theway theperspectiveparameteris chosen.Weshow
thatwhenthealiasingerrorsin bothshadow mapdimensions
arecombined,thata rangeof parametervaluescorrespond-
ing to thesealgorithmshave thesametotal error.

Wealsoconsidertwo kindsof view frustumpartitioning:

� Facepartitioning splits theview frustumat theedgesof
its facesasseenfrom the light's point of view. Facepar-
titioning allows warpingto beusedwhenit couldnot be
usedotherwise(e.g.whenthelight directionis parallelto
theview direction)leadingto reducederror.

� z-partitioning subdividestheview frustumor its facepar-
titionsalongtheir length.z- partitioningprovideserrorre-
ductionsfor all light directions.

Frustumpartitioningandz-partition canalsobe combined.
Weshow thatfor agivennumberof partitions,z-partitioning
alonecombinedwith warping delivers the leastmaximum
errorover theentireview frustum.We demonstratetheper-
formanceof this hybrid algorithmon a small model, typi-

cally usedin agame-likeenvironment,andonmassivemod-
elsusingaview-dependentrenderingalgorithm.

Therestof this paperis organizedasfollows. In Section
2 we brie�y discusswork relatedto shadow mapcomputa-
tion. In Section3, we discusshow aliasingerror shouldbe
measuredandjustify our choiceof errormetric.We analyze
shadow mapwarpingalgorithmsin Section4 and frustum
partitioningschemesin Section5. We describevariousim-
plementationdetailsfor partitionedshadow mapsin Section
6. In Section7, weshow someexperimentalresultsfor com-
binationsof partitioningandwarpingthatleadsto low alias-
ing error. Finally, we concludewith someideasfor future
work.

2. PreviousWork

Many techniqueshavebeenproposedfor shadow generation.
In thissection,we limit ourselvesto shadow mapsandsome
hybrid combinationswith object-spacetechniques.Shadow
mapswere �rst introducedby Williams [Wil78]. Segal et
al. [SKv� 92] later implementedthemon standardgraphics
hardware.In order to hide shadow mapaliasingReeveset
al. [RSC87] �ltered depthvaluesto blur shadow mapedges.
RecentlyDonnellyandLauritzen[DL06] introduceda way
to usedepthvarianceto facilitatebetter�ltering of shadow
depthmaps.

Other algorithmsseekto remove aliasingby locally in-
creasingtheshadow mapresolutionwhereit is neededeither
throughwarpingor partitioningor both:

� Partitioning algorithms. Tadamuraet al. [TQJN99] use
z-partitioningfor renderingscenesilluminatedwith sun-
light. Adaptive shadow maps[FFBG01] usea quadtree
that is re�ned in areaswith high aliasingerror. Increased
programmabilityof GPUs has facilitated implementa-
tions of adaptive shadow mapsfor hardware rendering
[LKS� 06], but performancecan be slow. Tiled shadow
maps[Arv04] partition a shadow map into tiles of dif-
ferentsizesguidedby analiasingmeasurementheuristic.

� Warping algorithms. Shadow map warping was intro-
duced with perspective shadow maps (PSMs) [SD02].
PSMsusethecamera's perspective transformto warpthe
shadow map.A singularitymayarisewith PSMsthat re-
quiresspecialhandling[Koz04]. Light-spaceperspective
shadow maps(LSPSMs)[WSP04] areageneralizationof
PSMsthat do not have the singularity problembecause
they usea perspective projectionthat is orientedperpen-
dicular to the light direction.Trapezoidalshadow maps
(TSMs) [MT04] aresimilar to LSPSMs,exceptthat they
useadifferentformulationfor theperspectiveparameter.

� Combined algorithms. ChongandGortler[CG04] usea
generalprojective transformto ensurethatthereis a one-
to-onecorrespondencebetweenpixels in the imageand
thetexelsin theshadow mapon a singleplanewithin the
scene.They useasmallnumberof shadow mapsto cover
a few large surfaces.Kozlov [Koz04] proposedusing a
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Figure 1: Shadow mapaliasing.An image beamthrougha
pixel anda light beamthrougha shadowmaptexel project
ontoa surface(left). Whenthelight beamfootprint is larger
thanthe image beamfootprint (upper-right), the light beam
footprints can be distinguishedas a jagged shadowedge
(lower-right).

cube map in the post-perspective spaceof the camera.
This correspondsto combiningwarpingwith faceparti-
tioning.

Irregularshadow maps[JMB04,AL04] avoid thealiasing
problemaltogetherby storingshadow mapsamplesthatcor-
respondexactly to theimagesamplesfor theeye.However,
irregularshadow mapsaredif�cult to implementon current
graphicshardware.

Pure object-spaceshadow algorithms,such as shadow
volumes,do not have aliasingproblems.Somehybrid algo-
rithmscombineobject-spacetechniqueswith shadow maps
to reducealiasing.McCooletal. [McC00] constructshadow
volumesfrom a shadow map.Senet al. [SCH03] createa
shadow mapthatmoreaccuratelyrepresentsshadow edges.
Both of thesetechniques,while generatingbetter looking
shadow edges,may misssmall featuresif the shadow map
resolution is inadequate.Chan and Durand [CD04] use
shadow mapsto restrict shadow volume renderingto the
shadow edges.Govindaraju et al. [GLY� 03] use shadow
polygonsfor the mostaliasedareasanda shadow mapev-
erywhereelse.

3. Measuring aliasingerror

This sectionprovidesan overview of shadow mapaliasing
andintroducesourerrormetric.We�rst review how shadow
mapaliasingoccurs.Thenwe justify why we ignoreprojec-
tion aliasingand discussthe useof maximumperspective
aliasingerrorover thewholefrustumfor evaluatingshadow
mapalgorithms.

3.1. Shadow map aliasing

Figure1offersgeometricintuitionof how shadow mapalias-
ing occurs.A beamemanatesfrom theeyethroughapixel on
theimageplaneandprojectsontoasurfacein thescenewith
afootprintof width w0

i attheintersectionpoint.A beamfrom

thelight throughashadow maptexel projectsontothesame
locationwith afootprintof widthw0

l . Whenw0
l > w0

i , thelight
beamfootprint is coveredby multiple imagebeamsandbe-
comesdistinguishableasa jagged,aliasededgeat shadow
boundaries.

Following [SD02], thealiasingerrorcanbequanti�ed as
themismatchratioof thebeamfootprintwidths:

m=
w0

l
w0

i
�

wl

wi

cosqi

cosql
; (1)

wherewi andwl arethewidthsof theimageandlight beams
at the point of intersectionand qi and ql are the angles
betweenthe surfacenormal and the beamdirections.The
wl =wi termis referredto asperspectivealiasing. Perspective
aliasingdependssolelyon therelative positionsof the light
and camera.It is independentof the scenegeometry. The
cosqi=cosql termis referredto asprojectionaliasing. This
termdependson theorientationof thesurfacesin thescene
relativeto thecameraandthelight. Perspectivealiasingvan-
isheswhenthebeamwidthsarethesame,i.e. wi = wl . Pro-
jection aliasingvanisheswhenthe surfaceis orientedwith
its normalparallelor perpendicularto the half-way vector
betweenthebeamdirections,i.e.qi = ql .

3.2. Ignoring projection aliasing

Ideally, a shadow mapalgorithmshouldensurethat m = 1
everywherein thescene.Whenm> 1 shadow mapaliasing
can appearat shadow boundaries.When m < 1, no alias-
ing appears,but theshadow mapis oversampledandresolu-
tion is wasted.In practice,an ideal shadow mapis dif�cult
to computedueto theprojectionaliasingfactor. Becauseof
projectionaliasing,the local resolutionneededfor different
partsof the scenemay vary dramaticallydependingon the
orientationsof thesurfacesin thescene.Computingtheres-
olution neededfor eachpart of the scenerequiresa poten-
tially expensive sceneanalysis,andstoringanidealshadow
map requiresdatastructuresmore complex than a regular
grid. Adaptive shadow maps(ASMs) approachthe idealby
storing the shadow map in a quad-treeand re�ning where
moreresolutionis needed.But on currenthardware,ASMs
aretoo slow to provide all but a fairly coarselevel of subdi-
visionathigh-frameratesin acomplex environment.Chong
et al. [CG04] also computean optimal shadow map for a
few surfacesin thescene,but for othersurfacesthereareno
guaranteeson thealiasingerror.

We chooseto ignoreprojectionaliasingandto minimize
perspective aliasing.This meansthat we canusea shadow
mapparameterizationthatis bothindependentof scenecom-
plexity andis simpleandef�cient to compute.In practice,
projectionaliasingerrormight not ever becompletelyelim-
inatedbecauseit is potentiallyunbounded.However if per-
spective aliasingerror is small, the projectionaliasingthat
doesremain is much lessvisible for at least two reasons
First, when projection aliasing stretcheslight beamfoot-
prints acrossa surface,the samplingresolutionis reduced
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Figure 2: Visualizing aliasing error. Theseimages show
shadowmap texels projectedonto a sceneconsistingof a
simplegroundplaneandan overheaddirectionallight. The
LSPSMalgorithm (left) appears to be inferior to the PSM
algorithm (right) dueto projectioneffects.To seeperspec-
tivealiasingmoreclearly, a planeis insertedon theleft side
of each image into the area of maximumperspectivealias-
ing for each algorithm and is orientedsuch that projection
effectsare mostlyremoved.LSPSMsshowerror distributed
evenly in both directions,while the error for PSMsis con-
centrated in a single direction.Both images, in fact, have
thesametotal error.

only in the stretcheddirection.Second,surfaceswhich ex-
hibit high projectionaliasingerrorarenearlyparallelto the
light. For many surfaces,whenthe light angleis low, little
light is re�ected,so theshadows arenot asnoticeableany-
way.

3.3. Maximum perspectivealiasingerror

For our errormetricwe minimizetheL1 normof perspec-
tive aliasing error. Speci�cally, we seek to minimize the
maximumvaluethewl =wi termof m in Eq. (1) over theen-
tire view frustum.OthernormscouldbeusedsuchastheL1
or the L2 norms.Thesenormstendto ensurethat the "av-
erage"error is low, but high error outliersmay occur. (For
a morein-depthdiscussionof errormeasuresin thecontext
of shadow maprenderingsee[Cho03].) For speci�c views,
wherethereareno surfacesor shadows in anareawith high
error, it may be possiblefor oneshadow mapto appearto
have lower error thananother, evenif quantitativelyit is in-
ferior (seeFigure2). But in aninteractiveapplicationwhere
theview is unconstrainedor thescenegeometryis arbitrary,
thereis no guaranteethat the "bad areas"will not become
visible.Our metricgivesguaranteeson theworstcaseerror
independentof thescene.

4. Shadow map warping with perspectiveprojections

Perspectiveprojectionsareusedby prior warpingtechniques
to reducealiasing.Thealiasingerror is affectedby boththe
warpingparameterandthe dimensionsof the shadow map
relative to the image.In this sectionwe show how the area
of theshadow map(in texels)canbeusedto measureerror
independentof speci�c shadow mapdimensions.This leads

0 n z f

light direction

wi

shadow plane

eye

0

view
frustum

wl

0 1

warping
frustum

c

z

y

t

z' f 'n'

��

Figure 3: Perspective projection parameterization.Light
spaceis de�nedwith they-axisalignedwith thelight direc-
tion andthez-axisin theplaneof y-axisandview direction.
Thet-axisof theshadowmapisalignedwith thez-axis.Thex
andsaxespointoutof thepage. Theshadowmapis warped
by placing a warping frustumalong the z-axisaround the
camera frustum.Thewarp is controlled by varying the pa-
rametern0.

to the surprisingresult that for a shadow mapoccupying a
�x edamountof memory, thewarpingparametersfor PSMs,
LSPSMs,andsomeTSMsall yield thesamemaximumper-
spectivealiasingerror.

We �rst considerthespeci�c con�gurationshown in Fig-
ure3 with a directionallight overhead.Thecoordinatesys-
temfor this Figureis the light spacede�ned by Wimmeret
al. [WSP04], except that we align the s andt directionsof
the shadow mapwith x andz, respectively, insteadof vice
versaasthey do.

4.1. Maximum error for overheadlight

A shadow mapfor anoverheaddirectionallight canbepa-
rameterizedwith low error using a perspective projection.
Theprojectionis parameterizedby n0, thedistancefrom the
centerof projection,c, to the view frustum nearplane,n.
For this con�guration,PSMs,LSPSMs,andTSMsall usea
perspective projectionwhich differsonly by thevalueof n0.
PSMsusen0= n, LSPSMsusen0= z+

p
f n, andTSMsuse

avalueof n0 thatmapsauserselectedfocuspoint to theline
80%of theway from thebottomof theshadow map.Stan-
dardunwarpedshadow mapsusean orthogonalprojection
with n0= 1 .

Figure 4 shows how the parameterizationchangeswith
n0. Theerror in bothx andz changeswith n0 but cannotbe
controlledindependently. In thissection,weextendtheanal-
ysisof Wimmeret al [WSP04] to computemaximumerror
in x andz for all valuesof n0. The perspective aliasinger-
ror in eachdirection is given by the ratio of beamwidths
wlx=wi andwlz=wi . We assumethat the imageis squareso
thatwix = wiy = wi . FromFigure3 wecanseethatthewidth
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Figure4: Perspectiveprojectionwarping. Fromleft to right
theparametern0decreasesfrom1 to n. Top: In light space,
the projectedshadowmapgrid is compressedto match the
sidesof the view frustum.Bottom: In the view of the scene
rendered into the shadowmap,a tapered grid on the view
frustumis stretchedto �ll theshadowmap.

of animagebeamthroughasinglepixel is:

wi(z) =
2tanq
resi

z
n

; (2)

wheren is the distanceto the nearplane,2q is the �eld of
view of thecamera,andresi is the resolutionof the image.
Thelight beamsarede�nedby texelsin theshadow map.For
a ress � rest resolutionshadow map,the sizeof eachtexel
is 1=ress � 1=rest . A texel sizedstepin the shadow mapis
relatedto astepin world spaceby thederivativesdx=dsand
dz=dt for thex andzdirections,respectively. Thusthewidth
of theshadow beamsin bothdirectionscanbewrittenas:

wlx =
1

ress
dx
ds

; (3)

wlz =
1

rest
dz
dt

: (4)

Expressionsfor thes andt aregivenby theperspective pro-
jection.UsingastandardOpenGLfrustummatrixandtrans-
forming theresultto therange[0;1] � [0;1] wehave:

s(x;z0) =
x

z0tanq
+

1
2

; (5)

t(z0) =
( f 0+ n0)
2( f 0� n0)

+
f 0n0

z0( f 0� n0)
+

1
2

: (6)

Sincethederivativesof s andt aremonotonicover theview
frustum,thederivativesin Eqs.3 and4 canbeevaluatedas:

dx
ds

=
1

ds=dx
and

dz
dt

=
1

dt=dz
:

Puttingall of this togetherandsubstitutingz0 = n0+ z� n
and f 0 = n0+ f � n, we obtain the equationsfor error in
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Figure5: Error distribution. Theseplotsshowhowperspec-
tive aliasingerror is distributedalong theview frustumfor
variousvaluesof n0. (n = 1 and f = 20.)

bothdirections:

mx(z;n0) =
wlx

wi
=

resi
ress

f
�

(n0+ z� n)
z(n0+ f � n)

�
; (7)

mz(z;n
0) =

wlz

wi
=

resi
rest

( f � n)
2tanq

 
(n0+ z� n)2

zn0(n0+ f � n)

!

: (8)

Thelasttermof eachof theseequationsdeterminestheover-
all distribution of errorover thelengthof thefrustum.Plots
of thesetermsareshown for severalvaluesof n0 in Figure5.

The maximumerror for x alwaysoccursat z = n. For z,
themaximumerror is at z= n for n0> n0

LSPSM andat z= f
for n0 � n0

LSPSM . Pluggingthesevaluesinto Eqs.7 and8 we
gettheequationsfor maximumerrorfor all zover thewhole
frustumwhichwedenoteasMx andMz:

Mx(n0) =
resi
ress

f
n

n0

(n0+ f � n)
; (9)

Mz(n
0) =

resi
rest

( f � n)
2tanq

(
(n0+ f � n)

n0 f n0 � n0
LSPSM ;

n0

n(n0+ f � n) n0> n0
LSPSM :

(10)

Parameterizing n0. Thesemi-in�nite rangeof n02 [n;1 ) is
inconvenientfor analysisof theseequations.We introducea
new parameterh 2 [� 1;1] in placeof n0:

n0= n

8
<

:

p
a+ 1� h(a� 1)

h+ 1 ; � 1 � h � 0;
p

a+ 1
h

p
a+ 1

; 0 < h � 1:
(11)

a = f =n:

(seeAppendixB for derivation.)Over therangeh 2 [� 1;0],
n0 moves from n0 = 1 to n0 = n0

LSPSM . Over the range
h 2 [0;1], n0 continuesdecreasingdown to n. Pluggingthis
equationfor n0 into Eqs.9 and10 we cannow moreeasily
plot thebehavior of themaximumerror in x andz over the
entirerangeof warpingparameters(seeFigure6).

4.2. Usingstorageto measureerror

FromEqs.9 and10wecanseethatfor agivenview frustum
thereareonly two quantitiesthatareusedto controltheper-
spectivealiasingerror:theresolutionof theshadow mapand
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Figure6: Varying n0. Thisplot showsthemaximumerror in
x andz (Mx andMz) and theshadowmapstorage (S) over
all valuesof n0, parameterizedin termsof h. n0(� 1) = 1 ,
n0(0) = n0

LSPSM , andn0(1) = n.Theplotshavebeennormal-
izedto �t onthesamescale(Frustumparameters: n= 1, and
f = 100).

the n0 parameter. Perspective aliasingerror vanisheswhen
theresolutionis chosensuchthatMx = Mz = 1. Wecall this
thecritical resolution, res�s � res�t . Thetotalstoragein texels
requiredfor acritical resolutionshadow mapis:

S� = res�s � res�t = res2i S̄;

S̄=
( f =n� 1)

2tanq

(
1 n0 � n0

LSPSM ;
n02 f

n(n0+ f � n)2 n0> n0
LSPSM :

(12)

Typically we have a �x ed budgetof texture memoryS0. In
thiscase,weshouldchoosetheresolutionsubjectto thecon-
straints:

ress � rest = S0 and
ress
rest

=
res�s
res�t

:

The secondequationensuresthat error is equally divided
betweenx andz. Solvingtheseequationsweget:

ress =

s

S0
res�s
res�t

; (13)

rest =

r

S0
res�t
res�s

: (14)

Storage factor. We call S̄ the storage factor for a critical
resolutionshadow map.It representshow many timeslarger
thanthe imagetheshadow mapmustbe(in texels) in order
to eliminateperspective aliasing.S̄ is usefulasanaggregate
measureof error in bothx andz that is independentof spe-
ci�c shadow mapandimageresolutions.We will useS̄ for
theanalysisin therestof thispaper.

4.3. Equivalenceof PSMs,LSPSMs,and TSMs

We notethat for valuesof n0 � n0
LSPSM in Eq. 12, S̄ is min-

imal anddoesnot dependon n0. Thevalueof n0 chosenby
PSMs,LSPSMs,andsomeTSMs all fall within this range.

This meansthat from thestand-pointof maximumperspec-
tive aliasingerror, which n0 we choosemakes little differ-
ence.Thechoiceof n0primarily affectswherethemaximum
erroroccurswithin theview frustumandtherelativedimen-
sionsof thecritical resolutionshadow map.

The equivalenceof warping parametersmeansthat the
heuristicof "maximizing usageof the shadow map" that is
often usedin shadow map warping algorithmsis perhaps
too restrictive. For example,from Figure 4 it is clear that
LSPSMsdonotusetheentireareaof theshadow mapwhile
PSMsdo.Yet S̄for boththealgorithmsis thesame.

We choosethe warpingparametern0 = n0
LSPSM for three

reasons.First, unlike the parametercomputedby TSMs,
n0

LSPSM is guaranteedto alwayslie within theminimalrange.
Second,n0

LSPSM distributeserrormoreevenlybetweenx and
z. This is importantbecauseGPUscurrently imposelimits
on thedimensionsof a shadow maptexture,anda squarish
texture is more likely to �t within thoselimits thana long
rectangularonewith equalarea.Finally, atn0

LSPSM themax-
imum error in z occursat boththenearandfar planes.This
is importantfor reasonswhich will beexplainedin Section
5.2.

4.4. Maximum error for generallight dir ections

For a light in generalposition,not all of the equationswe
have derived for perspective aliasingerror canbe useddi-
rectly becausethe light and eye spacecoordinatesystems
areno longeraligned.PSMsin particularrequirea new set
of equationsbecausethewarpingfrustumchosenby thatal-
gorithmis no longera simpleone-pointperspective projec-
tion.

We derive S̄ for generallight directionsfrom the beam
widthswi , wlx, andwlz computeddirectly at theverticesof
the view frustum.It is suf�cient to checkjust the vertices
becausethe beamwidths increasemonotonicallyover the
convex view frustum.The maximamust lie at the vertices.
For apoint p in theview frustum,wecomputewi by replac-
ing z in Eq. 2 with p� v, wherev is theview vector. We set
resi = 1. For theLSPSMor TSM algorithms,we transform
p into light spaceto get x andz andcomputewlx, andwlz
from Eqs.3 and4 with theresolutiontermssetto 1. Wethen
computemx andmz at the verticesandtake the maximums
over thevertices,Mx andMz. FromthesewegetS̄= MxMz.

Figures7 shows S̄over theentirehemisphereof light di-
rectionsabove a viewer with andwithout warping(n0 = 1
andn0 = n0

LSPSM , respectively). Without warping,the error
is high over all light directions.With warping the error is
lowest for the overheadposition at the centerof the plot.
It is highestwhenthe light comesfrom directly behindor
in front of theviewer. Fromtheselight directions,theview
frustumappearsto besquare.Sinceit doesnothavea trape-
zoidalshape,no warpingcanbeperformed.For this reason,
PSMs,LSPSMs,andTSMsall revert backto anorthogonal
projectionwith n0= 1 for theselight directions.
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Figure 7: Storagefactor. Theseplots showthe storage factor over the hemisphere of light directionsabove the viewer. The
storage factor is directlyrelatedto maximumperspectivealiasingerror over theview frustum.Theoverheaddirectionis at the
centerof theplot andbehindandin frontof theviewerareon theleft andright sides,respectively. Theplotsusea log10 scale.

(a) (b)

Figure8: Facepartitioning. (a) Frombehind,theview frus-
tumis square andcannotbewarped.(b) Partitioning along
thefacesallowswarpingto beused.z-partitioningmayalso
beappliedto facepartitions.

5. Frustum partitioning

In this sectionwe show how partitioningthe view frustum
andapplyinga separateshadow mapto eachpartition can
reduceperspective aliasingerror. We considertwo typesof
partitioning:facepartitioning, which splits the frustumac-
cordingto its faces,andz-partitioning, whichsplitstheview
frustumalongits length.

5.1. Facepartitioning

Facepartitioninghasbeensuggestedasawayto reduceerror
for a light directionsthatarenearlyalignedwith theview di-
rection[For03,Ald04]. Fromthesedirections,theview frus-
tumhasasquareshapethatis notamenableto warpingwith
a perspective projection.Thesolutionis simply to partition
the frustumaccordingto its faces(seeFigure8). Theparti-
tionsarede�ned by theplanespassingthroughtheedgesof
the facesandthe light (which is at in�nity for a directional
light). Eachof the resultingtrapezoidalpartitionscanthen
bewarpedindependently, greatlyreducingtheerror. Figure
7 showshow facepartitioningreducestheerrorfor theprob-
lematiclight/cameracon�gurationsandleadsto amoreuni-
form errordistributionoverall light directions.

We usetheLSPSMalgorithmto �t a warpingfrustumto

light direction

0 n f

eye
2��

f ¼

z

y

n
n( ) f ¾

n
n( )f ½

n
n( )

Figure9: z-partitioning. Self-similarpartitionsalongthez-
axis.Choosingself-similarpartition pointsmakestheerror
thesamein each partitionandminimaloverall possiblepar-
titions.

facepartitions.The normalalgorithmusesthe view vector
to align the light spacez axis. For facepartitionswe �rst
projectthetwo sideedgesof thefacee0 ande1 into a plane
perpendicularto the light directionto obtaine0

0 ande0
1. We

usethebisectorof theprojectededgese0
0 + e0

1 to align thez
axis.This ensuresthat the light beamshave a cross-section
thatis assquareaspossible.

Which facesto usefor partitioningdependson thedirec-
tion of the light. The goal of warping is to eliminateper-
spective aliasingby ensuringthat light beamsare as wide
aspossible,but no wider than the narrowest imagebeams
they intersectasthey traversetheview frustum.Thenarrow-
estimagesbeamsarethose�rst encounteredby a light beam
whenv� y< 0,wherev is theview vector. Thereforethefront
facesof theview frustumwith respectto thelight shouldbe
usedin thiscase.Likewise,whenv� y > 0 thenarrowestim-
agebeamsare encounteredwhen the light beamexits the
view frustum,sothebackfacesshouldbeused.
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5.2. z-partitioning

z-partitioningschemes[TQJN99], sometimesreferredto as
cascadedshadowmaps, split theview frustuminto smaller
frustaalongtheeye spacez-axis.z-partitioningis motivated
by the fact that projective transforms,like the perspective
transformation,can only approximatethe optimal shadow
mapparameterization.The optimal parameterizationfor an
overheaddirectionallight shouldproducelight beamswith
widthswlz proportionalto z. Projective transformscanonly
generatelight beamwidthsthatareproportionalto (z+ c0)2,
wherec0 is aconstant(seeAppendixA). Since(z+ c0)2 � z,
thebestwecando is apiecewiseapproximation.

Thechoiceof partitionlocationsaffectstheerrorsin each
partition.We canseefrom Eq. 12 that thestorage(andthus
theerror)grows with f =n. To minimizethemaximumerror
overall all partitions,we shouldthereforeminimize f =n for
eachpartition and ensurethat the maximumerror of each
partition is the same.This canbe accomplishedby making
thepartitionsself-similarasshown in Figure9. Thenearand
farplanesof eachpartitioni 2 f 1;2; :::;kg aregivenby:

ni = n
�

f
n

� (i� 1)=k

; (15)

fi = n(i+ 1) = n
�

f
n

� i=k

: (16)

A warpingfrustumis then�t to eachpartitionseparately.

Seams.If werendertheimageusingashadow mapwith sub-
critical resolution,someperspectivealiasingmaybevisible.
Themoreabruptthechangein localaliasingerroris between
adjacentpartitions,the morenoticeablethe seamsbetween
themwill become.Usingn0= n thereis nochangein x error
at a seam,but thechangein z error is very large.With n0 =
n0

LSPSM thereisnochangein zerrorataseam,andthechange
in x erroris typically lessdrasticthanthatof n0= n. For this
reasonweusen0= n0

LSPSM .

Combining with face partitioning . z-partitioning can be
performedon facepartitionsfor thefrustumsidesasshown
in Figure8. Thereis no needto partitionthenearplanebe-
causetheimagebeamwidthsareconstantalongthis face.In
fact, for high depthratios,the nearplaneis very small and
canbeleft outaltogether. By stretchingthesidesslightly the
nearplanebecoveredwith only aslight increasein error.

If we are using a sub-critical resolutionshadow map,
changingthe partitioningschemefrom frameto framecan
causedisturbingpopping.For example,if we increasethe
numberof z-partitionsfor light directionswith fewer face
partitions,therewill beanabruptshift in thedistribution of
aliasingerror. In general,it is bestto usethesamepartition-
ing schemefor all light directionsto avoid popping.
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Figure 10: Storage factor for varying number of z-
partitions for light overhead.Thestorage factor is an ag-
gregatemeasure of x and z error. This plot showsthe stor-
age required for a varying numberof z-partitionsk. As k
increases,thestorage factorapproachesthatof theoptimal,
logarithmicparameterization.

5.3. Analyzing frustum partitioning

To analyzetheeffectsof eachtypeof partitioningonaliasing
errorwe considertwo light directionsrelative to theviewer:
light overhead,andlight behind.

Light overhead.ThestoragefactorS̄for z-partitioning(ZP)
asa functionof thenumberof partitions,k, is computedby
pluggingthepartitionlocationsfrom Eqs15and16 into Eq.
12. Therearek shadow mapsfor k partitions,sothestorage
factoris alsomultipliedby k. With nowarping(n0= 1 ) the
storagefactoris:

S̄ZP
overhead= k( f =n)1=k

�
( f =n)1=k � 1

�

2tanq
: (17)

Warping(W) with n0 � n0
LSPSM removesthe( f =n)1=k factor:

S̄ZP+ W
overhead= k

�
( f =n)1=k � 1

�

2tanq
: (18)

Facepartitioning(FP) givesno bene�t over warpingalone
for alight overhead,sinceonlyonefaceisvisibleto thelight:

S̄FP+ ZP+ W
overhead = S̄ZP+ W

overhead: (19)

Wimmeretal. [WSP04] showedthattheoptimalparameter-
izationfor anoverheadlight is logarithmic.Extendingtheir
analysisyieldstheoptimalstoragefactor:

S̄optimal =
ln( f =n)
2tanq

:

(seeAppendixC for derivation).Figure10 shows that ask
increases,̄SZP+ W

overhead approachestheoptimalstoragefactor.

Light behind. When the light is behindthe viewer, a ZP
schemecannotuse warping becausethe view frustum is
square.Figure 11 shows the rectangularwarping frustum
placedaroundthe top frustumfaces.The f =n ratio in light

c
 TheEurographicsAssociation2006.



B. Lloyd,D. Tuft, S.Yoon,& D. Manocha / WarpingandPartitioning for LowError ShadowMaps

parameterized
region

Figure 11: Parameterizinga single face with no warping
andlight behindtheviewer. Half of twootherfacesarecov-
eredaswell.

spacefor this faceis the sameas that for the entire frus-
tum in theoverheadcase.q becomes45� . Thereforewe can
useEq. 17 for this single face.We note,however, that the
shadow map for this facecovers half of the left and right
faces.Likewise,therectanglefor thebottomfacecoversthe
otherhalvesof theleft andright faces.Thestoragefactorfor
a singleshadow mapcoveringtheentirefrustumis thesum
of thetwo. Thisholdstruewith k > 1 aswell:

S̄ZP
behind= 2S̄ZP

overhead; with q = 45� : (20)

If we addfrustumpartitioning,we canusewarping,but we
mustusea shadow mapfor eachof thesidefaces(ignoring
thenearface).Thestoragefactorbecomes:

S̄FP+ ZP+ W
behind = 4S̄ZP+ W

overhead; with q = 45� : (21)

WhenusingFP+ ZP, eachlevel of z-partitioningresults
in up to four additionalshadow maps.Renderingtoo many
shadow mapscanreduceperformance.Wethereforewantto
chooseapartitioningschemethatwill giveusthegreatester-
ror reductionfor thefewestnumberof shadow maps.Figure
12showsZP, ZP+ W, andFP+ ZP+ W for avaryingnum-
berof shadow maps.ZP+ W is clearlythesuperiorscheme.
Even ZP without warping doesbetterthan FP+ ZP+ W.
The reasonfor this is that for every four z-partitionswith
ZP, thefacepartitionsof FP+ ZP+ W only getonelevel of
z-partitioning.For largevaluesof ( f =n) wehave:

S̄ZP
overhead � ( f =n)2=j (22)

S̄FP+ ZP+ W
overhead � ( f =n)4=j ; (23)

where j is the numberof shadow maps.The storagefactor
for ZP decreasesmorerapidlywith asthenumberof shadow
mapsincreases.

Wechoseasmallq valuefor theview frustumusedin Fig-
ure 12 to highlight the effect of the tanq factor. For a light
overhead,a small q requiresmore shadow map resolution
becausethe imagebeamsremainnarrower alongthe length
of the eachpartition.For a light behindthe viewer, q is al-
ways45� . As thenumberof partitionsincreases,tanq begins
to dominate.Thuseven with no warpingthe storagefactor
for ZP with thelight behindto dip below ZP+ W with light
overhead.

Basedon our analysis,we believe thatz-partitioningwith
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Figure 12: Storagefactor for varying number of shadow
maps.Thestoragefactoris shownfor thelight overheadand
behindtheviewer for variouscombinationsof z-partitioning
(ZP), facepartitioning (FP), and warping (W). (View frus-
tumparameters: f =n = 1000andq = 20� )

warping (ZP+ W) is the bestschemeto usefor rendering
shadows with a low numberof shadow mapsin sceneswith
a high depthrange.Most of thebene�t comesfrom thepar-
titioning. Themaximumerrorover all light directionsis not
affectedmuchby warpingbecauseit cannotbeusedfor all
light directions.However, warpingdoesreducetheaverage
maximumerroroverall light directions.Thisis similarto the
differencebetweenwarpingandno warpingseenin Figure
7. Also theeffectof warpingis diminishedwith anincreased
numberof partitionsbecausethedepthratioof eachpartition
decreases.

Theanalysisin thissectionis for only two light directions.
Closedform expressionsfor theerrorin thegeneralcaseare
dif�cult to formulatebecauseof the complex operationof
�tting a warpingfrustumwith varyingparametersto an ar-
bitrarily orientedview frustum.To get an ideaof how the
generalcasecomparesto the specialcaseswe have treated
herewecomputethemaximumS̄overall light directionsnu-
merically usinga densesamplingof light directionson the
hemisphere.We foundthatfor all combinationsof warping,
partitioning,andnumberof partitionsthat the worst caseS̄
waswithin a factorof 2–3 times that which we computed
analyticallyfor thelight behindcase.

6. Implementation

Thissectionaddressesa few implementationdetailsfor par-
titionedshadow maps.

6.1. Shadow map texture layout

As the light moves relative to the camera,the numberof
facesusedfor frustum partitioning will change.The sizes
of thepartitionswill alsoshrinkandgrow. Thedimensions
of the correspondingshadow mapsshouldchangeaccord-
ingly. Somegraphicshardwaremaynotbeoptimizedto han-
dle texturedimensionsthatchangeevery frame.In thiscase,
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theshadow mapscanbepackedinto afewernumberof �x ed
sizetextures.

6.2. Renderingmultiple shadow maps

Partitioningrequiresthatmultipleshadow mapsberendered.
For applicationswhereshadow maprenderingis �ll bound,
performanceshouldnotbeimpactedmuch.Partitioningwill
consumethe about sameamountof �ll-rate as a single,
warpedshadow map.

If the entiresceneis renderedfor eachshadow mapand
theapplicationis geometrybound,thenrenderingk shadow
mapswill bek timesslower thanrenderingonly one.If in-
steadwe cull portionsof thescenethat fall outsideof each
shadow map's partition, then the overall performancewill
not changeasmuch.Geometryboundapplicationstypically
performview-frustumculling already, so the samemecha-
nism usedfor that can be extendedfor usewith partition
culling.

6.3. Rendering the imagewith multiple shadow maps

The�nal imagecanberenderedonepartitionata time,with
all partitionsin a singlepass,or in multiple batchesof par-
titions. The multi-passalgorithmcanuseclip planesor the
stencilbuffer to restrictrenderingto a singlepartitionwhile
renderingwith asingleshadow map.Ourcurrentimplemen-
tation of partitionedshadow mapsperformsthe rendering
in a singlepass.Thoughdynamicbranchingin a fragment
programcould be usedto selectthe propershadow map,
we usean approachthat works on older GPUs.We track
a setof texture coordinatesfor eachpartition. We packall
of the shadow mapsinto a single texture and usea frag-
mentprogramto choosetheappropriatesetof texturecoor-
dinatesfor eachfragment.For z-partitioningwith four parti-
tionswe storethe locationof thepartitionsin two variables
ni = (n1;n2;n3;n4) andfi = ( f1; f2; f3; f4). For eachfrag-
mentwe computea maskthat is 0 in every componentbut
theonewhichcorrespondsto thepartitionin whichthefrag-
mentlies:

z = dot(fragment.pos, cameraZAxis);
mask = (ni < z) & (z < fi);
texCoord = mask.x * texCoord0 +

mask.y * texCoord1 +
mask.z * texCoord2 +
mask.w * texCoord3;

ThetexCoord variablecanthenbeusedto sampletheap-
propriateshadow map.For facepartitioningweuseasimilar
methodasdescribedby Aldridge [Ald04].

6.4. Depth clamping for increaseddepth resolution

A commonproblemwith shadow mapwarpingis thelossof
depthprecision.Whenthe warpingfrustumis expandedto
includeall objectsthat occludethe view frustumit canbe-
comeveryelongated,leadingtoalossof depthprecision.We
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Figure 13: Rendertimes for St. Matthew model.Culling
occluders that do not lie in each partition (SM cull) leads
to fastershadowmaprendertimesthanwith noculling (SM
no cull). Thestepsin image rendertimeat 2 and5 shadow
mapsare dueto changes in the fragmentprogram. We get
from 25–75FPSfor this view, dependingon the numberof
shadowmaps.

notethatdepthvaluesareonly neededfor occluderswithin
the view frustum.It is suf�cient to clampthe depthof oc-
cludersbetweenthe view frustum and the light to 0. The
warpingfrustumneedonly �t theview frustum.In practice,
warpingfrustummustbeexpandedslightly for depthbiasing
to work correctly.

7. Resultsand discussion

Wehave implementedseveralwarpingandz-partitioningal-
gorithmson a GeForce7800GTX.We testedour systemon
a game-like sceneconsistingof 15 airplanes(Figure 14),
eachof which consistsof 18K triangles.We alsointegrated
our systemwith a view dependentrenderer[YSGM04] and
testedit with a power plantmodelconsistingof 13M trian-
gles(seeFigure1). Thesemodelshave a high depthrange
andarethereforevery susceptibleto perspective aliasinger-
ror.

Figure13 shows thetime to rendertheimageanda vary-
ing numberof shadow mapsfor a St. Matthew modelcon-
sisting of 350M triangles.The LOD rendererreducesthis
to about1M trianglesper frame.As expectedthe shadow
maprenderingincreaseslinearlywith thenumberof shadow
maps.Partitionculling improvesshadow maprenderingper-
formance.

One disadvantage of warping algorithms is that the
shadow mapalignmentdependsontheview andthelight. In
ananimationthis cancausetheshadow edgesto crawl. One
versionof cascadedshadow mapssolvesthisproblemby us-
ing aZP schemeandorientingtheshadow mapwith respect
to a �x edvectorin world space[Blo04] This �x estheloca-
tion of the texelsboundariesfor a particularlight direction.
As theview frustumchanges,theshadow mapis permitted
to move only in incrementsof a shadow texel, eliminating
thecrawling.
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Figure 14: Various warping and partitioning schemes.Theseimage showthedifferencein quality usingwarping(W) with a
singleshadowmap(left), facepartitioning(FP+ W) (middle), andz-partitioning(ZP4+ W) (right). Theshadowmaptexelgrid
is projectedontothescenewith grid lines5 texelsapart. Theimage is 1K � 1K. All shadowmapsuse1K � 1K total storage.
FP+ W uses3 shadowmapsfor this view while ZP4+ W uses4. Theframeratesfromleft to right are 143,115,and107fps.
( f =n = 500)

Conclusionand Futur eWork

We have presenteda techniquefor analyzingshadow map
warping and partitioning algorithms.We show that for a
warping frustumorientedperpendicularto the light, that a
rangeof warpingparameterscorrespondingto several pre-
viouswarpingalgorithmsareequivalent.We alsoshow that
a combinationof z-partitioningandwarpingcandeliver low
aliasingerrorwith asmallnumberof shadow maps.

We have shown that facepartitioningis not asusefulfor
renderingshadows with a smallnumberof shadow maps.If
wecouldusetheoptimallogarithmicparameterization,how-
ever, we would only need4 shadow maps.We would like
to investigate further the useof the logarithmic parameter-
ization.We would alsolike to extendour analysisto point
lights.
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Appendix A

A parameterizationt(z) usingageneralprojective transform
onz is givenby:

s=
�
a b
c d

� �
z
1

�
=

�
az+ b
cz+ d

�

After theperspectivedividewehave:

t =
az+ b
cz+ d

dt
dz

=
ad� bc

(cz+ d)2

A texel sizedstepin t resultsin a stepin world spacethat
is proportionalto dz=dt = 1=(dt=dz). Thusthe light beams
generatedby a projective transformhave spacingpropor-
tional to (z+ c0)2, wherec0 is aconstant.

Appendix B

Wede�ne h basedonthebehavior of zerrorshown in Figure
5. We notethat asn0 approachesn0 = n0

LSPSM from 1 , the
maximumerror over the whole frustum(Mz) occursat the
nearplane,moving from its highestvaluetowardsits low-
estvalue.As n0 continuesfrom n0 = n0

LSPSM down to n, the
maximumerrorswitchesto thefarplaneandmovesbackup
to it highestvalueagain. We maph = � 1 to maximumMz
onthenearplane,h = 0 to minimumMz, andh = 1 to maxi-
mumMz onthefarplane.Mz is linearlyinterpolatedbetween
thesevalues:

h =

8
<

:

Mz(1 )� Mz(n0)
Mz(1 )� Mz(n0

LSPSM ) n0> n0
LSPSM

Mz(n0)� Mz(n)
Mz(n)� Mz(n0

LSPSM ) n � n0 � n0
LSPSM

WearriveatEq.11by solvingthisequationfor n0.

Appendix C

The warping frustum of the optimal shadow map parame-
terizationfor anoverheaddirectionallight is identicalto the
view frustum, like PSMs.Thereforemx = 1=ress. In the z
directionthe light beamwidths wlz shouldbe proportional
to z. FromEq.4 we seethatthis impliesthatdz=dt � z. We
solve for t by integratingdt=dz= 1=zover theview frustum
andnormalizingtheresultto therange[0;1]:

t̃ =
Z 1

0
dt =

Z z

n

dt
dz

dz=
Z z

n

1
z

dz= ln(z=n)

t =
t̃(z)

ln( f ) � ln(n)
=

ln(z=n)
ln( f =n)

:

Fromthiswecancomputewlz andmz:

wlz =
1

rest
dz
dt

=
1

rest
z
log( f =n)

n

mz =
wlz

wi
=

1
rest

ln( f =n)
2tanq

Both mx and mz are constantover the view frustum. The
valueof S̄ is foundby ignoringtheresolutionterms:

S̄=
ln( f =n)
2tanq

:
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