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Real-time Path Planning in Dynamic Virtual
Environments Using Multi-agent Navigation Graphs

Avneesh Sud, Erik Andersen, Sean Curtis, Ming Lin, and Dineshddiaa

Abstract—We present a novel approach for ef cient path plan- agents in a dynamic environment. We introduce a new data
ning and navigation of multiple virtual agents in complex structure called “multi-agent navigation graph” or MaNGdan
dynamic scenes. We introduce a new data structuréylulti-agent compute it ef ciently using GPU-accelerated discrete Vb
Navigation Graph(MaNG), which is constructed using rst- and 5o s voronoi diagrams have been widely used for path

second-order Voronoi diagrams. The MaNG is used to perform | . . . . . N 122 d
route planning and proximity computations for each agent in Pl2nning computations in static environments [7], [22] am

real time. Moreover, we use the path information and proximity ~€xtend these approaches to dynamic environments. Moreover
relationships for local dynamics computation of each agent by we present techniques for local dynamics computation oheac
extending a social force model [15]. We compute the MaNG using agent by extending the model by Helbing et al. [15] and use the

graphics hardware and present culling techniques to accelerate proximity relationships computed by MaNG.
the computation. We also address undersampling issues and

present techniques to improve the accuracy of our algorithm. Our - .
algorithm is used for real-time multi-agent planning in pursuit- Voronoi diagrams capture the connectivity of the space and

evasion, terrain exploration and crowd simulation scenarios Provide a path of maximal clearance for a robot from other

consisting of hundreds of moving agents, each with a distinct obstacles. In order to use Voronoi diagrams for multiple imgv
goal. agents in a dynamic scene, prior approaches compute thadoro

diagram for each agent separately and treat the other agadts
Index Terms—crowd simulation, Voronoi diagram, motion plan-  the environment as obstacles. This approach can beconig asst
ning. the number of virtual agents increases. Instead, we conthete
second-ordeMoronoi diagram of all the obstacles and agents, and
show that the second-order Voronoi diagram provigeswise
proximity information for all the agents simultaneouslye\tbm-
bine the rst- and second-order Voronoi graphs to compui th
ﬁ/IaNG for global path planning of multiple virtual agents.vé&
n dynamic agents, the computational complexity of compuitirey
second-order Voronoi diagram and the MaNG on a discrete grid
of resolutionm m is O(m?+ nlogm), which is identical to the
complexity of computing a rst-order discrete Voronoi dragn.

isting work in this area can be progdly classi eql Inegent- Therefore, the computation of global paths using the MaNG is
based methodthat focus more on individual behavior, orowd X i .
more ef cient than separately computing rst-order Voronoi

simulations that aim to exhibit emergent phenomena of th%ia rams
groups. 9 '

I. INTRODUCTION

Crowds, ubiquitous in the real world from groups of human
to schools of sh, are vital features to model in a virtua
environment. Realistic simulation of virtual crowds haveetse
applications in architecture design, emergency evacoatidban
planning, personnel training, education and entertainmex-

In this paper, we address the problem of real-time collidiee The MaNG computes paths of maximal clearance for a group of
navigation of agents moving in a complex virtual environthenmoving agents with different goasimultaneouslyand does not
Since individuals constantly adjust their behavior acouydto require a separate path planning data structure for eathalir
dynamic factors (e.g. another approaching individual) le t agent. Given the global path for each agent, we also compute
environment, agent-based techniques that focus on mgdelihe local dynamics for each agent to follow the path gendrate
individual behaviors and intents offer many attractive d&n  using MaNG. Our local dynamics model is based on a genedalize
They often result in more realistic and detailed simulagiodne potential eld method and the model by Helbing et al. [15]
of the key challenges in a large-scale agent-based simnlatfor capturing emergent phenomenon in real-world crowd oroti

is global path planning along with local collision avoidanc Since the MaNG captures pairwise proximity information, we
for each virtual agent. The path planning problem can becordemonstrate that paths computed using the MaNG directlyitres
very challenging for real-time applications with a largegp of in collision avoidance among multiple agents. This apphcalso
moving virtual characters, as each character is a dynanstaole reduces the number of pairwise proximity tests that need to
for other agents. Many prior techniques are either resttido be performed for local dynamics computation. Furtherméhe,
static environments or perform only local collision avaida MaNG provides paths of maximal clearance, thus resulting in
computations. The latter can result in unnatural behavior better coverage of the agents over the environment.

“getting stuck” in local minima. These problems tend to bereno

prominent in dynamic scenes with multiple moving virtuakats. We compute a discrete approximation of the graph structyre b
using the rasterization hardware and propose an adaptiiegcu
‘?echnique to accelerate the computation. We also address th
under-sampling issues that arise due to discretizationpaesent

Email: f sud,andersen,seanc,lin,d@cs.unc.edu. Department of (:omputer_ted"r'iqueS to improve the accuracy. Some of our key results
Science, University of North Carolina, Chapel Hill, NC 28538175 include:

Main Results: In this paper, we present a novel, real-tim
algorithm for path planning and navigation of multiple wiat
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1) A new global data structure, the “multi-agent navigatiohas also been investigated extensively in robotics, madstty
graph” (MaNG) for parallel computation of maximal clearperforming collaborative tasks [4], [23], [28].
ance paths among multiple virtual agents moving indepen-
dently;

2) Interactive global path planning and local collision iavo L .
ance for multiple virtual agents, each with possibly digier B- Voronoi Diagrams and Path Planning
goal, in a complex virtual environment;

3) Animproved model for local dynamics computation of eachihe Voronoi diagram is a fundamental proximity data struetu
virtual agent and techniques to generate smooth and métged in computational geometry and related areas [27]. IGene
natural motion that is similar to real crowds; alized Voronoi diagrams (GVD) of pO'ngﬂa' models have been

4) A fast two-pass algorithm with adaptive culling to computwidely used for motion planning [6], [22]. The Voronoi regio
a discrete MaNG using GPUs; boundaries in the generalized Voronoi diagram represeat th

5) Efcient techniques to handle spatial under-samplirauiss connectivity of the space. Moreover, they are used to coenput
in the MaNG computed from a discrete grid. paths of maximal clearance between a robot and the obstacles

based on potential eld approaches [5], [18] or to bias thasie
Our overall approach is scalable for global path planning @feneration for a randomized planner [11], [14], [44]. Hoerv
multiple dynamic agents in a complex virtual world. Althdug sampling-based methods are limited to static environmamdsthe

our approach is speci cally well suited for simulating miple  potential- eld based planners have been used for 2D enwirmts
virtual agents with distinct intentions, it can also be used with very few robots or agents.
conjunction with crowd simulation. We have demonstrated ou
algorithm on three challenging scenarios: a pursuit-evagame A disadvantage of using the GVD is the practical complexity o
of many fruit pickers chased by farmers, a crowd simulatamg computing it ef ciently and robustly. Hence, several apgebes
terrain exploration by robot rovers. In each of these emrinents, have been proposed to compute an approximation of the GVD.
our algorithm is able to perform real-time global path plexgn Vleugels and Overmars [43] use adaptive spatial subdivisio
and collision avoidance simultaneously for hundreds ofuar Choset and Burdick [6] de ne a related structure calleier-
agents with distinct goals. archical generalized Voronoi graplwhich is computed using
— . . continuation methods. Wilmarth et al. [44] compute points o
Orga_mzatlon:_ The _rest_ of the paper 1S organized as fOIIOWSthe GVD without explicitly computing a representation oeth
\?vicggl:n: Jﬁ\r"mzt?;o;gge;?\t,lérzr:no:,(i?\,tgvagfgﬁ} :pmék Wentire set. Another set of approaches computes a discretmdo
introduce our data structure, MaNG, and show how it can bd us@agram on a uniform grid using graphics hardware [17], {9}
for path planning of multiple agents in Section IV. We deseri
our algorithm to compute local dynamics of multiple agemts i
Section V. Section VI describes our algorithm to compute the. Crowd Dynamics
MaNG in real-time using GPUs. We describe the implementatio

and highlight three applications of our planning algoritim There is an extensive amount of literature on crowd simuoifati
complex virtual environments in Section VII, and analyze thyng dynamics in computer graphics as well as architecture,

algorithm performance in Section VIIl. psychology, social sciences, and civil and trafc engiriegr
Many different approaches have been proposed for modeling
Il. RELATED WORK crowd movement and simulation [32], [40], [25], [33]. At aokd

level, they can be classied based on problem decomposition
In this section, we briey survey related work on multi-agen(discrete vs continuous), stochastic vs deterministic, Biscrete
simulation and Voronoi diagrams for path planning. methods rely on discretization of the environment or of therds.
Some common approaches include agent-based methods [31],

) ) ) cellular-automata methods [20], [24], and particle dyrnaiB2],
A. Multiple Agent Simulation [16]. In particular, our local dynamics model is based on the
eneralized social forcenodel presented by Helbing et al. [15].
n this approach, physical forces similar to N-body paetisystem
are computed for each agent. This model by Helbing et al. [15]
has previously been applied to simple scenarios and cait iesu
agents getting stuck in local minimum for more complex envi-
ronments. We extend that approach to handle complex sosnari
and can perform global path computations. Recently, a novel
approach for crowd simulation based on continuum dynamics
Most agent-based techniques perform local collision amig. has been proposed by Treuille et al. [41]. This work computes
However, global path planning techniques are needed toiggova dynamic potential eld that simultaneously integratesigil
goal seeking capability. In practice, global planning aiipons navigation with local obstacle avoidance. The resultingteyn
typically use graph search techniques for each agent [Z], [1runs at interactive rates and demonstrates smooth trafwso
[21], [39]. Pettre et al. [30] proposed a graph structuret théor three to four groups of large crowds, where each group
decomposes the space into multi-layered terrains to stifgstr has common goals. We provide detailed comparisons withr prio
graph search for multiple characters. Multi-agent patmpilag approaches in Section VIII.

Agent-based methods, such as the seminal work of Reynaldls [
generate fast, simple local rules that can create visuddlygible
ocking behavior. Numerous extensions that account foriaoc
forces [8], psychological models [29], directional prefieces
[38], sociological factors [26], etc. have been proposeatkrest-
ing techniques for collision avoidance have also been dees
based on grid-based rules [24] and behavior models [42].
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Fig. 1. Fruit stealing simulation: A simulation of 96 fruit jiers (with yellow hair) in an orchard with 64K fruit (dark @uand purple) on 64 trees (brown
trunks) and 4 farmers (in white shirts). Each agent maintamsmdependent goaleft Initial top view of the orchardMiddle: Top view during the middle of
simulation with many fruit collectedRright Perspective view of same time step. Our multi-agent navigagraph based algorithm can perform path planning
at 8 fps on a high-end PC.

I1l. BACKGROUND AND NOTATION In 2D, the boundaries of Voronoi regions consist of Voronoi
edges which are subsets of the bisector between two sités, an
In this section we introduce the notation used in the papee g\pronoi vertices are equidistant from three or more sitese T
a background on Voronoi diagram based motion planning angrangement of all Voronoi edges and vertices in ki order
crowd dynamics, and present an overview of our approach.  \pronoi diagram is called thi-th orderVoronoi graph denoted
VGK(P). Formally, VG(P) = ( V;E), where,

A. Notation v=fv2DjjGok(vjiP)j 3g

A geometric primitive or an object (in 3-dimensions) is eall E=feje=(vi;v2);v12 V;v22 V;9 connected curve; st:

a site In our work, a site refers to a point, an open edge, an c= Vor(pijP)\ Vork(pij);vl 2cva2cg

open triangle, or a connected polygonal object, and weicéstr o ]

ourselves to 2D environments. An entity for which a path seed N k-th order Voronoi diagram is closely related to theth
to be computed is called aagent(or a robot). All obstacles and Nearest neighbor diagramThe k-th nearest neighbor diagram is
agents are represented as sites. The center of mass of p sitf1e partition of D into k-th nearest neighbor regions. Tteth

is denoted ag(pi). The interior and boundary of a sé&t are nearest neighbor region of sit® is the set of points for whiclp;
denoted IngS) and S respectively. is thek-th nearest site. Similarly, the arrangement of the vestice

and edges in th&-th nearest neighbor diagram is called the
Given a sitep;, the scalar distance functiai(q; p;) denotes the ¢, nearest neighbor graph, denoted (. Examples of the
distance from the poing 2 R" to the closest point omi. Given  (st- and second-order Voronoi diagrams, Voronoi graphsd a
a set of site® in domainD, and a subseT of P, with jTj = k,  nearest neighbor diagrams are shown in Figure 2. The rsrest
the k-th order Voronoi regioris the set of points closer to a sitengjghbor diagram is identical to the rst-order Voronoi gram.
in T than to any other site: Further properties of higher order Voronoi diagrams arespnéed

Vor“(TjP)= fq2 Djd(q;p) d(a;pj) 8 p2T;pj2 PnTg: N [10], [27].

The k-th order Voronoi diagramis a partition of the domai

into the k-th order VoronE)i regions: B. Motion Planning Using Voronoi Diagrams
VDK(P)= ~ Vor{(T:P) ; jTj= ki . o R
2P Voronoi diagrams have been used in motion planning inclydin

roadmap computation for global approaches, sample géoerat
The standard Voronoi diagram is the same as the rst-ordér randomized approaches, or combined with potential eld
Voronoi diagram, VB(P). In this paper, we mainly use themethods for local planners. The set of sitesis the set of
rst- and second-order Voronoi diagrams, denoted as'{f) obstacles, and the Voronoi diagram of the workspace(R)Dis
and VD?(P), respectively. A rst-order Voronoi region V(pijP)  computed. The Voronoi graph ®) captures the connectivity of
contains points closest to sif@, and the second-order Voronoithe workspace and provides paths of maximal clearance ketwe
region VoP(f pi; pjgjP) contains points that are closest to twdhe obstacles. The Voronoi vertices closest to the robotguad
sites pi and p;. For ease of notation, we drop the superscrigre classied as source and destination and the minimumheig
for the rst-order Voronoi diagram VIP). The complement of path is then computed.

i o c ;
a sub-domair is denoted aX® and given bybnX. For complex 3D environments, an approximate Voronoi diagra

The set of closesk-tuples of sites to a point is called theth is computed. The computation of discrete Voronoi diagrand a
ordergovernor setFor a pointg 2 D, let the set of close#t-tuple discrete Voronoi graphs can be accelerated using GPUs and ha
of sites beU = fTg;:::;Tmg;jTij = k, i.e. g2 Vor“(TijP). Then been used for motion planning in dynamic 2D [19] and 3D
the k-th order governor set of] is denoted as G&¢qjP) = U. environments [37]. The Voronoi vertex closest to the agerseit
The rst-order governor set is the set of closest sites, #lile as an intermediate goal and the Voronoi diagram is recordpute
second-order set of a point is the set of closest pairs of.site as the obstacles move.
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However, these approaches are inef cient for computinggath IV. MULTI-AGENT PLANNING USING HYBRID VORONOI

of multiple agents in a dynamic environment. For an aggnthe STRUCTURES

remaining agents need to be considered as obstacles,d.eeth

of obstacles i nf pjg. Hence to compute the path for aggmt In this section we introduce the multi-agent navigationpgra
the modi ed Voronoi graph V&P nf pig) needs to be computed. and demonstrate its application to multiple agents plajnitle
Therefore, the cost of computing the path for all agentS(isc), combine them with a local dynamics model for multi-agent
wheren is the number of agents ai@(c) is the cost of computing simulation in Section 5.

each modi ed Voronoi graph V@np;) forl i n.

) A. Multi-agent Navigation Graph (MaNG)
C. Crowd Dynamics
In multi agent planning, each moving agent represents ardina
Bbstacle for the remaining agents. Hence, our goal is to ctenp
a global navigation data structure that provides the ctezgand
proximity information for each agent. In particular, forakeagent
we want to compute a proximity graph that provides maximal
clearance to the obstacles and remaining agents. We partite
set of sitesP into two subsets - the set of obstacksand the set
of agentsP,. The multi-agent navigation graph (MaNG), denoted
MG(P), is a union of the rst order Voronoi graph VAGP) and
a subset of the second order Voronoi graph?(®. The subset

In addition to global path planning, we also compute the lloc
dynamics for each agent in the overall simulation. Our dyicam
computation model builds upon the vast literature on pe@dest
dynamics in psychology, transportation science, civil amadc
engineering. One of the key underlying behavioral charaties

in pedestrian dynamics is thprinciple of least effort[45].
This implies that among all available options (e.g. acedieg,
decelerating, changing direction or doing nothing), a gétikn
or agent tries to choose the option that will yield the snstlle
predicteddisutility. An agent wil try to adapt to its environment ¢ VG2(P) is the intersection of V&P) and the Voronoi regions
or will try_ to change _the environment to suit its needs, |f|(_eas Vor(pijP) of all agents. Formally,

Under this assumption, the ow of agents self-evolves into a
user-equilibrium state with the emergence of several astémng MG(P) = ( V;E), where

collective effects at various scales and der_lsmes of cso{&@]. V= fvjv2 VI[ (V2\ Vor(pijP))8pi 2 Pag:
Examples of such emergent phenomena include dynamics lane L 1 5 ) _
formation, oscillations at bottlenecks, banding patteahsnter- E=feje2 E*[ (E°\ Vor(pijP))8pi 2 Pag;
sections, trail following, and panic effects. However, mofthe VGY(P) = (V1;E) and VE(P) = ( VZ;E?):

prior work simulates crowd dynamics in localized enviromise

(for e.g. c_orrio_lors, intersections)_, and _does not guaeaglebal _The MG(P) consists of vertices and edges from tHédnd the
goal seeking in complex dynamic environments. We would Ilkqu order Voronoi graphs V&P) and VGX(P). Some vertices

to provide a global collision-free path for each agent in ayic in MG(P) are common to both V&P) and V@(P), however
environments. Using the MaNG, our approach provides a glob@Gl(P) and V@(P) do not share any edge [27]
path in addition to local collision avoidance. '

We assign a color to each edge and vertex in(MGbased on

its membership in V&P) or VG?(P). Edges from VG(P) are
D. Overview coloredred and edges from V&P) are coloredblack. Further,

vertices in VG(P) are colored red, and vertices in ¥@®) n
Our approach for motion planning of multiple agents uses theG'(P) are colored black. Finally, each edge in the MaNG is
rst- and the second-order Voronoi diagrams to compute dalo assigned weight based on the cost of traveling that segment.
navigation data structure, the MaNG. The MaNG graph can Ipetails on weight computation are presented in Section VI. A
considered as the union of th& and the 24 order Voronoi graphs 2D example of the MaNG for some point agents and obstacles is
and is formally presented in Section IV. We treat each agent shown in Figure 2.
a site (in addition to other obstacles in the environment) e
MaNG is computed. The MaNG can be computed in ti@(€)
and provides a path of maximal clearance for each agent,evh
O(c) is the cost of computing each modi ed Voronoi graph (se

MG(P) is closely related to the "™ nearest neighbor graph
Q{Gz(P). In particular, we use the following result about their
gelationship.

Section 1I-B). Lemma 1:Given a set of site®, the 29 nearest neighbor graph

In addition, we compute the proximity information from theNG*(P) and the MaNG M&P):
second-order Voronoi diagram [35] and apply it within a pial- MG(P) NG(P).

eld based simulator based on the “generalized social force . .
9 Given an edgee 2 MG(P) incident on two second-nearest

model [15] which provides for adding smooth, natural mosias . ) . . )
observed in human crowds. In this model, different physiar- (’j‘e'Qh.b"j r((ejglgn§ OE S'(;eﬁ‘_ Smd Pi- onrveg%/ Eoml; 2.Inlt(eé.
actions among the agents, such as obstacle avoidance,imgoup d(xj p!) . ng‘g)z = d(xP)) e (P). d(x:pj)
and goal seeking are modeled using potential forces. Wgritie xp)) e (P).
this force model with our MaNG based planner. The global jEth
computed using the MaNG, and we add a roadmap force to guide Proof: Let MG(P) = ( V;E) and NG(P) = ( E® V9. We shall
the agent along its path. We also exploit proximity inforioat showE E%V VO Lete?2 E be any edge in the MaNG. Then
from the MaNG to avoid inter-agent collisions. we have 2 cases:



TVCG JOURNAL 5

(@) (b) (©) (d)

Fig. 2. Voronoi Diagrams and Voronoi Graphs: 8 point sitessisting of 3 obstacles (shown in white) and 5 agents (showsigiok). (a) £ order Voronoi
diagram (b) 29 order Voronoi diagram of the 8 sites. Each region is closea fmair of sites than to any other site (¢)dhearest neighbor diagram. Each
region has the same site as the second closest site"{d)e2rest neighbor graph. Red edges denote edges ffoorder Voronoi graph, black edges are
edges from 2 order Voronoi graph (e) the Multi-agent Navigation Grapha(NG) for the 5 agents, which is a subset of i€ Bearest neighbor graph.

1) e2 E! (ebelongs to VG(P)). Let Gov*(€) = f pi; pjgbe the  2) VGY(Pnfpig)\ Vor(pijP) = MG(P)\ Vor(pijP).
governors ofe. Thene  TVorl(pijP). For any pointx 2 e,
d(x; pi) = d(x; p;) = d(x;P) (by de nition of V_Gl(P)). Proof: Let VGYPnfpg) = (VCE) and MQP) =
Consider the regio = Vor'(pijP)\ Vor*(f pi; pigiP)- Fur- (v ). vGL(p) = (v1;EL); VG(P) = ( VZE?). We shall show
ther, for any point inX, p;j is the 2 closest site, an E9 EVO V. Lete2 EL Then we have 2 cases:
is a subset of second-nearest neighbor regiomp;ofSince
e X, e2 E% In particular,e is a red edge in MaNG, 1) e\ Vorl(pijP)= 0. Then for any poink 2 e, p; 2 Gov}(xjP)
shown in Fig. 2(d)-(e). ande2 EL. Since VG(P) MG(P), e2 MG(P). In par-
2) e2 E? (e belongs to VG(P)). Each edge in V&P) is ticular, e is a red edge in Fig.2.
contained entirely in a rst-order Voronoi region [27]. Let 2) e\ Vorl(pijP) 6 0. Consider the subsets Consider the
e \Vorl(pijP). Sincee is incident on two second-nearest subsetse; = e\ Vor}(pijP);e; = ene;. Okabe et al. [27]

neighbor regions of siteg; and pj, fpi;pjg form one show thate; 2 E?. Also, pi is an agent, thugp; 2 Py,
governor pair ofe. Consider the regiorx = Vor}(pijP) \ and e; 2 MG(P). In particular,e; is a black edge inside
Vor?(f pi: p;jgjP). For any point inX, p; is the second Vorl(pijP) in Fig. 2. For any poink 2 e, p; 2 Gov(xjP)

closest site, an is a subset of second-nearest neighbor ~ ande2 E!. Thuse, 2 MG(P) ande; is a red edge in Fig.2.
region of pj. Sincee X, e2 E% Further, since Ii{g)
Int(Vort(p;)), for any x 2 Int(e), d(x;p) = d(x;P)) <
d(x; pj). In particular,e is a black edge in MaNG, shown
in Fig.2.

To prove (2), consider all the black edges in ¥gjP). As shown
in second case above, these are exactly the segmentsEftom
Vorl(pijP). The proof for the set of vertices follows as abou.

Lemma 2 provides an approach for extracting the Voronoi lgrap
The proof for any vertex 2 V follows as above. The governorsyGl(pnfpg), for each agenti, from MG(P). The complete
of a vertex from VG(P) are 3 or more sites, and the govemorggorithm for computing a path for an agept is given in

of a vertex from VG(P) are 3 or more pairs of sites. B Algorithm 1, and an example path is shown in Figure 3. The func

As a consequence of Lemma 1, both the rst- and the secorfipn LocatePointg;) returns the rst-order Voronoi region which
order Voronoi graphs can be extracted from the second-ataaréonta.insgi- The source and goal positions are connected to ver-
neighbor diagram. We use this result to ef ciently compute t tices in the MaNG using green edg&ortestPath(jpgi, MG(P))

MaNG from the second-nearest neighbor diagram in Section \BOMPuUtes the minimum weight path frop(pi) to g; following
only the green and red edges in NI. This is equivalent

to computing the shortest path by following the second-orde
Voronoi graph inside the rst-order Voronoi region of agent
and the rst-order Voronoi graph everywhere else (see FEaix

In this section, we present our approach for ef cient patnpiing The rst vertex along this path is chosen as an intermediatal g
of multiple agents using MaNG. The path planning problem fdpr agentp.
each agent is de ned as follows: we are given an aggi Py,

its current position in the workspace given by its center @iss

p(pi), and a goal position of the center of mags We wish

to compute a path fop; from p(pi) to gi, which is maximally |n this section we present the multi-agent simulation athor
clear and collision free to the remaining sites1f pig. Such a pased on MaNG. First, we present our local dynamics compu-

path can be computed using the Voronoi graph*#®@nfpig). tation model and after that we show how MaNG is used in the
We state a result on the equivalence of the paths computed ustomputation of collision-free paths.

the rst-order Voronoi graphs and the MaNG.

B. Multiple Agent Planning

V. MULTI-AGENT SIMULATION

Lemma 2:Given an agenp;, and the Voronoi graphs VEBPn  A. Local Dynamics Computation

f pig), MG(P):
' Given a path on MaNG, the motion of each agent is computed
1) VGYPnfpg) MG(P) using a local dynamics model. In this section, we descrilge th
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Fig. 3. Multi-Agent Path Planning using the MaNG. The MaN@ugmented
with green edges connecting the start position (blue dothéogoal position
(orange dot). The computed shortest path for one agent isrshdth blue
edges.

local dynamics model used to guide an agents along the ceahpy

path. Our local dynamics model is based on the generalized fo

model of pedestrian dynamics proposed by Helbing et al.[16]

This force model has been shown to capture emergent cro
behavior of multiple agents at varying densities of crowdé&e
de ne the social forcemodel in terms of force elds that are
de ned over each Voronoi region.

We modify the social force model to include a fof€ethat guides
an agent along a the edges of the MaNG. In addition, there

Input: Agent p;, Goal positiong;, Set of sites?, MaNG
MG(P)
Output: Path $ from current position to goal position

k  LocatePoint(g;)
if k=1 then

S edgép(pi);g)

return . . .
ComputeV;  set of black vertices in VdipijP)
ComputeE;  set of black edges in V@p;jP)

if Vi 8 0 and p(p;) 2V, then
Augment M@P) with green edges,
e = (p(pi);vj)8v; 2V
Assign weight toej; w(e;)
else
foreach edge g2 E; do
Computev;  closest point orej to p(p;)
Augment MG@P) with green edge; = ( p(pi);Vj)
Assign weight togj;w(ej)  d(p(pi);vj)
end
ComputeV  set of red vertices in VdipgjP)
Augment M@P) with green edges; = (g;;V;)8v; 2
Assign weight toej;w(ej)  d(gi;vj)
Add green labels to each edgg2 E
S ShortestPath (p;,gi,MG(P))
Remove green labels from each edge E;
Remove all green edges from MB)
Algorithm 1: ComputePathg, gi, P, MG(P)): Computes
a path for agenp; to goalg; given the set of site® and

ithe MaNG MQP)

d(p(pi);vj)

—

wd

a repulsive forceFs°¢ to the nearby agents, an attractive force
Fa to simulate the joining behavior of groups, and a repulsiv@odeled in other approaches by creating a “discomfort zone'

force from dynamic obstaclé=®®S. Given an agenp; and Voronoi
region Vor(p;), then the force eld at a poinp is given as

F(p)= & F°(p)+ F*(p) + Fi(p)+ & F3™p);

j
pj2P;j6i;020

where,

F?OC(p) =A exp(Zra k p xjk)=B; nj(p)
A 1+ codr(p))
I 1 +( 1 ) 2
Fi'(p) = Cinj(p);
ngS(p) - A| eXF{ra d(p;0)) =B no(p)

1) 1+ cosz(fo(p))

[

lo+(1

Fi(p) = 10 v,
I

where A; and B; are constants denote strength and range
repulsive interactions, respectively, a@lis the strength of attrac-
tive interaction. These constants are dependent on theidioeil
behavior characteristics of the agents. re ects anisotropic
character of pedestrian interaction. The obstacle fordd E"s
simulates the repulsion of the agents from other obstacleke

front of dynamic obstacles [41].

The roadmap force eld~ guides the ageny; along the shortest
path to the nearest point on the MaNG. hMetbe the rst vertex

on the shortest path; Somputed using Algorithm 1. Clearly,
v; lies on the MaNG, in particulary; 2 MG(P)\ Vor(pijP).
The rst term in Fj makes the agent achieve a desired velocity
towards its immediate goal. The desired velocity is given
as vﬂ(p) = Vma&x(p), wheree(p) is a unit vector eld in the
directionv; p(pi). The direction of the unit vector is chosen
such thatey(p) points along the roadmap towards the next goal
on the agents path. For ef cient computation of repulsivecéo
FS°C and obstacle forc&°PS, we compute forces to the agents and
obstacles within a radiuB;. To accelerate the distance queries,
we use the Voronoi diagram VADP) and compute forces using
the Voronoi neighbors of each agent.

B. Collision Avoidance using MaNG

In this section we describe our local collision avoidancprapch
fEed for local navigation. First we list a property of the isbst
paths computed using the MaNG that is used for collision
avoidance. Next, we describe a collision avoidance schesed u
as part of local dynamics simulator.

The MaNG is used to compute paths of maximum clearance for

environment. Since the obstacles may be dynamic, we intedieach agent, i.e. the computed path is maximally clear of tistee

an additional anisotropic term that biases the repulsiveef®

cles and other agents. We list a result that guarantees eméss

along the motion of the obstacles. This effect has also beehthe next immediate goal as computed by Algorithm 1.
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Environment MaNG alone does not guarantee collision avoidance among mul

Scripted (Static Obstacles, tiple agents. This problem is due to the fact that the motibano
Behaviors Dynamic Obstacles,

and Agents)

agent is not constrained to the MaNG, but is governed by d loca
force model that guides an agent along the MaNG. Furthermore
Multi-agent the MaNG is a geometric data-structure, and paths computed f
NI ChEgT the MaNG do not satisfy kino-dynamic motion constraints axle
agent. Hence, neighboring agents may approach each otkeer du
to the local dynamics computation. In addition, as explaiire
section VI, we compute a discrete approximation to the MaNG.
Due to under-sampling errors, the intermediate goal of aangg
may coincide with the rst-order Voronoi graph V&) and

Fig. 4. Multi-Agent Simulation: Given a description of thevepnment, Lemma 3 may not be valid.
the MaNG is computed. This is used in conjunction with our laaamics

model to simulate the motion of each agent. The environment iateddising

agent motion, as well as behavior speci cation for each agent

Forces to
move along
path

Local Dynamics Path to goal
Collision Detection

Lemma 3:Given a set of (at least 3) agemtsin general position,
and the shortest path for each agenp;. Letv; be the rst vertex
on §. Thenv; 6 v; for any j 6 i;pj; p; 2 P.

Proof: Let p; be any agent. By construction (Algorithm 1),
the next intermediate goal; lies on the MaNG contained in
the Voronoi region VofpijP), i.e. vi 2 MG(P)\ Vor(pijP). To Fig. 6. Path trace of an agent with same goal in two crowd sinoumst

: . The red curve traces the position of an agent over a rangenef siepsLeft
guarantee that each vertex is unique, we shall provetimiongs Path trace of an agent using the approach presented inRagfjt Path trace

to interior of Vor(pijP). Since the agents are in general positiony an agent with same goal based on our new local dynamics modét. N
and there are at least 3 agerffs/or(pjjP) consists of at least one that due to a different simulation framework, the relativeifioss of agents

Voronoi vertexx. Let Gox) = f pi; Pj; Pkg- Furthermore, any is not identical. I_n comparison to [34], our approach resirta more direct

. . . . and natural looking path.
Voronoi region is not degenerate, thus(Mdr(p;ijP)) 6 0. Thus,
there exists at least one poipt2 Int(Vor(pijP)), s.t.d(p; pj) =
d(p; px), i.e.p lies on a Voronoi edge equidistant fro;p andp, ~ We introduce a constraint-dynamics based collision respdn
in the Voronoi diagram VB(Pnp;). Thus,p 2 VG(Pnfpig)\  our local dynamics model. To avoid collisions with the olfa,
Int(Mor(pijP)), and by Lemma 2p 2 MG(P)\ Int(Mor(pijP)). we set the the agent velocity and applied force to be zeragalon
We shall now show that; = p as selected by Algorithm 1. If the normal direction to the obstacle [2]. In addition, to lglea
the locus of all such pointp contains a Voronoi vertex from agents to move around each other, we add a coordination rule
VGY(Pnfpig) (i.e. somep are black vertices), then the 9étin  which makes agents move to the right of nearest approaching
Algorithm 1 is non-empty, and; 2 Vi andv; 2 Int(Mor(pijP)). agent to avoid collisions with approaching agents [21].
If the locus of all such pointg does not contain a Voronoi
vertex from VG (Pnfpig) (i.e. all p lie on black edges) then
Vi is chosen as a poir closest top;, andv; 2 Int(Vor(pijP)). VI. MANG COMPUTATION

Since InfVor(pijP)) \ Int(Mor(p;jP))= 0, v; 6 v;. . ) . .
(or(piiP)\ Int(Vor(pjjP) e In this section we present our approach for ef ciently cortipy

As a result of lemma 3, the intermediate goal computed foheathe MaNG, which is based on the rst- and the second-order
agent is unique. Hence, by following the path computed frben t Voronoi diagrams. However, exact computation of geneealiz
MaNG, the agents move towards a unique point, away from theronoi diagrams of polygonal models is non-trivial. Rathee
remaining agents. This is shown in gure 5, and compared wmpute the discrete Voronoi diagram along a uniform gricigis
paths computed using®lorder Voronoi graphs. graphics hardware [17]. The"® nearest neighbor diagram is
computed using a second pass with depth peeling, as prdsente
in [10]. We compute the generalized second-nearest diagfam
higher order sites (lines, polygons) by rendering the gelimad
distance function for each site [36]. We compute the ratienr
Voronoi diagram in the rst pass, and compute the seconaeasta
neighbor diagram in the second pass. Finally we extract tee

and the second-order Voronoi graphs from the second-rteares
neighbor diagram and compute the MaNG.

Fig. 5. Comparison of the rst-order Voronoi graph and MaNGagents, A, Culling Techniques
with goals in opposite cornerdeft: Intermediate goals computed from the
rst-order Voronoi graph. Pairs of agents move towards samal.gRight:

Intermediate goals from MaNG. Each agent has a unique intéateegoal. The distance eld is computed by evaluating the distancetion

to each site at each pixel, and this computation is ef cieptr-
formed using the rasterization capabilities of the GPU. kv,
However, when coupled with a local dynamics simulator, thier a large number of sites, this leads to redundant comiputat
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for each pixel, and the computation becomes Il bound. HenckV/e address the issue of under-sampling for motion planning,
we use culling techniques to compute conservative boundhen by reducing the combinatorial complexity of the MaNG withou
rst- and the second-order Voronoi regions. The distang&fion changing its connectivity. We reduce the complexity by appr

to each site is computed on the pixels that are containedrwithately modifying the MaNG near undersampled areas. We rely on
its conservative Voronoi region. the fact that when two Voronoi edges are arbitrarily clokentthe
agent might follow either edge, as long as the path conrigctiv

Our goal is to ef ciently derive a tight upper bound on the t+s
and the second-order Voronoi regions for each site. We cmenpgoes not change. Such edges can be removed from the MaNG

these bounds by determining the closest site (and closea&s) s E/on;ge‘j their removal does not change the connectivityhef t
along each principle directiorr(X, X,+Y, Y). We compute the ant.

bounds using a quadtree, which subdivides the domain. Ezd# n\We present the details of our algorithm for reducing the com-
in the quadtree contains the number of sites contained in thrxity of MaNG. We treat an edge with an adjacent edge less
subtree rooted at the node. Using this quadtree we can etflgie than one pixel away as a candidate for removal. Such edges are
determine the set of nearest neighbors for each site. exactly those edges that bound a discrete Voronoi regioniadthw

The quadtree is constructed as follows. Each leaf nodesicent 1 pixel. Thus the_ tes_t for eIiminati_ng such edge_s is_quhtale
the number of sites contained within the node. Hebe the size © 'éMoving certain pixels from a discrete Voronoi regiorieh

of a leaf node. Each intermediate node contains the numberd9ES Not change the connectivity of the Voronoi graph. Hente
sites contained in all of its 4 children. Let the functid({l) test for removal of a plxel from a cﬁscrete Voronoi regioniesl
compute the closest non-empty leaf node to the right of no@8 @ ocal 3 3 stencil around a pixel. Lepa be the governor

| in the quadtree. SimilarlyV(l) and N(l), 1), respectively, of a.plxel (';,J)' apd the §e’a Qengtg the governor set of the
return closest leaf nodes to the left, top and bottom of Hode 4_ adja_ce_nt pixelgi 1 j); +_ L _J);(';J OH(H R 1_)' Then Fhe
compute the bound alongX for the rst-order Voronoi region of pixel (i; j) can be removed if either of the following conditions
a sitep;, we rst identify the leaf node; that contains the centroid N°lds (see Figure 7):

of the sitep(p;). Next we compute the closest leaf noded;),
W(l;), N(I;) andS(l;). Let by be the bisector between centroids of
nodel; andE(l;), by be the bisector between centroidslpaind
;) and bz be the bisector between centroids lpfand N(l;).
Let x3 = by\ bp;x2 = by\ bz. Along + X, the bound on rst
order Voronoi region ofp; is given by+dx= (p(p;)+ DX* +

d) where DX* = min((x1 p(p))) (L,0);(x2 p(p)) (1;0)).
Similarly the bounds dx +dy, dyalong X;+Y; Y axes are
computed and the rst order Voronoi region is bounded by adqua
covering the interva] dx;+dx] [ dy+dy]. In addition, for a

leaf nodel;, we store the locations of its closest neighba(%), to another discrete Voronoi region to maintain the connégtof
W), N(li) and S(I;). \Voronoi edges. The pixel is assigned to a sit@inf pag with the
We compute the bounds on all the second-order Voronoi regiominimum distance to pixe(i; j). The distance of a site ia to

of site p; in the second pass as follows. AlongX axis, we pixel (i; j) can be ef ciently computed by relying on the fact that
check the number of sites stored in the closest rie(g. If the distance vectors are bi-linearly interpolated [36]. Thistaihce
number of sites in nod&(l;) is 2 or more, then the bound alongcomputation involves a vector summation with a basis veatat
+X is DX* = d(I;;E(lj)) + 2d. If number of sites in nod&(l;) vector norm computation.

is less than 2, then we lookup the noBEE(l;)) (this has been
computed in the % pass), and the bound alorgX is DX* =
d(I"; E(E(l))))+ 2d. Similarly we compute bounds alongX;+Y
and Y axes and compute the distance function of gitén a
quad that covers these bounds.

1) pa2a. Then sitep; has an isolated discrete Voronoi region
at pixel(i; j), with 4 Voronoi edges surrounding it. Removal
of this Voronoi region does not change the path connectivity
in the stencil.

2) pa2 a andp, occurs ina exactly once. Then the pixé€l; j)
represents an end point of a discrete Voronoi region of site
pa and its removal does not change the path connectivity
in the stencil.

After a pixel (i; j) satis es the criteria for removal, we assign it

To compute the bounds for a higher order site (a line segntest o
convex polygon), we store the position of the centroid of shie @ ®) ©
in the quadtree. We compute the distance bounds for theaiéntr

using the quadtree, and add the distance between the ckatrdi Fig. 7. Discrete Voronoi region shrinking for under-samplierrors: A
gt tq te the dist b ds for the sit 3 3 pixel neighborhood of a discrete Voronoi diagram. The diseMaNG
a vertex to compute the distance bounds Tor the site. is shown in thick orange lines. (a) The green discrete Vorargion is

disconnected. (b) The center pixel may be assigned to anedjaoronoi
region reducing complexity of the MaNG, without changing dtmnectivity
B. Undersampling Errors (c) Reassigning the center pixel will change connectivitthe MaNG.

Computation of the Voronoi graph on a uniform grid may result

in under-sampling errors, which may lead to the Voronoioegi The operation performed at each pixel is a read followed by
to become disconnected [37],and the computed discretendoroa conditional write, and the output of one pixel may affect
graph may have many small disjoint components [18]. As the connectivity of adjacent pixels. Thus an efcient péhl
result, for complex environments with a large number ofssitealgorithm is not feasible, and we perform a sequential sdan o
the combinatorial complexity of the MaNG becomes very highthe discrete Voronoi diagram to update the Voronoi graph.
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Fig. 8. Crowd Simulation: Three scenes of a crowd simulaticth @gents moving between buildings and the sidewalks. Therepresent dynamic obstacles.
Our MaNG based algorithm can perform navigation on 200 agezech with distinct goals, at 5 frames per second.

C. Graph Construction discrete Voronoi diagram computation and MaNG constructio
We perform readback of the discrete Voronoi diagrams and

We now present our algorithm to compute the MaNG. Weonstruct the MaNG on the CPU. The optimal path is computed

compute the rst-order Voronoi diagram VADP) and the second- ysing anA search with Euclidean distance metric to guide the

nearest neighbor diagram on the GPU, and re ne the conrigctivsearch.

information based on the algorithm described in SectioBViAle

then perform sequential tracing of vertices and edges topeoen Ve use a complete quadtree for Voronoi region culling déesdti
the 29 nearest neighbor graph [17]. in Section VI-A. The depth of the quadtree is set such that one

) _ leaf node corresponds to a block of 332 pixels. We need to
We use the result presented in Lemma 1 to classify the edgegjiitermine if a node contains up to 2 sites - hence the number of
the 2% nearest neighbor graph, N@). An edge is classi ed as sjtes per node is encoded in 1 byte. By using a complete caedtr

belonging to the rst-order Voronoi graph if the distancectosest the node addresses can be ef ciently computed using bitsshif
site for all pixels on the edge is identical in V®) and NG(P).  ayoiding pointer addressing.

Due to pixel resolution errors, we treat two distance valass

identical if they are within one pixel width of each other.dha

edge is assigned a weight proportional to its length andr#®l® g pemos
proportional to the minimal clearance along the edge. Aneedg

belonging to VG(P) is labeled red, and the remaining edges ae describe three multi-agent simulations, demonstrating
labeled black. A vertex is labeled red if it has at-least oee I effectiveness of the MaNG for real-time path p|anning_ Thhst
edge incident on it, otherwise it is labeled black. Thesemsoare simulation involves a coverage problem, the second one & of

used by Algorithm 1 to search for an optimal path. crowd simulation and third is of terrain exploration.

Fruit Stealing Game: The rst simulation is of fruit stealing in
VII. | MPLEMENTATION AND RESULTS a dense orchard (see Figure 1). There are several agergeedhi
which attempt to steal the fruit on the trees. The envirorinaéso
In this section we describe the implementation of our m@eret  contains some old farmers who chase the thieves. As theethiev
planning algorithm and highlight its application to vargomulti-  move through the orchard, they steal fruit in close proxymit
agent simulations. The goal is for each thief to move towards denser regions of
fruit while avoiding the farmers, the trees and other thgvehe
) thieves, farmers and trees are treated as cylindrical.sitbe
A. Implementation trees are xed obstacles, farmers are dynamic obstaclestteand

We h imol ted lqorith PC ing Wind thieves are the agents. A coarse density map is used to tnack t
€ have impiemented our aigonithm on a running Windo ensity of fruit remaining in the orchard. Trees with deliea

XP operating system with an AMD Opteron 280 CPU, 2G ruit are assigned higher density. The agents are initisfiyead

memory and an NVIDIA 7900 GPU. We used OpenGL as tl’Wear the boundary of the orchard, and the goal position isoset

graphics API and Cg language for implementing the fragmeQtdistant high density region. The goal position for eachhage

programs. The dIS'CI’ete.VOI’OH.OI d'agr.af‘“ and. dlstan(':e .eH Also dynamically updated as the density of the current gagisd
computed at 32-bit oating point precision using oating ipb below a certain threshold

buffers. The Voronoi diagram is stored in the red channed, tae

distance eld in the depth buffer. We use stencil tests talblis The global path of each agent is computed using the approach
the second-order Voronoi diagram computation in the refey presented in Algorithm 1. We compute the proximity to neares
Voronoi regions of the obstacles. In the rst pass, the stencite for each agent from the second-nearest neighbor diagra
mask is set for all pixels in the rst-order Voronoi region$ o which is used in a potential planner for local planning. Hina

the agents. In the second pass, distance functions areags@luwe also use the second-order Voronoi diagram to compute the
at pixels with stencil mask set. This optimization speeddoiln closest agent (thief) for each farmer. This agent is set agtal
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. . D Agent Graph Ti

for each farmer and the farmer moves directly towards it. The ™~ | ™™™ =y pvo [ wane (L O N
farmers do not use the MaNG for path planning, however theyCrowd 10 206 | 1051 7 20 023 | 0:18 | 52
; ; Crowd | 25 330 | 1949 | 9 22 08 | 0:45 | 58
use the potent@l and re.pu'lswe forces to stay clear of dérarers Crowd % =60 | 3500 | 10 %6 20 | oos | 73
and trees. A thief is eliminated if caught by a farmer. Hertce |i crowd | 100 946 | 7058 | 15 65 56 | 223 | 112
is desirable for each thief to compute shortest paths of mali | ¢owd | 200 | 1927 | 14669 | 20 150 | 18 | 538 | 217
. . Fruit 10 565 | 2282 | 8 25 10 | 021 | 59
clearance from the farmers (dynamic obstacles) and otleved | ruit 100 | 1378 | 6099 | 15 70 20 | 24 | 133
(agents) in order to collect the most fruit. Mars 10 285 | 1015 9 21 0:23 | 0:19 | 55
Mars 50 790 3580 12 36 2:8 0:98 77

Crowd Simulation: We simulate a crowd of people moving in an TABLE |

urban environment with dynamic obstacles (Figure 8). WeUSIM perrormaNCE OF MULTFAGENT PATH PLANNING ALGORITHM (AVERAGE
late only the individual behavior and not the group behavidre OVER ALL FRAMES): }Vj AND jEj DENOTE NUMBER OF VERTICES AND
set of sites consists of buildings, cars and humans. The hSIMacpces 1N THEMANG. DVD = TIME TO COMPUTE THE SECONBORDER
enter the scene from one of the buildings and exit througttemo DISCRETEVORONOI DIAGRAM ON THE GPU, AND REMOVING
building or the sidewalks. Each human is an individual agettt UNDERSAMPLED REGIONS MANG = TIME TO EXTRACT THE MANG
an independent goal. The cars are dynamic obstacles, Wigle trqoy 11 piscRETEVORONOI DIAGRAM. LD = TIME FOR COMPUTING
buildings, benches, fountains are static obstacles. &irtol fruit THE LOGAL DYNAMIGS OF ALL AGENTS. PLAN = TIME FOR PATH
picking, the proximity information for local planning is oputed PLANNING FOR ALL AGENTS. TIME FOR READBACK OF DISCRETE
using the second-order Voronoi diagram. The dynamics oh €ac \/orono! DIAGRAM AND DEPTH BUFFERS ATIK 1K RESOLUTION=
agent is computed using the local dynamics model presented 25Ms.

in Section V. In combination with the local dynamics model,

our navigation system provides smooth, natural motionsé&ah

agent (see Figure 6). For goals in the same Voronoi regiohes t

agent, or in the adjacent Voronoi region, the shortest patjotl

is used, disregarding the MaNG.

Terrain Exploration: The third simulation is one for robot rovers
exploring a terrain (see Figure 9). The environment cossist
6 rocks and 1 crater. The rocks and crater are static nonesonv
polygonal obstacles. Each rover is an individual agent \aith
independent goal and motion characteristics. Certainrsoaee
more “aggressive' and have a higher maximum velocity. Tha go

for h rover is randoml igned in th n terrain. On . ) . . )
or each rover is randomly assigned the open terrain. O Ele 9. Terrain Exploration: Two scenes of a terrain expiora simulation

a rover reaches its goal, it is .aSSigned a new goal. The gloimﬂq agents moving around rocks and craters. The green rdems a higher
path information computed using the MaNG enables the rovergximum velocity and exhibit aggressive motion. Our MaNG basgdrithm

to avoid local minimum and move around non-convex obstacle&gn perform navigation on 50 rovers, each with distinct goat 13 frames

The dynamics of each agent is computed using the local dyrsamff®" Second

model. the number of agent§P,j = O(n). We now present the time
complexity of each stage in our algorithm.

C. Results

We now highlight the performance of our algorithm in dynamid he cost of computing the rst- and second-order discreteoqoi
virtual environments. Our approach can perform real-tinaghp diagrams is as follows. The size of the quadtre®(633)%), and
planning for each agent in environments up to 200 virtuahégye depth =O(logm). Then the cost of computing the bounds for
with different destinations, at the rates of 5 to 20 fps. Tisemte €ach site (see Section VI-A) B(logm). The cost of rasterizing
Voronoi diagrams are computed on grid of resolutidg 11K the distance function for a sitg; is O(rjVor(pijP)j), where
pixels. The fruit stealing simulation has 64 trees with ayimg 1Vor“(pijP)] is the number of pixels in the Voronoi region of
number of thieves and farmers. The crowd simulation has #§dr depends on the tightness of the computed Voronoi region
static obstacles and between 2 and 5 moving cars, with angaryPounds, 1< r < O(n). Typically, we have observed = O(1).
number of humans. The performance of our approach, with T&ien the cost of computing the Voronoi diagramQgnlogm-+
timing breakup is presented in Table I. S, (rjVor*(pijP)j)) = O(rm?+ nlogm).

VIIl. A NALYSIS AND COMPARISON The cost of reading back the framebuffersdgr?). The cost of
extracting the MaNG i©(jEj), wherejEj is number of edges in
In this section, we analyze the performance of our algoritiWe  MaNG. From lemma 2, the number of edges in MaNEj,
highlight its computational complexity and compare it witther jELj + jE2j, wherejEXj is number of edges is VMBP), andjEXj =

approaches for multi-agent path planning. O(kn) [10]. Thus cost of extracting the MaNG @(n). The cost
of path planning using\ is typically polynomial inO(jEj + jVj).
A. Analysis Therefore cost of computing all paths@n(jEj + jVj)) = O(n?).

In practice, as shown by Table | the associated constant with
Let the number of sites be, and the size of the grid used topath planning is much smaller and the bottleneck is the eliscr
compute the discrete Voronoi diagrams e m. We assume Voronoi diagram computation and graph construction.
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B. Comparisons IX. CONCLUSIONS ANDFUTURE WORK

Next we provide qualitative comparisons of our approacthwitve have presented a novel approach for real-time path pignni
prior methods for multi-agent planning. of multiple virtual agent, based on a new data structure - the

Multi-agent Navigation Graph (MaNG). The MaNG is used to

Comparison with the rst-order Voronoi diagram: Our ap- simultaneously compute the paths of maximal clearance for a
proach provides a global solution for path planning of eacket of moving agents with independent goals. The MaNG is
agent using the MaNG. The MaNG computes a roadmap ednstructed dynamically using discrete Voronoi diagravis.also
maximal clearance collision free paths for each agen©O{i) presented culling techniques for accelerating the discvetonoi
passes, as compared@gn) passes for computin@(n) Voronoi diagram computation and addressed undersampling issues du
roadmaps. In particular, using the second-order Voronaplgr to discretization. We have demonstrated the applicatiomuwf

for path planning guarantees that the position selectedhas tpproach to real time simulation involving a large number of
rst intermediate goal along the computed path is uniqueisThindependent agents, each with an individual goal.

approach prevents adjacent agents from moving towardsatne s
intermediate goal and getting stuck in a local minimum of th_};here are several avenues for future work. One relevantusven

¢ Is to constrain the graph search to compute temporally estter

example, adjacent agents select the same intermediatdrgoal paths \_Nh'Ch are Quara”‘ee‘j tp converge to the nal goal. We
the rst-order Voronoi diagram, whereas the intermediatealg Vould like to exploit coherence in graph search when manyiage

from the second-order Voronoi diagram are unique. In acjti Nave similar goals and initial positions. Ef cient pardliaigo-
thms for simplifying the discrete Voronoi graphs and cartipg

the path computed has maximal clearance. More speci cally, ) i
MaNG would be useful for accelerating the computation.

vertices on the Voronoi diagram are used to compute the a .
of maximum coverage for a new site [1]. Hence by following th&inally, we would like to extend our approach to handle agent

vertices on the MaNG, our planning approach ensures a mamimY/ith high degrees of freedom.
coverage region for each agent.

potential function. An example is presented in Figure 5.His

The closest related work by Pettre et al. [30] computes diaini REFERENCES

roadmap of a static environment using Voronoi diagrams, and
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algorithm is able to handle dynamic environments as themagod [2] D. Baraff and A. Witkin.Physically Based ModelingACM SIGGRAPH
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the agents may get stuck in a local minimum. In contrast, our pages 195 — 201, 2005.

approach allows for an independent goal for each agent. [6] H. Choset and J. Burdick. Sensor based motion planning: Hibrar-
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