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Abstract
We present a method for integrating force feedback with
interactive fluid simulation. We use the method described
to generate haptic display of an incompressible Navier-
Stokes fluid simulation. The force feedback calculation
is based on the equations of fluid motion, and enables us
to generate forces as well as torques for use with hap-
tic devices capable of delivering torque. In addition, we
adapt our fluid-haptic feedback method for use in a paint-
ing application that is based on fluid simulation, enabling
the artist to feel the paint. Finally we describe a force fil-
tering technique to reduce the artifacts that result from us-
ing 60Hz simulation data to drive the 1KHz haptic servo
loop, a situation which often arises in practice.
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1 Introduction

The haptic display of information can add an extra sen-
sory dimension to virtual reality applications. Much ef-
fort has been applied to the problem of haptic display of
rigid body contact as well as compliant elastic contact,
especially in the context of tissue modeling for surgical
simulation [2]. Some progress has also been made in
haptic rendering of textured surfaces [26, 31]. We pro-
pose perhaps for the first time to simulate the haptics due
to interaction with fluid in a virtual environment.

We interact with fluids frequently in our everyday
lives. Stirring a cup of coffee in the morning, taking a
bath or going for a swim at the gym, or sticking one’s
hand out of the car window and feeling the air stream
outside – all of these are examples of interaction with flu-
ids, and in each case the force exerted by the fluid can
be felt. We are motivated by these examples from every-
day life to develop a computational technique which can
be used in virtual reality applications to haptically dis-
play these kinds of scenarios to the user. Furthermore,
though we focus on interactive fluid simulation, the force
and torque computation technique we present is equally
applicable to haptic exploration of data sets generated by
offline CFD simulations. To compute forces and torques,
all we require is the availability of pressure and velocity

fields sampled on a grid.

We have been working on the simulation of oil- and
acrylic-like viscous fluid paint media, using a variety of
methods [3, 4, 5]. In our simulations we use a haptic
stylus to interact with the fluid media. It has been an open
question how to haptically display the paint to the user.
In this paper we present one possible approach which is
based directly on the simulation data.

Computers and numerical algorithms have reached the
point where it is possible to simulate fluids, with certain
restrictions, at interactive rates on modest-sized grids.
Stam [32] was the first to demonstrate a Navier-Stokes
fluid simulation at interactive rates by using a grid-based
numerical method free from timestep restrictions. The
method is still quite computationally expensive, so for
interactive update rates of 30-100Hz, one must restrict
the simulation to a 2D domain, with computational grids
generally between 64×64 and 128×128 cells, or to a 3D
grid with a similar number of total grid cells.

We propose to compute forces and torques from this
type of simulation for use in haptic display so that users
can feel the fluid, as well as see it, as they interactively
affect the fluid. While the overall technique applies to
either 2D or 3D, for explanatory purposes we describe
only the 2D case in detail. The extension to 3D is fairly
straightforward; the force computation just needs to be
extended from a discretized line integral into a discretized
surface integral. The additional cost of the haptic compu-
tation is small compared to the cost of the fluid simula-
tion itself, since the force computation requires at most a
D − 1 dimensional surface integral for a fluid simulation
in D dimensions.

We focus on a simple, fixed-grid solver because more
recent high-accuracy numerical methods that use adap-
tive grids, finite elements, or other techniques are too
expensive for use in an interactive setting. If interactive
modification of the fluid can be sacrificed, then any simu-
lation method that can generate pressure and velocity on
a grid is acceptable.

Finally, we demonstrate the use of our haptic feed-
back computation to simulate the feel of the viscous paint



media in one of our interactive painting applications [5].
This application simulates the fluid in the vicinity of the
brush using a small 3D grid.

2 Related Work

In this section, we survey previous work related to haptic
rendering, applications of haptics, and force computation
in simulated fluid-structure interaction.

2.1 Force Feedback
Several techniques have been proposed for integrating
force feedback with real-time virtual environments to
enhance the user’s ability to perform interaction tasks
[8, 22, 30].

Ruspini et al. [29] presented a haptic interface library
“HL” that uses a virtual proxy and a multi-level control
system to effectively display forces using 3-DOF haptic
devices. Hollerbach et al. [15, 24] described a haptic
display system for contact and manipulation in the CAD
design of mechanical assemblies, and Thompson et al.
[33] have presented a system for direct haptic rendering
of sculptured models.

Durbeck et al. [9] have described a system for enhanc-
ing scientific visualization with haptic feedback. The
force is computed by using a point-probe model and a
simple vector-to-force magnitude mapping function. Un-
like the method we describe, it does not compute actual
aerodynamic or hydrodynamic forces, nor does it support
volumetric probes. More recently, Lawrence et al. pre-
sented a haptic display technique using a 5-DOF force
feedback device for shocks and vortices in hypersonic
CFD datasets [21].

2.2 Volumetric Approaches
Gibson [11] proposed an algorithm for object manipula-
tion including haptic interaction with volumetric objects
and physically-realistic modeling of object interactions.
The algorithms presented by Avila and Sobierajski [1]
rely on interactive force feedback and rendering to allow
a user to quickly explore and modify volumetric scenes.

Essentially, most present techniques for direct haptic
rendering of volumetric data follow a general method,
where the force display is defined as a vector valued func-
tion, or is transformed to one [1, 11, 16]. From this func-
tion, force feedback is generated by the data around the
probe and from the velocity of the tip.

2.3 6-DOF Haptic Rendering
Iwata describes a 6-DOF haptic master and the concept of
time-critical rendering at a lower update rate of hundreds
of Hz [17]. Iwata and Noma also proposed methods for
presenting volume data by force sensation using a 6-DOF
force reflecting master manipulator with an update rate of
a hundred Hz [16].

Recently [23] proposed “point-voxel sampling,” a dis-
cretized approximation technique for contact queries that
generates points on moving objects and voxels on static
geometry. This approximation algorithm is the first to
offer run-time performance independent of the environ-
ment’s input size by basically sampling the object geom-
etry at a resolution that the given processor can handle.

A recent approach proposed in [12] is limited to haptic
display of object-object interaction for relatively simple
models that can be easily represented as unions of con-
vex pieces. [19] attempts to increase the stability of the
force feedback using contact clustering, but their algo-
rithm for contact queries suffers from the same computa-
tional complexity. [25] introduces a “sensation preserv-
ing” simplification algorithm for faster collision queries
between two polyhedral objects in haptic rendering, thus
achieving time-critical 6-DOF haptic rendering for highly
complex models and contact configurations.

2.4 Fluid Force Computation
Foster and Metaxas [10] used a form of the hydrostatic
force equations to create animations of rigid body objects
in their offline Navier-Stokes simulation. Hydrostatics
ignore the dynamic effects of fluid flow on the objects.
Their simulation also did not account for the effect of the
objects on the fluid.

Tu computed forces by using a boundary integral of
the relative velocity between a fish’s fin surface and sur-
rounding fluid for simulating how swimming motions
propel a fish[35]. Like [10] this method apparently does
not take the influence of the immersed surface on the
fluid, since at the actual surface of an immersed object,
the physical boundary conditions demand that the veloc-
ity of the fluid relative to the surface is always zero, which
would mean the force should always be zero as well with
this method.

Ristow [27, 28] has created a number of offline simu-
lations of spherical and elliptical particles falling through
fluids using accurate force computations based on the
fluid stress tensor. Our proposed method is based on
the same equations but uses a different numerical pro-
cedure to compute the force. A further distinction is that
our “particle” is an actively controlled haptic probe rather
than a passively simulated object.

To the best of our knowledge, no one to date has used
real-time fluid simulation to generate the force feedback
to drive a haptic display, allowing the user to both feel
and influence the fluid at the same time.

3 Preliminaries

The motion of an incompressible Newtonian fluid is de-
scribed by the Navier-Stokes equations. The momen-
tum equation describes the transport of momentum in the



fluid:

∂u
∂t

= −(u · ∇)u− ∇p

ρ
+ ν∇2u + F (1)

whereu is the fluid velocity field,p is the pressure field,
ρ is the density,ν is the coefficient of kinematic viscosity,
andF is an external force per unit mass such as supplied
by gravity. We will also need the dynamic viscosity later,
which is µ = ρν. Incompressibility adds an additional
constraint, known as the continuity equation, which for a
constant-density fluid can be written:

∇ · u = 0 (2)

Appropriate boundary conditions are necessary as well.
For a “no-slip” boundary condition on velocity and pure
Neumann boundary condition on pressure, in a domainΩ
with boundary∂Ω, these are

u = 0 ∈ ∂Ω (3)
∂p

∂n
= 0 ∈ ∂Ω (4)

In this section we present methods for computing a
force for haptic feedback from a fluid simulation. Be-
fore presenting the accurate method, we first look at some
common force approximations used in fluid dynamics.

3.1 Approximated Fluid Forces
For rough aerodynamic calculations of lift and drag
forces, a few simple approximations are commonly used.
One standard equation used to approximate the aerody-
namic drag force on an object with relative airspeedv [6]
is

FAD = CAD ρv2A, (5)

whereA is the projected cross-sectional area of the ob-
ject, CAD is an aerodynamic drag coefficient which de-
pends upon the shape and material properties of the ob-
ject, andρ is the fluid density. this approximation is only
applicable to low-viscosity, and low vorticity situations
such as the laminar air stream in a wind tunnel.

For high-viscosity, or slow flow scenarios in which the
Stokes approximation holds, one can obtain a similar ex-
pression for the viscous drag force[20]:

FVD = CVD µvA (6)

whereCVD is a coefficient of viscous drag. This type
of simple linear relation between force and velocity has
been used quite extensively in haptics to simulate viscous
or dynamic friction, because it is simple, computationally
inexpensive, and quite stable. In such uses, the source of
the viscous force is generally taken to be at rest so that
the probe’s velocity is the overall relative velocity.

Both of these approximations make the assumption
that the velocity field can be characterized by a single
vector, so these methods can only generate forces, not
torques. If we choose a single sample velocity from the
flow field, the method becomes similar to that used by
many haptic volume display systems, where a vector field
is haptically rendered using a force proportional to the
vector at the probe location.

One can use these equations for approximating the
fluid force on a point probe, but difficulty arises if you
wish to also interact with the fluid via the same point
probe. If interaction is implemented by simply injecting
velocity into the simulation at the probe location, as is
common, then this injected velocity becomes a large part
of what gets sampled and the resulting force is incorrect.
A better, more physically correct approach is to cause the
fluid to move via boundary conditions on a finite probe.
This will be discussed more in Section 4.

3.2 Accurate Force Computation
The proper description of the internal forces in a viscous
incompressible ideal fluid is given by the stress tensor,σ,
which in index notation is given by [20]

σik = −pδik + µ

(
∂ui

∂xk
+

∂uk

∂xi

)
. (7)

The force per unit area at a given point in the fluid,x, on
an infinitesimal areadA with normaln is given by:

P = σ(x) · n; (8)

The net force acting on a closed object submerged in the
fluid can then be obtained by integrating this expression
over the surface of the object:

Fobj =
∫

S

σ · n dA. (9)

In terms of vector components,P is given by

Pi = (σ · n)i = −pni + µ

(
∂ui

∂xk
+

∂uk

∂xi

)
nk (10)

or, for a two dimensional viscous flow,

(
Px

Py

)
=

−pxnx + µ
(
2∂ux

∂x nx + (∂ux

∂y + ∂uy

∂x )ny

)
−pyny + µ

(
2∂uy

∂y ny + (∂ux

∂y + ∂uy

∂x )nx

)
(11)

Similarly, the torque on the object about the pointc is
given by integrating the cross product

τobj =
∫

S

r× σ · n dA. (12)



wherer is the vector fromc to each infinitesimal surface
element. For computing the haptic force,c acts as the
point of attachment of the haptic stylus to whatever probe
geometry is desired. In two dimensions where torque is a
scalar, we have:

τobj =
∫

S

(rxPy − ryPx) dA. (13)

Equations 9 and 12 tell us everything we need to know
to generate haptic feedback from a fluid solution. The
next step is to determine an appropriate discretization of
these equations in order to evaluate them numerically on
a computational grid, which will be discussed in the next
section.

4 Haptic Display of Fluid Flows

There are numerous ways to discretize the Navier-Stokes
equations, with various strengths and weaknesses. For
interactive purposes we desire a simulation method that
generates results with the lowest computational cost, even
if this means we must sacrifice some accuracy. For in-
teractivity, it is also good to select a method free from
timestep restrictions. Many solution methods require for
stability that the simulation timestep be selected such that
a CFL condition such as∆t ui,j < ∆x holds for all
(i, j) on the discretized grid. Even worse are timestep
restrictions on viscosity which typically require∆t <
O(∆x2ν−1‖ui,j‖−1). Even if the basic time-stepping
procedure is fast, the number of steps required to advance
the simulation by a desired time increment∆T can be
prohibitive, and cause the simulation clock to fall behind
the wall clock time.

A better approach for interactive fluid simulation is that
presented by Stam et. al. [32]. By using an implicit
time-stepping procedure to handle viscosity, and a semi-
Lagrangian scheme for advection, all stability restrictions
on the timestep are removed, and thus it is possible to
prevent the simulation clock from falling behind the wall
clock.

The approach is an operator splitting method with a
Chorin projection [7] to solve for the pressure. The dif-
ferential operator is approximated by splitting it in time
so that the advection term, viscosity term, and pressure
terms are handled sequentially instead of simultaneously.
The incompressibility constraint is ignored for the first
substeps, and then the resulting flow field is projected
onto the space of divergence-free vector fields to satisfy
the continuity equation. This requires the solution of a
discretized Poisson problem. The overall procedure is
first-order accurate using first-order discretized operators.

We have implemented the solver for the most part
like Stam, except we use the conjugate gradient method

pi,j ui+½,jui-½,j

vi,j-½

vi,j+½

Figure 1: A typical grid cell, at grid location (i, j).

Actual Boundary
Discrete Boundary
Fluid Cell
Solid Cell

Figure 2: Boundary discretization used for incorporating
the haptic probe geometry into the grid-based simulation.

with an incomplete Cholesky preconditioner to solve the
sparse linear systems of equations that arise from the im-
plicit viscosity step and the Poisson equation for pressure
[18]. Also we use a staggered grid rather than a cell-
centered grid. A typical grid cell is shown in Fig. 1.

To discretize the boundary of the haptic probe, we use
the common first-order approach of treating each grid cell
as either entirely fluid or entirely solid, thus snapping the
actual boundary shape to the nearest grid cell edges as
shown in Figure 2. This is the same approach as proposed
in the original Marker-and-Cell method [14].

To incorporate the motion of the haptic probe into the
simulation, theu andv velocity boundary values are set
along the perimeter of the discretized probe boundary on
the grid. For a north facing edge, for example, we enforce
the no-slip boundary condition by setting

v
i,j+

1
2

= vprobe
(
i∆x, (j + 1

2 )∆y
)

(14)

u
i± 1

2 ,j
= 2uprobe

(
(i± 1

2 )∆x, j∆y
)
−

u
i± 1

2 ,j+1
(15)

where the velocity at indexj + 1 indicates an average of
the values atj − 1

2 andj + 1
2 . Similar expressions are

used for the other cell edges. See [13] for more details on
boundary conditions in this type of fluid simulation.



4.1 Force Computation

After an iteration of the numerical fluid solver, we have
values forp, and andu = (u, v) on the grid. To compute
the force and torque on the probe at this point we simply
need to traverse the boundary and and approximate the
boundary integrals Eqs. 9 and 12, using a discrete Rie-
mann sum. For a north facing edge, for instance, the nor-
mal pointing in toward the probe isn = (0,−1) and the
contributions to the total force and torque obtained by us-
ing thisn in Eqs. 9-13 are

(
Px

Py

)
=

(
µ

vi,j+3/2−vi,j+1/2

∆x

−p + 2µ
vi,j+3/2−vi,j+1/2

∆y

)
(16)

Fi = ∆x

(
Px

Py

)
(17)

τi = ∆x (rxPy − ryPx) . (18)

Similar expressions are obtained for the remaining three
edge orientations. After traversing the entire boundary of
the probe, we have thatFobj =

∑
i Fi andτobj =

∑
i τi.

4.2 Force Filtering

The above method does suffice for calculating the force
from the flow, but generally in the simulations of interest–
a 64×64 grid or larger–the fluid simulation cannot exe-
cute at the 1KHz rate desired for smooth haptic rendering.
40-70Hz is a more typical simulation rate for such a grid.
For general haptics, involving the display of rigid contact
with rigid surfaces, any sort of smoothing filters can lead
to an undesirable softening of the surfaces by removing
the high frequency components of the force displayed.
However, for simulating the feel of a fluid, the high fre-
quency components contain much less energy, and we
have found some amount filtering to be both acceptable
and beneficial in reducing the artificial stair-stepping and
vibration that comes from updating the haptic output at
less than the desired 1KHz rate.

In selecting a filter we desired a filter which would
respond to a step function input by smoothly transition-
ing both away from the previous state and into the new
state, to avoid introducing high frequency artifacts. Fi-
nite impulse response (FIR) window filters match these
desired characteristics well. We selected a 10th order
Bartlett-Hanning window using the Matlab signal tool-
box. Our results indicate that filtering the force in this
manner yields a notable improvement in the smoothness
of the haptic feedback for our application. The filter’s
smoothing effect on an input signal can be seen in Fig. 3.
Although the filtering does introduce some delay into the
force response time, we did not find this to be noticeable
in the case of fluid force display.
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Figure 3: The results of filtering a random 70Hz input
signal for haptic display at 1KHz.

5 Results and Discussion

We have implemented the force feedback method as de-
scribed on a 2GHz Pentium IV computer with a Phan-
tom haptic interface from SensAble Technologies, Inc.
For force only, we used a Desktop Phantom model with
3DOF of force feedback. For force and torque, we used a
Premium-A 6-DOF model Phantom.

5.1 Performance
In our implementation we control the final scaling of
the force with a user-defined parameter. This parameter
needs to be chosen carefully since too low a value will
make the fluid forces too weak, but too high a value can
add excessive energy back to the haptic probe which is
then fed back to the fluid leading to unstable oscillations.
The scale used in our simulation is typically in the range
of 2-10. This is for a unit domain of[0, 1] × [0, 1] at
64× 64 resolution with a Reynolds number of about103.

Figure 6 shows a few frames from a fluid interaction
sequence in which a square probe is swept along a path.
In Fig. 4 we show the force as computed by our simula-
tion method along that path. The square begins at rest,
accelerates as it sweeps out an arc, then comes to rest.
Then it reverses direction and traces the same path back-
wards. At the same time the square spins with an angu-
lar velocity that has a similar profile of acceleration. We
have split the 2D force into two components, one the drag
force, tangential to the motion of the probe, and the other
component is perpendicular to the motion.

The force and torque profiles can be seen to contain
some amount of noise. This jitter comes from the dis-
cretization of the boundary. Fig. 5 shows how the noise
is reduced when we sweep along the same path repeat-
edly at different grid resolutions. Although the simula-
tion does not run interactively at the higher resolutions,
the reduction in noise indicates that boundary discretiza-
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Figure 4: Unfiltered haptic feedback forces generated by
our method for a square probe dragged and twisted along
a path. Our haptic filtering method smooths these values
for the final force display. The object first accelerates
from rest, decelerates to a stop at the middle of the graph,
and then returns to its starting point (see Fig. 6). The drag
force graph (top) clearly shows the fluid force working
against the direction of motion, as expected.
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Figure 5: The effect of grid resolution on the force com-
puted. The noise in the signal is reduced with each in-
crease in grid resolution from the coarsest grid (blue) to
the finest grid (red).

Figure 6: A sequence of images captured from our in-
teractive fluid simulation with haptic rendering, showing
both the instantaneous force (green arrows) and veloc-
ity vectors (magenta arrows) at several instants along the
probe’s path.

Figure 7: This is a screen capture from a modified paint-
ing application that uses our method to display the feel of
the viscous paint to the user. The green arrow shows the
force being displayed as the user paints a stroke from left
to right.



tion is the major source of the noise. Higher order nu-
merical treatments of the boundary have been developed,
such as [34], and these would likely reduce the noise in
the force signal.

To demonstrate the practical utility of our method in
virtual applications we have also integrated the force
computation into a painting simulation application that
is based on viscous fluid flow equations [5]. Using our
method, a user is able to feel the viscosity of the the paint
as he or she makes brush strokes using the haptic stylus.
See Figure 7.

5.2 Limitations and Observations
Given the hardware available today, there are few numer-
ical techniques which can achieve the desired interactive
fluid update rates of 30-60Hz. Most recent numerical
techniques are designed for accuracy rather than interac-
tivity, thus we use an older simple, fixed-grid method.
Even with this fluid simulation technique, grid sizes are
limited to approximately 128×128 cells in 2D, or an
equivalent total number of cells in 3D. Such grid sizes
do somewhat limit the applicability of interactive haptic
fluid computation currently.

The computational cost of the fluid simulation places
an especially restrictive limitation on 3D grid sizes; how-
ever, a full 3D simulation is not always necessary to gen-
erate convincing results in a 3D virtual environment. For
some scenarios a 2D simulation can be used by treating
the 2D fluid as a volume with the same velocity at ev-
ery depth, similar to the depth-averaged Navier-Stokes
method that leads to the shallow water equations [36].

Another issue with the technique presented in this pa-
per is that the simple boundary discretization used leads
to pressure artifacts around the boundary, which turn into
oscillations in the force. The pressure artifacts come
from the discontinuities when cells on the boundary in-
stantly change from one state to another as the moving
boundary passes through them. A higher-order numerical
scheme for discretizing boundaries, such as the GENS-
MAC method [34], might eliminate this problem. We
plan to investigate this issue further.

6 Summary Work

We have presented a technique for computing force feed-
back from Navier-Stokes fluid simulations. This tech-
nique can be used along with fluid simulation to add an
extra dimension to virtual reality applications. As an
example we incorporated the technique into an existing
painting application allowing the user to feel the liquid
paint.

In the future we are interested in experimenting with
higher-order boundary treatments, and we are also inter-
ested in exploring alternate non-grid algorithms for the

fluid simulation such as smoothed particle hydrodynam-
ics (SPH). Finally, we are interested in further investigat-
ing the use of this haptic feedback technique in haptic vi-
sualizations of higher-accuracy offline CFD simulations.
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